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Abstract  

In this paper, we introduce fractional integrals and differentials of the extended Mittag–Leffler functions 

𝐸𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑

 (𝑧; 𝑝, 𝑞).  In this continuation of the study of fractional calculus.  
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1.1 Introduction and preliminaries 

The Mittag–Leffler functions appear in special functions as a solution of fractional order integral and 

differential equations. Some interesting applications of  the Mittag  Leffler function are considered as follows: 

studied of kinetic equation, the telegraph equations [5], random walks, Levy flights, supper diffuse transport 

and complex system. 

We begin with the Mittag–Leffler functions 𝐸𝛼(𝑧) and 𝐸𝛼,𝛽 (𝑧) are defined by the following series: 

 𝐸𝛼(𝑧) = Σ𝑛=0
∞  

𝑧𝑛

Γ(𝛼𝑛+1)
  𝑧 ∈  ℂ; ℜ(𝛼)  > 0      (1.1.1) 

and 

 𝐸𝛼,𝛽(𝑧) = Σ𝑛=0
∞  

𝑧𝑛

Γ(𝛼𝑛+𝛽)
  𝑧, 𝛽 ∈  ℂ; ℜ(𝛼)  >  0,     (1.1.2) 

respectively. For further study of Mittag–Leffler function such as generalizations and applications , the 

readers may refer to the current work of researchers (for example) Džrbašjan [7], Kilbas and Saigo [15], 

Gorenflo and Mainardi [8] , Gorenflo et al. ([9,11]), Kilbas et al. ([16], Chapter 1] and Saigo and Kilbas [22]. 

In recent years, the Mittag–Leffler function (1.1.1) and some of its variety of generalizations have been 

numerically investigated in the complex plane (see [14,24]). A generalization of the Mittag–Leffler function 

𝐸𝛼,𝛽 (𝑧) of (1.1.2) was introduced by Prabhakar [20] as follows: 

  𝐸𝛼,𝛽
𝛾

 (𝑧) =  Σ𝑛=0
∞  

(𝛾)𝑛𝑧𝑛

Γ(𝛼𝑛+𝛽)  𝑛!
  𝑧, 𝛽 ∈  𝐶; ℜ(𝛼)  >  0,     (1.1.3) 

where (𝛾)𝑛 denote the well-known Pochhammer Symbol which is defined by 
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(𝛾 )𝑛  =  {
1,                                                     𝑤ℎ𝑒𝑛        (𝑛 =  0, 𝛾 ≠  0)

𝛾 (𝛾 +  1) … (𝛾 +  𝑛 –  1),      𝑤ℎ𝑒𝑛     (𝑛 ∈  ℕ, 𝛾 ∈  ℂ)
    .    Obviously, the following special 

cases are satisfied: 

 𝐸𝛼,𝛽
1  (𝑧)  =  𝐸𝛼,𝛽 (𝑧)  =  𝐸𝛼,1

1 (𝑧)  =  𝐸𝛼(𝑧).      (1.1.4)  

Diaz and Pariguan [see nisar (𝑘, 𝑠) fractional calculas] have introduced the Pochhammer  𝑝 −symbols and 

𝑝 −Gamma function defined as follows 

(𝛾)𝑛𝑝  =  {
1,                                    𝑤ℎ𝑒𝑛  (𝑛 =  0, 𝛾 ≠  0)

𝛾 (𝛾 +  𝑝) … (𝛾 + (𝑛 –  1)𝑝), 𝑤ℎ𝑒𝑛 (𝑛 ∈  ℕ, 𝛾 ∈  ℂ, 𝑝 > 0)
  

And 

 Γ𝑝(𝛾) =  ∫ 𝑡𝛾−1𝑒
−

𝑡𝑝

𝑝  𝑑𝑡
∞

0
   

In recent times many researchers have investigated the importance and great consideration of Mittag–Leffler 

function in the theory of special functions for exploring the generalization and some applications. Many 

extensions for these functions are found in [1–4,10]. Srivastava and Tomovski [25] have defined further 

generalization of the Mittag–Leffler function 𝐸𝛼,𝛽
𝛾

 (𝑧) of (3), which is defined as follows: 

