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Abstract: - Complex structure {F} is almost complex manifolds is shown. It has been defined and studied by Schouten and 

Dontzing (1930) introduced the concept of complex structure and a Hermitian metric in a differentiable manifold 

and called it a complex manifold In this article we discuss the, Almost complex structure }{F  is not unique and also 

discuss that the complex structure }{F  has 2m  Eigen values. An almost complex manifold is that it contain a tangent 

bundle m  of dim m and a tangent bundle m
~

 conjugate to m  such that  mm
~  and they span together a tangent 

bundle of dim 2m.   
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Introduction: - Let nV , mn 2  be an even dimensional differentiable manifold of differentiability class 
1rC  and let there 

exists a vector valued real linear function F of differentiability class 
1rC  on nV , satisfying 

 002  XXIF n .    pTX   

For arbitrary vector field X, where FXX  . 

Then nV  is said to be an almost complex manifold and }{F is said to give an almost complex structure on nV . 

 

Example.1: Let us consider 4V , on which F given by, 

  

44
0010

0001

1000

0100


























F  

Therefore, 

   

44

2

1000

0100

0010

0001































F  

 

i.e.  04

2  IF . 

 

Example.2: Let
2Rm  , considered as a manifold with local coordinate the ordinary Cartesian coordinates ),( yx . For each 

Mp  the endomorphism of pM  given by, 
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   02  XIJ p
 

Since X is arbitrary vector field, therefore we have 

   02  IJ p . 

 

Theorem: The nFrank )( . 

Proof: Let 000  XXX  

Hence 0X  has only trivial solution 0X , consequently nFrank )( . 

 

Theorem:- Almost complex structure }{F  is not unique. 

 

Proof:- Let us define 

(1)   FF '
 

Where   is a non-singular tensor of type  1,1  and }{F  is an almost complex structure, 

Post multiplying (1) by
'F , we get 

      ''' FFFF    

        2'2' FFFFFF  

Therefore 02'  nIF      since 0  

i.e.  'F  is an almost complex structure. 

 

Nijenhuis Tensor: Nijenhuis with respect to F is a vector valued bilinear function N, given by 

              YXYXYXYXYXFFYXN
def

,,,,,,,  . 

In an almost complex manifold, 

              YXYXYXYXYXFFYXN
def

,,,,,,,   

 

Theorem: On an almost complex manifold, we have 

(i)         YXNYXNYXNYXN ,,,,   

(ii)         YXNYXNYXNYXN ,,,,   

 

Proof: Proof is obvious. 

 

Definition: An almost complex manifold with vanishing Nijenhuis tensor is a complex manifold. 

 

Definition: On an almost complex manifold nV , a bilinear function A is said to be 

Pure if     0,,  YXAYXA  

Hybrid if    YXAYXA ,,  . 

 

Theorem: F has m Eigen values i  and m Eigen values i . 

 

Proof: Let   be an Eigen values of F and let P be the corresponding eigen vector. Then 

PFP   

i.e.  PP  . 

Barring P we get, 

  PP 2  

i.e.  12      (Since 0P ) 

Therefore  i  
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Thus i  and i  are the Eigen values of F. Since mn 2 , show i  repeated m times, i  repeated m times. 

 

Theorem: Let  F  and  'F  be two almost complex structures of the almost complex manifold nV  connected by  FF '
 

then, if P is an Eigen vector of
'F , P is an Eigen vector of F corresponding to some Eigen value.  

 

Proof: Let P be an Eigen vector of 
'F  corresponding to the Eigen values , 

Then  PPFPPF   ''
 

Since   FF '
, we get PPF    

Hence P  is Eigen vector of F corresponding to Eigen values . 

 

Theorem: The necessary and sufficient condition that nV  be an almost complex manifold is that it contain a tangent bundle m  

of dim m and a tangent bundle m
~

 conjugate to m  such that  mm
~  and they span together a tangent bundle of dim 2m. 

Projections on m  and m
~

 being L and M given by 

iFIL n

def

2 , iFIM n

def

2  

 

Proof: (Necessary) Let nV  be an almost complex manifold with almost complex structure  F  whose Eigen values are i  and

i . Let mxP
x

,....,2,1,   are Eigen vectors corresponding to Eigen value i  and mxQ
x

,....,2,1,   are m linearly 

independent Eigen vectors conjugate to 
x
P  corresponding to the Eigen values i . Then, 
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From (1) and (2), we get 

  0
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Pc  and 0
x
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Qd  

i.e.  0
x

c  and 0
x

d  

since 0
x
P and 0

x

Q  are linearly independent. 

