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Fibonacci Prime Labeling Of Graphs

Dr.C.Sekar?!, S.Chandrakala?

!Aditanar College of arts and science, Thiruchendur, Tamilnadu, India.
2T.D.M.N.S College, T.kallikulam, Tamilnadu, India.

Abstract: In this paper, we introduced Fibonacci prime labeling of graphs. A Fibonacci prime labeling of a graph G =
(V(G), E(G)) with |[V(G)| = n is an injective function g:V(G) — {f,,f3, ....f,.1} .where f, is the n*! Fibonacci number ,that
induces a function g*: E(G) — N defined by g*(uv) = gcd{g(u),g(v)} = 1V uv € E(G).If g*(uv) = 1V uv € E(G), we say
that the graph G admits a Fibonacci prime labeling and is called a Fibonacci prime graph . In this paper we prove that path,
cycle, friendship graph, fan graph, star graph, dragon graph and an umbrella graph are Fibonacci prime graphs.
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ILINTRODUCTION
In this paper, only finite simple undirected connected graphs are considered. The graph G has vertex set VV =V (G) and
edge set E = E (G). The set of vertices adjacent to a vertex u of G is denoted by N(u). For notations and terminology we refer to
Bondy and Murthy [1].

The notion of prime labeling was introduced by Roger Entringer and was discussed in a paper by Tout [6]. Two integers a and
b are said to be relatively prime if their greatest common divisor is 1.Many researchers have studied prime graph. Fu.H[3] has
proved that the path P, on n vertices is a prime graph.Deretsky et al [2] have proved that the cycle C, on n vertices is a prime graph
JAround 1980 Roger Entringer conjectured that all trees have prime labeling which has not been settled so far.

In [7] S.K. Vaidhya and K.K. Kanmani have proved that the graphs obtained by identifying any two vertices duplicating
arbitrary vertex and switching of any vertex in cycle C, admit prime labeling. In [5] Meena and Vaithilingam have proved the Prime
labeling for some helm related graphs.

Definition 1.1

The Fibonacci number f;, is defined recursively by the equations f;=1;f, =1 ;f,,;, =f, + f,_; (n = 2). Theng.c.d
(fo, fay1) = 1,foralln>1.

Definition 1.2

A prime labeling of a graph G is an injective function f: V(G) — {1,2, .....|[V(G)|} such that for every pair of adjacent
vertices u and v, gcd{f(u), f(v)} = 1.A graph which admits a prime labeling is called a prime graph .

Definition 1.3
A fan graph P,” is obtained by joining all vertices of a path P,,n > 2 to a further vertex, called the centre.
Definition 1.4
The friendship graph F,, can be constructed by joining n copies of the cycle graph C; with a common vertex.
Definition 1.5
The Dragon graph D, (m) is the graph obtained by joining a cycle C, to a path P,, with a bridge.
Definition 1.6
An umbrella graph Uy, 5,y is the graph obtained by joining a path P, with the central vertex of a fan P," .
I MAIN RESULTS
Definition 2.1

A Fibonacci prime labeling of a graph G = (V,E) with |[V(G)| = n is an injective function
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g:V(G) - {f,,f5, .. ... fq} ,Where f, is the nt™® Fibonacci number, that induces a function g* : E(G) — N defined by g* (uv) =
g.c.d{g(u),g(v) = 1V uv € E(G).

The graph which admits a fibonacci prime labeling is called Fibonacci prime graph.
Theorem 2.2
Path P, is a Fibonacci prime graph.
Proof:
Let G be a path P, with n vertices. Then [V (G)|=n.
Denote the vertices of Py as vy, vy, «.. v ev we ... vy in that order .
Define g: V(G) - {f,f5, e cev ce v o fpyq } as
g(vy) = fi;1 1<i<nVyv €V().
The induced function g* : E(G) — N is defined by
g"(uv) = ged{g(w), g(v), vuv € E(G).
Now gcd {f(v;), f(vi;1)} = ged{fi11,fis2} =1, 1<i<n-1 Vvvi,; € E(G).
Thus G admits a Fibonacci prime labeling.