 𝐸𝛼,𝛽
𝛾,𝜅

 (𝑧) =  Σ𝑛=0
∞ (𝛾 )𝑛𝜅

Γ(𝛼𝑛 + 𝛽)

𝑧𝑛

𝑛!
  ,       (1.1.5)  

where 𝑧, 𝛽, 𝛾 ∈  ℂ; ℜ(𝛼)  >  𝑚𝑎𝑥{0, ℜ(𝜅) −  1};  ℜ(𝜅)  >  0.  

In the same paper, they have used the well-known right-sided Riemann–Liouville fractional integral, 

derivative and generalized Riemann–Liouville derivative operators (see [12,13,16,23]).Very recently Özarslan 

and Yilmaz [19] have investigated an extended Mittag–Leffler function 𝐸 𝛼,𝛽
𝛾 ;𝑐

 (𝑧;  𝑝), which is defined as 

follows: 

 𝐸 𝛼,𝛽
𝛾,𝑐

 (𝑧;  𝑝) = Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )

 𝐵(𝛾,𝑐 − 𝛾 )

 (𝑐)𝑛

Γ(𝛼𝑛 + 𝛽)
 
𝑧𝑛

𝑛!
 ,     (1.1.6) 

where 𝑝 ≥  0, ℜ(𝑐)  >  ℜ(𝛾 )  >  0 and 𝐵𝑝(𝑥, 𝑦) is extended beta function defined in [6] as follows: 

 𝐵𝑝(𝑥, 𝑦)  = ∫ 𝑡𝑥−1(1 −  𝑡)𝑦−1𝑒−
𝑝

𝑡
(1−𝑡)

 d𝑡
1

0
       (1.1.7) 

for ℜ(𝑝)  >  0, ℜ(𝑥)  >  0  and 𝑅(𝑦)  >  0.  In the same paper, they defined the following result for the 

extended Mittag–Leffler function (1.1.6) as follows: 

  (
𝑑

𝑑𝑧
)

𝑛

 ( 𝑧𝜆−1𝐸𝛼,𝛽
𝛾 ;𝑐(𝜔𝑧𝛼;  𝑝)  =  𝑧𝜆−𝑛−1𝐸𝛼,𝛽−𝑛

𝛾 ;𝑐
(𝜔𝑧𝛼;  𝑝).    (1.1.8)  

In this continuation of the study on the significance of fractional calculus, we start with the following 

preliminaries: 

In this chapter we investigated an extended Mittag–Leffler function 𝐸 𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑

 (𝑧; 𝑝, 𝑞), which is defined as 

follows: 

𝐸 𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑

 (𝑧; 𝑝, 𝑞) = Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )

 𝐵𝑝(𝛾,𝑐 − 𝛾 )

𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )

 𝐵𝑞(𝛿,𝑑 −𝛿 )

(𝑐)𝑛𝑝(𝑑)𝑛𝑞

Γ(𝛼𝑛 + 𝛽)
 
𝑧𝑛

𝑛!
 , (1.1.9)   

where 𝑝, 𝑞 ≥  0, ℜ(𝑐) >  ℜ(𝛾 )  >  0,  ℜ(𝑑)  >  ℜ(𝛿)  > 0  and  𝐵𝑝(𝑥, 𝑦)  and 𝐵𝑞(𝑥, 𝑦)  are extended beta 

function defined as follows, 

 𝐵𝑝(𝑥, 𝑦) =  ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1𝑒
−

𝑝

𝑡(𝑡−1)
1

0
 𝑑𝑡  

And 

 𝐵𝑞(𝑥, 𝑦) =  ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1𝑒
−

𝑞

𝑡(𝑡−1)
1

0
 𝑑𝑡  

For ℜ(𝑝) > 0, ℜ(𝑥) > 0 and ℜ(𝑦) > 0.  