Thus   0,00
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Therefore 








xx
QP,  is a linearly independent set. 

Further, we have 

  
xx
PPL   0

x

QL  
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  0
x
PM  

xx

QQM   

Because   
xxxxxx

n
x

PPPPiFPPiFIPL 22  , 

and similarly. 

 Thus we have proved that there is a tangent bundle m  of dim m and there is a complex conjugate tangent bundle m
~

 of 

dim m such that  mm
~  and they span to gather a tangent bundle of dim 2m. Projection on m  and m

~
 being L and M. 

Conversely: Suppose that there is a tangent bundle m  of dim m and a tangent bundle m
~

 complex conjugate to m  such that 

 mm
~  and the span together linear manifold of dim 2m, Let 

x
P  and 

x

Q  (complex conjugate to 
x
P ) be m linearly 

independent vector in m  and m
~

 respectively. Let 








xx
QP,  span a linear manifold of dim 2m, therefore 
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QP,  is a linearly 

independent set. Let 
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qp,  be the inverse set of
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QP, . Then 

  
x

x

x

x

n QqPpI   

This equation yields, 
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Let us define, 
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After solving, we get 

  02  nIF  

Thus the manifold admits an almost complex structure. 

 

Corollary: Prove that 

(i) 0,, 22  MLLMMMLL  

(ii) iMMFFMiLLFFL  ,  

 

Corollary: Prove that, 
x

x

PpL   and 
x

x

QqM  . 

 

Proof: Since 






 xx

qp,  is inverse set of 








xx
QP, , we have 

  
x

x

x

x

n QqPpI     …(1) 

and we also know, 

  iFIL n 2 , iFIM n 2  

Therefore nIML      …(2) 

Operating (2) by F and using (1), we get 

  
x

x
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x

QFqPFpFMFL   
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x

QiqPipMLi  

0i ,  
x

x

x

x

QqPpML    …(3) 

From (2) and (3), we get the result. 

 

Contravariant and covariant almost analytic vectors 

 

Definition: A vector field V is said to e contravariant almost analytic if it satisfies  

  0FLV  

i.e. Lie derivatives of F with respect to V vanishes. A vector field V is said to be strictly contravariant almost analytic, if both V 

and V  are contravariant almost analytic i.e. 

  0FLV  And 0FL
V

. 

 

Lemma: We have on an almost complex manifold, 

(i)  XVNFLFL VV
,  

Equivalent to, 

(ii)  XVNFLFL VV
,  

(iii)        XVNXFLXFL VV
,  

(iv)        XVNXFLXFL VV
,  

 

Proof: Consider, 

      XLFXFLXL
VVV

  

or        XVXFLXV
V

,,     …(1) 

Further taking Lie derivative of X  with respect to V, we get 

      XLFXFLXL VVV   

or        XVXFLXV V ,,     …(2) 

From (1) and (2), we have 

         XVNXFLXFL VV
,   …(3) 

Where           XVXVXVXVXVN
def

,,,,,   

Barring equation (3), we get 

         XVNXFLXFL VV
,    …(4) 

From (3) and (4) we get results. 

 

Theorem: A necessary and sufficient condition that vector field V on and almost complex manifold be contravariant almost 

analytic is 

   XVXVXLXL VV ,,   

 

Proof: A vector field V is contravariant almost analytic if  

  0FLV       …(1) 

     XLXFLXL VVV   

Using (1) in above equation, we get 

  XLXL VV  . 

 

Theorem: Lie derivative of Nijenhuis tensor with respect to a contravariant almost analytic vector V, on an almost complex 

manifold vanishes, i.e. 

  0NLV . 
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Definition: A 1-from   is said to be covariant almost analytic if it satisfies, 

             YDYDXFDYFD XXYX    

Where D is a symmetric connection in nV . 

 

Theorem: If a 1-from   is covariant almost analytic then d  is pure in both the slots, i.e. 

       0,,  YXdYXd  . 

 

Proof: Since,  

        XDYDYXd YX  ,    …(1) 

Using definition, 

              YDYDXFDYFD XXYX    …(2) 

and 

              XDXDYFDXFD YYXY    …(3) 

Adding (2) and (3) then barring Y, we get the result. 
 

Cor.: If         XXXX
def

  ~~  

Then     YXdYXd ,,~    

Equivalent to     0,,~  YXdYXd  . 

