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1. Introduction

The notion of fuzzy subset was introduced by Zadeh [8] and many authors have considered several extension work in
fuzzy sets. Gau and Buehrer[3] was the first to study the notion of vague set. Eswarlal and et al. [2] initiated the study of
vague field and vague vector space etc. The concept of near-algebras was introduced by Brown [1], and fuzzy algebras over a
fuzzy field is redefined by Gu and Lu [4]. Further, Narsimha Swamy [5] considered the notion of fuzzy ideals of a near-ring.
Srinivas and Narasimha Swamy [7] developed the concept of fuzzy near-algebra over a fuzzy field and also discussed fuzzy
ideals. Recently, Narsimhaswamy and et al.[6] introduced the notion of vague near-algebra over a vague field. Hence in
present study, we proposed the new concept of vague ideals of a near-algebra.

2. Preliminaries

For the sake of continuity we recall some basic definitions.

Definition 1. [3] A vague set F in the universe of discourse X is a pair (tg, fg ), where tr : X —[0,1], fz : X —[0,1] are
mappings such that tg (x) + fr (x) < 1 for all x €X. The functions tr and fr are called true membership function and false
membership function in [0, 1] respectively. The interval [tr (x),1 — fr (X)] is called the vague value of x in F and it is denoted

by Ve (%), i.e. Ve (X) = [te (x),1 — f& (X)].

Definition 2. [6] Let X be a field and Y be a near-algebra over X. Let F be a vague field of X and Q be a vague set of Y.
Then Q is a vague near-algebra of Y over F if it satisfies the conditions:

(i) Vo(ly + 1) > min(Vg(ly), Va(lp)),

(IVa(Aly) = min(Ve (), Va(ly)),

(iii)Vq(l1l) > min(V(ly), Va(lp)) ,

(lV) V|: (1) > VQ(Il) VI]_, |2€ Y and A € X.

3. Vague ideals
Definition 3. Let Q be a vague near-algebra of Y over a vague field F of X. Then Q is called an vague ideal of Y, if
(') Va(lil2) = Va(ly) and(ii) Va(lo(l + 1) = Ibl1) = V(i)
l.e.,
(1) ta(l1l2) = to(ly) and 1 = fo(lilo) = 1 = fo(ly)
(ll) tQ(Iz(Il + 1) - 12'1) > tQ(l) and 1 — fQ(Iz(Il + 1) - 12'1) >1- fQ(|) VI]_, |2, i€eY.
Qisa vague rlght ideal of Y lfVQ(Illz) > VQ(Il) VI]_, |2€ Y.
Qisa vague left ideal of Y if VQ(Iz(Il + 1) - lzll) > VQ(|) VI]_, |2, ieY.
In other words, a vague set Q of a near-algebra Y over a vague field F of X is said to be vague ideal if it satisfies
the conditions:
(1) Va(l + 12) = min(Vo(l1), Va(l2)),( (i1) Va(rly) = min(Ve (1), Vo(l1)),
(i) Ve (1) = Vg(ly), (iv) Va(l1l2) = min(Va(l1), Va(l2)) ,
(V) Va(lo(l; +1)—1211) > V(i) (or equivalently Vq(lols —1ol1) > V(I3 —1y)) for every Iy, I, 13, i € Y, where 1 is the unity in X.
If Q satisfies (i), (ii), (iii) and (iv), then Q is called a vague right ideal of Y
If Q satisfies (i), (ii), (iii) and (v), then Q is called a vague left ideal of Y.