Remark 1.1.1: It should be noted that, 

𝐸 𝛼,𝛽
1,1 ;𝑐,𝑑(𝑧, 1,1) = 𝐸𝛼,𝛽

1,1  (𝑧) =  𝐸 𝛼,𝛽
1,𝑐  (𝑧;  1) = 𝐸𝛼,1

1 (𝑧) = 𝐸𝛼,1 =  𝐸𝛼(𝑧)   

(1.1.9) ⟹ (1.1.6) ⟹  (1.1.3)  ⟹ (1.1.2)  ⟹ (1.1.1. ) 
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Or 

(1.1.9) ⟹ (1.1.5) ⟹  (1.1.3)  ⟹ (1.1.2)  ⟹ (1.1.1) 

ℒ(𝑎, 𝑏) is the space of Lebesgue measurable of real or complex valued function if it is defined as 

  ℒ(𝑎, 𝑏) = (𝑓: ‖ 𝑓 ‖1  = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
< ∞)  .    (1.1.10) 

The left- and right-sided Riemann–Liouville fractional integral operators 𝐼𝑎+
𝜆  and 𝐼𝑏−

𝜆  are, respectively, 

defined as (see, e.g., [16]) follows: 

  (𝐼𝑎+ 
𝜆 𝑓 )(𝑥)  =

1

Γ(𝜆)
 ∫

𝑓 (𝜏 )

(𝜏−𝑥)1−𝜆 
𝑥

𝑎
 𝑑𝜏, (𝑥 >  𝑎),    (1.1.11)  

and 

 (𝐼𝑏−
𝜆  𝑓 )(𝑥) =

1

Γ( 𝜆)
 ∫

𝑓(𝜏) 

(𝜏 − 𝑥)1−𝜆

𝑏

𝑥
  𝑑𝜏, (𝑥 <  𝑏),   (1.1.12) 

where 𝑓 (𝑥)  ∈  ℒ(𝑎, 𝑏), 𝜆 ∈  ℂ and ℜ(𝜆)  >  0.  

Similarly, for 𝑓 (𝑥)  ∈  ℒ(𝑎, 𝑏), 𝜆 ∈  ℂ, ℜ(𝜆)  >  0 and 𝑛 =  [𝑅(𝜆)] + 1, the left- and right-sided Riemann–

Liouville fractional differential are defined as follows: 

  (𝐷𝑎+
𝜆  𝑓 )(𝑥) = (

𝑑

𝑑𝑥
)

𝑛

(𝐼𝑎+
𝑛−𝜆 𝑓 )(𝑥),      (1.1.13)  

  (𝐷𝑎−
𝜆  𝑓 )(𝑥) = (−

𝑑

𝑑𝑥
)

𝑛

(𝐼𝑎−
 𝑛−𝜆𝑓 )(𝑥),    (1.1.14) 

respectively. 

A generalized form of fractional differential operator 𝐷𝑎+
𝜆  (1.1.13) has been made by investigating the 

fractional differential operator 𝐷𝑎+
𝜆,𝑣

 of order 0 <  𝜆 <  1 and type 0 <  𝑣 <  1 with respect to 𝑥 as follows: 

  (𝐷𝑎+
𝜆,𝑣 𝑓 )(𝑥) = ( 𝐼𝑎+

 𝑣(1−𝜆) 𝑑

𝑑𝑥
 (𝐼𝑎+

(1−𝑣)(1−𝜆)
 𝑓 )) (𝑥)    (1.1.15)  

(see [23], [16], [21]). Obviously, when v = 0 then (1.1.15) reduces to the operator 𝐷𝑎+
𝜆  defined in (1.1.12). 