Hence G is a Fibonacci prime graph.

Example 2.3
A W v Iy & v
1 2 3 5 8 13
Figure: 1 Fibonacci prime labeling of path Pe
Theorem2.4

Cycle C,, is a Fibonacci prime graph for n > 3.
Proof:

Let vy, vy, ..... vy be the vertices of the cycle C,, .The edge set of C,, is E(C,) = { v;vi41 | 1 <i<n—1} U {v,v,}. Define
g V(C,) - {f5,f5 ... ... fos1} as

gv) =f,,1<i<n.
Then the induced function g* : E(G) — N is defined by
g (xy) = g.c.dfg®),g(y)} v xy € E(G).
Now,ged{g(vy), 8(vi+1)} = ged{fi41.fiyo} =1 ,1<i<n-1
and ged{g(vn), 8(v1)} = ged{(fas1, f2} =ged{fosr 1} = 1

Thus f* (xy) = g.c. d{f(x), f(y)} = 1,V xy € E(G).Hence C,, is a Fibonacci prime graph.
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Example 2.5

Figure: 2 Cg4 is a Fibonacci prime graph

Theorem2.6

The Fan graph P,*,n > 2 is a Fibonacci Prime graph.
Proof :

Letvy, vy, ... ... Vn, Vne1 De the vertices of the fan graph P,* with centre vertex v, LetG = P,".
The edge set E(G) = {v;v; , 2<i<n+ 1}and {v;viy;, 2<i<n-—1}.
Then |V(G)] = n+ 1 and|E(G)| = 2n — 1.
Define g: V(G) - {f; . e o e fpyatby g(v) =fipq, 1<i <n+ 1.
The induced function g*: E(G) — N is defined by g*(uv) = g.c.d{g(u),g(v)}, Vuv € E(G)
Now,g.c.d{g(v,),g(vi)} = g.c.d{f;, fi;1} =g cd{l,fi,;}=1for2<i<n+1

g.c.d{g(vi),gvis)} =g c.d{fi 1, fiz,} =1 for 2<i<n.

Thus g*(uv) = g.c.d{g(u),g(v)} =1, Vuv € E(G).

Hence the fan graph P,* is a Fibonacci Prime graph.

Example 2.7
vi 1
V2 V4 r 5 Vs\e 8 el13
Figure: 3  Fibonacci prime labeling of the fan graph Pg”
Theorem?2.8

Star graph K, , ,n = 1 is a Fibonacci prime graph.
Proof:
Let G be the star graph k; ,,.The vertex set of G is V(G) = {v4,V; ... ... ... ... Vy0 1} Where vy is the centre of the star graph.

Then |[V(G)| = n+ 1 and |[E(G)| = n.
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Define g: V(G) - {f,f5, ... ... ... fos2} Dy

gv)=f4,1<i<n+1.
The induced function g*: V(G) — N is defined by g*(uv) = gcd{g(u), g(v)} v uv € E(G).
Now, gcd{g(vy),g(v))} = g.c.d{f,, fi, ) =gcd{l,fi,;}=1v2<i<n+1
Thus all the vertices have distinct labelsand g*(uv) = gcd{g(u),g(v)} = 1V uv € E(G)

Hence G is a Fibonacci prime graph.

Example 2.9
3 5
V3 \'Z
V2 Vi Vs
o. [ ]
2 1 8
v 721 Voe 13

Figure: 4 Fibonacci prime labeling of K, ¢
Theorem 2.10
The friendship graph F,,n > 2 is a Fibonacci prime graph.
Proof
Let G be the friendship graph F, .
Let vy, Vy, «o ...V, Vner b the vertices of G where v, is the centre vertex of G.
The edge set E(G) = {v,vi] 2 <1< 2n+ 1} U {vy;vyi44|1 < i< n}.
Then [V(G)| = 2n + 1 and |[E(G)| = 3n.
Define a labeling g: V(G) — {f;, f5 .. e v e e fon o by g(vi) = fi41,1 <i<2n+ 1.
The induced function g*: E(G) — N is defined by g*(uv) = gcd{f (w), f(v)},V uv € E(G).
Now,gcd{g(v1), g(v)} = gcd{fy, fis}
= gcd{l, fi1}
=1for2<i<2n+1
ged{f Wzi), f (21410} = ged{fair1, faiv2}
=1,1<i<n
Thus g*(uv) = ged{g(w),g(v)} = 1V uv € E(G).