Example 1. Let X = Z, = {0, 1}@,8. be afield. A vague setF = (tr, fr ) of X defined as

0.9,ifm=0

te X = [0, 1] byteem =g m— ] and
fo X =00, 1]by feqm = [03 M =0

For any m, n € X, we get Vg (m-n) > Ve (M)AVE (n) and
n#0,Ve (mn™) Ve(m) A Ve (n). Thus F is a vague field of X.
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LetY ={0, p, g, r} be a set with two binary operations “ + > and “ - ” as follows:

P

p g r 10 par
00 p q r 000 0 0O
pp 0 r q pf 0 g 0q
gqg r O p g0 0 0O
mr qg p O Mo q 0gq

Define a scalar multiplicationonY by0-z=0,1-z=zforeachz €Y, 0,1e X.

Then it is clear that Y is a near-algebra over a field X.
A vague set Q = (tg, fo) of Y defined as

0.6,ifz=0
to: Y= [0, 1] by to(2) = { 0.3 OtJ;lETWise

) _(04,ifm=0
fa: Y- [0,1]by fo(z) = {0.7, otherwise
For any }\.16 X and Il, |2, i €Y. Further (|) VQ(I1+|2) > mln(VQ(ll), VQ(Iz)), (”) Vg(}\.ll) > min(VF ()\,), VQ(I]_)),
(ii)Ve (1) = Va(ly), (iv) Va(lil2) = Va(l), (iv) Vo(li 12) = min(Vo(l2),Va(l)),
(V) Va(lzo(ly +1)—111) > V(i) ( or equivalently Vq(lols —1l1) > V(s —1;)) Where 1 is the unity in X.
Hence Q is called a vague ideal of Y.

Example 2.  Consider X and Y as in above examplel. A vague set F = (t-, fr ) of X defined as

tr : X — [0, 1] by tr (m) ={g§%j‘1’ and

f : X — [0, 1]by fe(m) = {8;% Z?
For any m, n € X, we get Vg (m—n) > V¢ (M) AV (n) and n #£0, Ve (Mn ) > Ve (M) A Ve (n).
Thus F is a vague field of X.
And also it is clear that Y is a near-algebra over a field X (*.© by examplel).

A vague set Q = (tq, fo) of Y defined as

0.6,ifz=0
to: Y= [0, 1]by ta(z) = { 0.4 og;lerwise

. _( 04,ifz=0
fo: Y= 1[0, 11by fa(2) = {0.6, otherwise
For any kle X and Il, |2, i €Y. Further (|) VQ(|1+|2) > min(VQ(ll), VQ(Iz)), (ll) Vg(xll) > min(VF (}\,), VQ(I]_)),
(Ii)VE (1) = V(l), (iv) Va(lilo) = Va(ly), (iv) Va(li 1) > min(V(l,),Va(lh)),
(V) Va(la(Iy +)—1oly) > V(i) ( or equivalently Vo(lols —1511) > Vo(ls —11)) Where 1 is the unity in X.
Hence Q is called a vague ideal of Y.

4. Main Results

Throughout this section X stands for field and Y stands for near-algebra (right) over the field X otherwise it mentioned.
Theorem 1. Let Q be a vague ideal of a near-algebra Y over a vague field F of X. Then each level subset Q; = {l,€Y : Vq(l1)
>t,t € [0, 1]} is an ideal of Y , where Vg (A) >t for any A € X.

Proof. Let I3, beQ; and XL € X. Then Iy, L€ Y and Vg(ly) > t, Vo(lo) >t.
Since Q is a Vague ideal, we get Vo(l; — 1) > min{Vq(l1), Va(l2)} > min(t, t) = t.
|1_ |2€ Qt. Now Vg ()\. 11)2 Ve (}\.) AVg (Il) >tAt=t.
" Al€ Ot Thus Qt is a linear subspace of Y.
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Let |1, |2€ Yandi€ Q.. Then |2(|1 + 1) - 12|1€ Y, and VQ(IZ(I]_ + 1) _lzll) > VQ(I) >t - |2(|1 + 1) —12|1€ Q..
Thus Q; is a left ideal of Y .
Let ke Y, i€ Q. Then Vy(il) > V(i) >t. .. i€ Q.
Thus € is a right ideal of Y. Hence Q is an ideal of Y. |

Theorem 2. Intersection of a family of VVague ideals of a near-algebra Y is a Vague ideal of Y.