We consider the following basic results for our study: 

Theorem 1.1.2 (Mathai and Haubold [17]) If 𝜆, 𝜇 ∈  ℂ, ℜ(𝜆)  >  0, ℜ(𝜇)  >  0, then 

 𝐼𝑎+
𝜆 (𝜏 −  𝑎)𝜇−1  =

Γ(𝜇)

Γ(𝜆 + 𝜇)
 (𝑥 −  𝑎)𝜆+𝜇−1.     (1.1.16) 

Theorem 1.1.3 (Srivatava and Manocha [26]) If a function is 𝑓 (𝑧) is analytic and has a power series 

expansion such that 𝑓 (𝑧)  = Σ𝑛=0
∞ 𝑎𝑛 𝑧𝑛 in the disc |𝑧|  <  ℜ, then 

 𝐷0,𝑧
𝜆 {𝑧𝜇−1 𝑓 (𝑧)}  =

Γ(𝜇)

Γ(𝜆 + 𝜇)
Σ𝑛=0

∞ 𝑎𝑛(𝜇)𝑛

(𝜆 + 𝜇)𝑛
 𝑧𝑛.     (1.1.17) 

Lemma 1.1.4 (Srivastava and Tomovski [25]) The following result holds true for fractional derivative 

operator 𝐷𝛼+
𝜇,𝜈

 𝑓 as follows: 

 𝐷𝑎+ 
𝜆,𝑣[(𝜏 −  𝑎)𝛽−1](𝑥) =

Γ(𝛽)

Γ(𝛽 – 𝜆)
 (𝑥 −  𝑎)𝛽−𝜆−1,    (1.1.18) 

where 𝑥 >  𝑎, 0 <  𝜆 <  1, 0 ≤  𝑣 ≤  1, ℜ(𝛽)  >  0 and ℜ(𝜆)  >  0.  

2.2 An integral and differential operators involving the extended Mittag–Leffler function 

In this section, we introduce fractional integrals and differentials of the extended Mittag–Leffler functions 

𝐸𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑

 (𝑧; 𝑝, 𝑞).  In this continuation of the study of fractional calculus, we define the following integral 

operator as follows: 

Definition 2.1.1If 𝛾, 𝜔 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, then 

(𝜀𝑎+;𝛼,𝛽
𝜔;𝛾,𝛿 ;𝑐,𝑑

 𝑓 ) (𝑥)  =  ∫ (𝑥 −  𝜏)𝛽−1𝐸 𝛼,𝛽 
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝜏)𝛼;  𝑝, 𝑞) 𝑓 (𝜏 )𝑑𝜏

𝑥

𝑎
 ,  (1.1.19) 

where 𝑥 >  𝛼. Substituting 𝑝 = 𝑞 =  0, then (1.1.19) reduces to the operator 

 (𝜀𝑎+;𝛼,𝛽
𝜔;𝛾,𝛿

 𝑓 ) (𝑥) = ∫ (𝑥 −  𝜏)𝛽−1𝐸 𝛼,𝛽
𝛾,𝛿 (𝜔(𝑥 −  𝜏)𝛼) 𝑓 (𝜏 )

𝑥

𝑎
 𝑑𝜏,   (1.1.20)  
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see [25]. In fact, when 𝜔 =  0 then the integral operator in (1.1.20) reduces to the well known Riemann–

Liouville fractional integral operator 𝐼𝑎+
𝜆  defined in (1.1.11). 

Theorem 2.2.2 Suppose 𝑥 >  𝑎(𝑎 ∈  ℛ+  =  [0, ∞)), 𝛾 , 𝛿, 𝜆, 𝛽, 𝜔 ∈  ℂ, ℜ(𝛽)  >  0, ℜ(𝜆)  >  0; then 

𝐼𝑎+
𝜆 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 −  𝑎)𝛼; 𝑝, 𝑞)] (𝑥) =  (𝑥 −  𝑎)𝜆+𝛽−1𝐸𝛼,𝛽+𝜆
𝛾,𝛿 ;𝑐,𝑑

((𝜔(𝑥 −  𝑎)𝛼) ; 𝑝, 𝑞)  

    (1.1.21) 

𝐷𝑎+
𝜆 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 −  𝑎)𝛼; 𝑝, 𝑞)]  =  (𝑥 −  𝑎)𝛽−𝜆−1𝐸𝛼,𝛽−𝜆
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝑎)𝛼; 𝑝, 𝑞)   

           (1.1.22) 

and 

𝐷𝑎+
𝜆,𝑣  [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 −  𝑎)𝛼; 𝑝, 𝑞)] (𝑥)  =  (𝑥 −  𝑎)𝛽−𝜆−1𝐸𝛼,𝛽−𝜆
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝑎)𝛼; 𝑝, 𝑞).   