 

Proof: We have from definition, 

     YY  ~
 

Taking covariant derivative with respect to X, we get 

           YFDYDYD XXX  ~
   …(1) 

since   is covariant almost analytic, we have 

              YDYDXFDYFD XXYX     …(2) 

From (1), we have 

         XFDXDXD YYY  ~
   …(3) 

From (1) and (3), we have 

                     XFDYFDXDYDXDYD YXYXYX   ~~
 

          …(4) 

Using (2) in (4), we get 

             XDYDXDYD YXYX   ~~
  …(5) 

Since, 

          XDYDYXd YX  ,     …(6) 

From (5) and (6) we get the result. 

 

Theroem: If 1-from   is covariant almost analytic on an almost complex manifold then ~  is also covariant analytic.  

Where        XXXX
def

  ~~
 

 

Proof: Since 1-from   is covariant almost analytic, then we have 

              YDYDXFDYFD XX

def

YX     …(1) 

Taking covariant derivative of    YY  ~
 with respect to X and X , we get 

           YFDYDYD XXX  ~
   …(2) 

and           YFDYDYD
XXX

 ~
   …(3) 

Barring Y in (2) 

           YFDYDYD XXX  ~
   …(4) 

Now consider 
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    YYF   

Taking its covariant derivative with respect to X, we get 

        YFDFYFD XX       …(5) 

Operating by  , we get 

         XFDYFD XX  ~     …(6) 

Putting (6) in (4), we get 

           YFDYDYD XXX  ~~     …(7) 

Now using (3) and (7), we get 

  
               

       YFDYFD

YFDYDYDYDYD

XX

XXXXX




~

~~




 

          …(8) 

Interchanging X and Y in (1), then barring X, we get 

               YFDYDYDXFD
XXXY   ~

 …(9) 

Using (9) in (8), we get the result. 

 

Theorem: If on an almost complex manifold, the covariant almost analytic vector field   is closed then ~  is also closed. 

 Where        XXXX
def

  ~~  

 
Proof: We have  

   YXdYXd ,,~    

or     YXdYXd ,,~    

If   is closed, then    0~0,~0   dYXdd . 

 

Theorem: If   and ~  are both closed on an almost complex manifold then they are both covariant almost analytic, where 

       XXXX
def

  ~~ . 

 

Proof: If   and ~  are both closed then 

          0,  XDYDYXd YX     …(1) 

and          0~~,~  XDYDYXd YX     …(2) 

Now consider, 

     YY  ~
 

Taking its covariant derivative with respect to X, we get 

           YFDYDYD XXX  ~
   …(3) 

Interchanging X and Y, we get 

           XFDXDXD YYY  ~
   …(4) 

From (3) and (4), we have 

                    XFDYFDXDYDXDYD YXYXYX   ~~
 

or             XFDYFDYDXD YXXY    

Now 

                   XFDYFDXDYDYDYD YXYXXX
   

Using (1), we get 

             XFDYFDYDYD YXXX
   

Hence 1-from   is covariant almost analytic. 

 We know that if 1-from   is covariant almost analytic then ~  is also covariant almost analytic. 

F-Connection 

 

Def.: An affine connection D on an almost complex manifold is called an F-connection if, 

     YDYDYFD XXX  0  
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In an almost complex manifold, we have 

  0 YDYD XX
. 

Theorem: Given an arbitrary connection B, connection D is defined by, 

  YBYBYD XX

def

X 2 . 

Then show that D is an F-connection. 

Proof: We have, 

  YBYBYD XXX 2       …(1) 

Barring Y in (1), we get 

  YBYBYD XXX 2       …(2) 

Barring whole equation (1), we get 

  YBYBYD XXX 2       …(3) 

From (2) and (3), we get the result. 

 

Theorem: On an almost complex manifold if the F-connection D is symmetric then Nijenhuis tensor vanishes. 

 

Proof: Nijenhuis tensor on an almost complex manifold is defined as 

              YXYXYXYXYXFFYXN
def

,,,,,,,  . 

When connection D is symmetric F-connection, 

(i) Torson tensor 0s , 

(ii) 0FDX  

Where 

     YXXDYDYXs YX

def

,,    

Since 0s  

Therefore  YXXDYD YX ,  

  XDYDXDYDXDYDXDYDYXN
YXYXYXYX

,  

          …(1) 
Since D is an F-connection, 

  YDYDFD XXX  0 .     …(2) 

Using (2) in (1), we get the result. 
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