Proof. Let {Q}ies be a family of Vague ideals of near-algebra Y over a Vague field F of X.
Let Vo, 1) = ﬂVQ. 1) = iiQI Vo, (1,) Forevery I3, Le Yand A, p € X, we have
ieA

V, (Al +0ly) = iiQI Vo, (Al +0l,)
> inf{min(V, (2),V,, (1)), min(V, (0), Ve, (1))}
>min(min(Vg (1), iiQI Vo, (1)), min(Ve (v), iiQI Vo, (1,)))
= min(min(V. (2),V, (1)), min(V. (0).V, (1,))))
Since each € is a ideal, we get Vi (1) =V, () > iiEIVQ' (1)=V, () forevery | eY and ieca.
Now V,(Ll,) = iire]i(VQ‘ (LL,)) = iiQI Vg, (1)) =Vq(I,) - Thus Q is a vague right ideal of Y.

Letls lo, jeY. Then Vo (L,(L + )= 1h) =infVo (L ( + )= Lk)) 2infV,, () =Va(j) - Thus Qisg vague leftideal of Y.

Hence Q is a vague ideal of a near-algebra Y.

Theorem 3. Let Y and Y'be two near-algebras over a field X. Let Q, and Q, be two vague ideals of Y and Y* respectively
over a Vague field F of X. Then Q; x Q; is a vague ideal of a near-algebra Y x '

Proof. Let ©; and €, be two vague ideals of near-algebras Y and Y’ respectively over a Vague field F of X. We have that

(Va1 x Voo (I3, 115 = min(Va; (1), Vaz (11%) where (I, 1Y) € Y x Y 1. Also know that Y x Y* = {(I,, L") : Le Y, L,l'e Y '}.
Let (I, 1Y), (I, 1LY) € Y x Y'and & € X. Then

Vo xVo, )3 1) (15, 12) = (Vo %V, )1y +H, 1+ 12)
= MinVg, (1,+1,), Ve, (1 +12))
>min{min(V,, (1,), Vo, (1)), min(V,, (IHV,, (13)3
= Vo %V, )11, 1), Voy <V )15, 1)

Vor xVo, YA, 1)) = Voy XV, )(Al 1, AL)
= minVe, (41,),V, (A1)
>mindmin(V (1), Vo, (1)), min(Ve (1),V,, (1IN}
= min{(Vi (1), min(Ve, (1), Ve, (1)}
= mMin{(V (1), (Vo XV, )11, 1))

Since Q; is a Vague ideal of Y, we get V(1) > Vg, (I) for every l,€ Y, 1 is the unity in X.
And Q, is a vague ideal of Y*, then V¢ (1) > Vg, (I,") for every Let I,' € Y!

Then Vo (1) = min{(Ve, (1), Vi, (12))) = (Ve Voo ), 1))
Ve XV )11, 1), (15, 12)) = (Vo <V, (141, 112)
=min{V,,, (1,1,).V,, (1}12)}
>min{V,,, (1,).V,, (I}
= (Ve ¥V )[4, 12).
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Thus Vi, xV,, isavague right ideal of Y x Y LoLet (I, 1Y, (I, 1LY, (i, 1Y) € Y x YE Then

Vs <V )0 )0 ) ) = (1 )0 1) = Vg <V ) )0 41 = (1,1 )
= (Voy XV, J (1), Lo (1 +17) = (1,11 L))
= (Vg XV, )1, (1 +) =11 G (1 +i =)
iV (0 (1)~ 1) Vo, 2+ )}
=min(Vy, (i), Vo, (i") = (Vo XV, )(i.1")
Thus Vo, xV,, isavague leftideal of Y x Y*. Hence V,, xV,, isa vague ideal of Y x Y*

Definition 4. Let Q; and Q, be two vague ideals of a zero symmetric near-algebra Y. Let I,€ Y then their sum is denoted by
Q; +Q, and is defined by Vi, 5 (1) = Sup{min(V,, (1,),V,, (I5)) . wherel, Le Y.