           (1.1.23) 

Proof 

 𝐼𝑎+
𝜆 [(𝜏 –  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 –  𝑎)𝛼; 𝑝, 𝑞)]  =
1

Γ(𝜆)
 ∫  

(𝜏 − 𝑎)𝛽−1𝐸𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 − 𝑎)𝛼;𝑝,𝑞) 

(𝑥 − 𝜏)1−𝜆

𝑥

𝑎
 𝑑𝜏   

=
1

Γ(𝜆)𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )
  Σ𝑛=0

∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞𝜔𝑛

Γ(𝛼𝑛 + 𝛽)𝑛!
   

×  ∫ (𝜏 −  𝑎)𝛽+𝑎𝑛−1(𝑥 −  𝜏)𝜆−1𝑥

0
 𝑑𝜏  

=
1

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )
 Σ𝑛=0

∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞𝜔𝑛

Γ(𝛼𝑛 + 𝛽)𝑛!
   

× (𝐼𝑎+
𝜆 [(𝜏 −  𝑎)𝛽+𝛼𝑛−1]).  

By the use of (1.1.16), we have  

𝐼𝑎+
𝜆 [(𝜏 –  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 –  𝑎)𝛼;  𝑝, 𝑞)]  

=
1

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )
Σ𝑛=0

∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞𝜔𝑛

Γ(𝛼𝑛 + 𝛽)𝑛!
(𝑥 −  𝑎)𝛽+𝜆+𝛼𝑛−1  

Γ(𝛼𝑛 + 𝛽)

Γ(𝛼𝑛 + 𝛽 + 𝜆)
   

=  (𝑥 −  𝑎)𝛽+𝜆−1 Σ𝑛=0
∞  

𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )
 

(𝑐)𝑛𝑝(𝑑)𝑛𝑞

Γ(𝛼𝑛 + 𝛽 + 𝜆)

[𝜔(𝑥 − 𝑎)𝛼]𝑛

𝑛!
  

=  (𝑥 −  𝑎)𝛽+𝜆−1𝐸𝛼,𝛽+𝜆
𝛾,𝛿 ;𝑐,𝑑

(𝜔(𝑥 −  𝑎)𝛼; 𝑝, 𝑞).  

This completes the proof of (1.1.21).  

Now, we have 

𝐷𝑎+
𝜆 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽,𝑝,𝑞

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 −  𝑎)𝛼; 𝑝, 𝑞)] = (
𝑑

𝑑𝑥
)

𝑛

{𝐼𝑎+
 𝑛−𝜆  [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾 ;𝑐(𝜔(𝜏 −  𝑎)𝛼; 𝑝, 𝑞)}  

and using (1.1.21) this takes the following form: 

   𝐷𝑎+
𝜆 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 −  𝑎)𝛼; 𝑝, 𝑞)] 

 =  (
𝑑

𝑑𝑥
)

𝑛

{(𝑥 −  𝑎)𝛽−𝜆+𝑛−1𝐸𝛼,𝛽−𝜆+𝑛
𝛾,𝛿 ;𝑐,𝑑 (𝜔(𝑥 −  𝑎)𝛼; 𝑝, 𝑞)} .  

Applying (1.1.9), we have 

𝐷𝑎+
𝜆 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 −  𝑎)𝛼;  𝑐, 𝑑)] (𝑥) =  (𝑥 −  𝑎)𝛽−𝜆−1𝐸𝛼,𝛽−𝜆
𝛾,𝛿 ;𝑐,𝑑

(𝜔(𝑥 −  𝑎)𝛼; 𝑝, 𝑞) .  

This completes the desired proof. 