Hence G admits a Fibonacci prime Labeling. Hence the friendship graph F, is a Fibonacci prime graph .
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Example 2.11

13

Figure: 5 Fibonacci prime labeling of the fan graph F,
Theorem 2.12
The dragon graph D,,(m) is a Fibonacci prime graph forn > 3,m > 1.
Proof:
Let G be the Dragon graph D,, (m).
Let uq, uy, ..... u, be the vertices of the cycle C,, and vy, v,, ..... v, be the vertices of the path B,

Theedgeset E(G) = {wujy; / 1<i<n—-1}u{uu, 3V {y v}V {vvyy, / 1 <i<m-—1}whereu,v, isthe bridge
joining C,, with B,, .

Then |V(G)|=n+mand |[E(G)| =n+m.
Define the mapping g: V(G) = {f2, f3, - fn+m+1} @S follows

g = fiya ,1Si<n

9W) = fapirr 1S <m.
Then the induced function g*: E(G) — N is defined by g*(xy) = g.c.d{g(x),g(y)} V xy € E(G).
Now ,g.c.d{g(u;),g(uis1) = g.c.d{fisi, fiza} =1, 1<i<n-1.
g.c.d{g(u), gluny} = g.c.d{fo, fara} = g.c.d{l, fria} = 1.
g.c.d{g(uy), g(v)} = g.c.d{ 1, fri2} = 1.
g.c.d{g), g1 1)} = g.c.d{Gnriv1, Fryin2)} =1,1<i<m—1.
Thusg*(xy) = g.c.d{g(x),g(y)} = 1V xy € E(G).
Hence the dragon graph is the Fibonacci prime graph.
Example 2.13

us

us 5 u2

10 8 V7 3 v: 7T V3

Figure:6  Fibonacci prime labeling of a dragon graph D4(3)
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Theorem 2.14
An umbrella graph U,,, ,, is a Fibonacci prime graph for all mand n .
Proof
Let G = Uy, ,, . The vertex set of G is V(G) = {X1, Xz vevvev vevvvv oo e Xy Y1, V2 vov e e vn} - The edge set of G is

E(G)={xixiys / 1<ism-1u{xy, / 1<i<mju{yyy / 1<isn-1}

Then |V(G)| = m + nand |E(G)| = 2m + n — 2. Define a function g: V(G) = {f5, f5 - -« -+ fnan+1} @S follows.

9 =12

gx) =fiyy for1<i<m

9 = fmsira for 2<i<n
The induced function g*: E(G) — N is defined by
g"(uv) = ged{g(w),g(v)}V uv € E(G).
Now,g. c. d{g(x;), g(xi41)} = ged{fiy,, fizz} = 1for1 <i<m-—1.
g.c.d{g(x), gy} = ged{fiy,, f,} =g c.d{fiy,, 1} =1 for1<i<m.
g ¢c.d{g(y1),8(y2) = g.c.d{l,f43} = 1.

g c.dfg(y), 8(yi+1)} = g c. d{fnsiss, fnizd =1, 2<i<n-1.

Thus g*(uv) = ged{g(u), g(v)} = 1V uv € E(G).Hence G admits a Fibonacci prime labeling and hence the umbrella graph Uy, 5,

is a Fibonacci prime graph.

Example 2.15

ys
ya | fi2
ys [ fis

Figure: 8 Fibonacci prime labeling of an Umbrella graph Uzs
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CONCLUTION

We have introduced a new labeling namely Fibonacci prime labeling of graphs .We prove that path, cycle,star,fan graph ,friendship
graph, dragon graph and an umbrella graph are all Fibonacci prime graphs .Extending the study to other families of graph is an
open area of research .
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