=l +ly
Note that, if 1* =-l3+ I+ 15 and then Vo, (s +1, +1) =V, (I,). Thatis V, (Izl):VQz (1,).

From this it is clear that V. o, (1) =V, o0 (11)- L
Theorem 4. Let Y and Z be two near-algebras over a field X. Let f: Y— Z be an onto near-algebra homomorphism. If Q is a
vague ideal in Y , then f(Q) is a Vague ideal in Z.

Proof. Letu,v €Zand A € X. Now
(i) forall u, v € Z and their exits l;, |, Y such that u=f(l1), v=Ff(l,).

Vi U+V) =Sup{V, () :l; €Y.l e fH(u+Vv)}
=Sup{(Vo (L +1,):L, L eY, f()=u, f(,)=Vv}
=3Sup{min(V,, (1,).V,(1,)) : 1,1, €Y, f(l,) =u, f(l,) =V}
— min{Sup(V,, (1) 1, € Y, (1) =u), Sup(V,, (1,) 1, €Y, F(1,) =)}
= min(V, () (u)’vf(Q) (V).

(ii) For all ue Z and A €X, consider

Vi (Au) = Sup{V, (L) :l; €Y, I, e FH(Au)}
> sup{(V,(AlL):l,eY, f(l,)=u}
=Sup{Mmin(V: (1),VoWL)) I, €Y, f(l;) =u}
= min{V, (1), SupV, (L) : 1, €Y, f(I,) =u)}
= MinVe (1), V, o, (W)).
(iii) We have Vg (1) > Vg (Iy) forevery I, € Y.

Then for all ue Z, Vg (1) =Sup{ Vg, (I3): LE Y, L€ f-Y(u)}= V, o).
(iv) Foralluyve z

Vi W) =Sup{V, (L) :l; €Y, l; e f(uv)}
> Sup{(V,, (L) : LI, eY, (1) =u, f(,) =v}
—sup{V, (1)) sk Y, T () =u}
=V¢ (o (u).
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(v). For all u,v,i€ Z. Consider,
Vi (VU +i)—vu) =Sup{V,(l):l; €Y, l; e f T(v(u+i)—vu)}
> Sup{V, (L + D —LI): L e fH),l, e f(Vv),je f @)}
>Sup{V, (i) :je f (D}
=V (o) (1)

Hence f () isa vague ideal in Z

Theorem 5. Let Y and Z be two near-algebras over a field X. Let f: Y— Z be an onto near-algebra homomorphism.
If Q is a Vague ideal in Z, then f (Q) is a Vague ideal in Y.

Proof. For all I, I,€ Y and A, u € X, consider

V oy (A +UL) =V, (T (AL, +ul,)

=Vo (AT (1) +uf(l,))
> min (V, (4 f (1,) +V,, (uf (1,)))
=3 min(min(vg (/1)1VQ f (I1))1 min(\/Q (u)’VQ f (Iz)))
= MIN(MINVe (A),V, g, (D) MINEVe WV, (1)).

We have Vg (1) > Vg, (I3) for each 1€ Z. This implies for every 1€ Y,
Ve (1) > Vg (f(1y) (Since f(l)€ Z2)= Vf_l(Q) (l1) . Now

fol(Q) (L) =V, (f (L))
=V, (f ) fU,))
=V, (1,))
:fol(Q) (Il)'

Vg (o (b +1) = 11) =V, (F (1, (1, +1) = 1,1,))
=Vo (T (1, +)— T (1,1))
= Mo (FL)(FA) + () - F(,) f (L))
=V, T(1)
=V ().

Hence f Q) is a Vague ideal in Y . =
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