To prove (1.1.23), we have 

(𝐷𝑎+
𝜆,𝑣  [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 −  𝑎)𝛼; 𝑝, 𝑞)]) (𝑥)  

=  𝐷𝑎+
𝜆,𝑣 ([Σ𝑛=0

∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛 + 𝛽)

𝜔𝑛

𝑛!
 (𝜏 −  𝑎)𝛼𝑛+𝛽−1]) (𝑥)  

= Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛 + 𝛽)

𝜔𝑛

𝑛!
 (𝐷𝑎+

𝜆,𝑣 [(𝜏 −  𝑎)𝛼𝑛+𝛽−1]) (𝑥).  

By applying (1.1.18), we get 
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(𝐷𝑎+
𝜆,𝑣  [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑡 −  𝑎)𝛼; 𝑝, 𝑞)]) (𝑥)   

= Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛 + 𝛽)

𝜔𝑛

𝑛!
 .

Γ(𝛼𝑛 + 𝛽)

Γ(𝛼𝑛 + 𝛽 – 𝜆) 
 (𝑥 −  𝑎)𝛼𝑛+𝛽−𝜆−1   

=  (𝑥 −  𝑎)𝛽−𝜆−1Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛 + 𝛽 − 𝜆)

[𝜔(𝑥 − 𝑎)𝛼]𝑛

𝑛!
  

=  (𝑥 −  𝑎)𝛽−𝜆−1𝐸𝛼,𝛽−𝜇
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝑎)𝛼; 𝑝, 𝑞),  

which completes the required proof. 

2.3 Some properties of the operator (𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑

𝒇 ) (𝒙)  

Theorem 2.3.1 If 𝛾, 𝜔 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, ℜ(𝜆)  >  0 and ℜ(𝛽)  >  0, then 

  (𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑[(𝜏 −  𝑎)𝜇−1]) (𝑥) =  (𝑥 −  𝑎)(𝜇+𝛽−1)Γ(𝜇)𝐸𝛼,𝛽+𝜇

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝑎)𝜇 ; 𝑝, 𝑞) 𝑓 (𝜏 )𝑑𝜏. 

           (1.1.24) 

Proof From (1.1.19) 

(𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑

 𝑓 ) (𝑥) = ∫ (𝑥 −  𝜏)𝛽−1𝐸𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑

(𝜔(𝑥 −  𝜏)𝛼; 𝑝, 𝑞) 𝑓 (𝜏 )
𝑥

𝛼
 𝑑𝜏.  

Therefore, we have 

(𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑[(𝜏 −  𝑎)𝜇−1]) (𝑥) = ∫ (𝑥 −  𝜏)𝛽−1(𝜏 −  𝑎)𝜇−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝜏)𝛼; 𝑝, 𝑞)
𝑥

𝛼
 𝑑𝜏  

= Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛 + 𝛽)
 
𝜔𝑛

𝑛!
(  ∫ (𝜏 −  𝑎)𝜇−1(𝑥 −  𝜏)𝛽+𝛼𝑛−1𝑥

𝛼
 𝑑𝜏)   

Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛 + 𝛽)
 
𝜔𝑛

𝑛!
 𝐼𝑎+

𝛼𝑛+𝛽
 [(𝜏 −  𝑎)𝜇−1]   

=  (𝑥 −  𝑎)𝛽+𝜇−1  Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )(𝑐)𝑛𝑝(𝑑)𝑛𝑞

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛 + 𝛽)

[𝜔(𝑥 − 𝑎)𝛼]𝑛

𝑛!

Γ(𝜇)Γ(𝛼𝑛 + 𝛽)

Γ(𝛼𝑛 + 𝛽 + 𝜇)
  

=  (𝑥 −  𝑎)𝛽+𝜇−1Γ(𝜇) 𝐸𝛼,𝛽+𝜇
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝑎)𝛼; 𝑝, 𝑞).  

This completes the desired proof. _  

Theorem 2.3.2 If 𝛾, 𝛼, 𝛽, 𝜔, 𝑐 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, ℜ(𝑐)  >  0, then ‖ 𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑

𝜑‖
1

 ≤  𝐵‖𝜑‖1,  

where 

𝐵 =  (𝑏 –  𝑎)𝑅(𝛽)Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 – 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 –𝛿 )|(𝑐)𝑛𝑝||(𝑑)𝑛𝑞|

𝐵𝑝(𝛾,𝑐 – 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛 + 𝛽)(𝑅(𝛽)+ 𝑅(𝛼)𝑛)

|𝜔(𝑏 – 𝑎)𝛼|𝑛

𝑛!
    (1.1.25)  

Proof From (1.1.19) and (1.1.10) and by changing the order of integration by using the Dirichlet  formula 

[18], we have 

‖𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑

𝜑 ‖
1

 =  ∫ |∫ (𝑥 −  𝜏)𝛽−1𝐸𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝜏)𝛼; 𝑝, 𝑞)𝜑(𝜏 )

𝑥

𝑎
 𝑑𝜏 |

𝑏

𝑎
 𝑑𝑥  

≤  ∫ [∫ (𝑥 −  𝜏)𝑅(𝛽)−1 |𝐸𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝜏)𝛼; 𝑝, 𝑞)|

𝑏

𝜏

 𝑑𝑥 ]
𝑏

𝑎

  |𝜑(𝜏)|𝑑𝜏. 

Substituting (𝑥 −  𝜏)  =  𝑢, we obtain 

=  ∫ [∫ (𝑢)𝑅(𝛽)−1 |𝐸𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑢)𝛼; 𝑝, 𝑞)|

 𝑏−𝜏

0
𝑑𝑢 ]

𝑏

𝑎
 |𝜑(𝜏)|𝑑𝜏.  

After simplification, we have 

‖𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑

𝜑‖
1

 ≤  ∫ [Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 −𝛿 )|(𝑐)𝑛𝑝||(𝑑)𝑛𝑞|

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛+𝛽)
 
|𝜔𝑛 |

𝑛!
   (

(𝑢)𝑹𝒆(𝛽)+𝑅(𝛼)𝑛

𝑅(𝛽)+𝑅(𝛼)𝑛
)

0

𝑏−𝑎

] |𝜑(𝜏)|
𝑏

𝑎
 𝑑𝜏.  

This can also be written as 

‖𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑

𝜑‖
1

 ≤    

(𝑏 –  𝑎)𝑅(𝛽)Σ𝑛=0
∞

𝐵𝑝(𝛾 +  𝑛, 𝑐 –  𝛾 )𝐵𝑞(𝛿 +  𝑛, 𝑑 – 𝛿 )|(𝑐)𝑛𝑝||(𝑑)𝑛𝑞|

𝐵𝑝(𝛾, 𝑐 –  𝛾 )𝐵𝑞(𝛿, 𝑑 −  𝛿 )Γ(𝛼𝑛 + 𝛽)(𝑅(𝛽) + 𝑅(𝛼)𝑛)

|𝜔(𝑏 − 𝑎)𝛼|𝑛

𝑛!
 . ∫ |𝜑(𝜏)|

𝑏

𝑎

 𝑑𝜏  

=  𝐵||𝜑||
1

,   
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where 

𝐵 =  (𝑏 −  𝑎)𝑅(𝛽)Σ𝑛=0
∞  

𝐵𝑝(𝛾 + 𝑛,𝑐 – 𝛾 )𝐵𝑞(𝛿 + 𝑛,𝑑 –𝛿 )|(𝑐)𝑛𝑝||(𝑑)𝑛𝑞|

𝐵𝑝(𝛾,𝑐 − 𝛾 )𝐵𝑞(𝛿,𝑑− 𝛿 )Γ(𝛼𝑛 + 𝛽)(𝑅(𝛽)+ 𝑅(𝛼)𝑛)
 
|𝜔(𝑏 − 𝑎)𝛼|𝑛

𝑛!
 . (26)  

This completes the desired proof. 

Theorem 2.3.3 𝐼𝑓 𝜆, 𝛾, 𝛼, 𝛽𝜔 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, ℜ(𝛾 )  >  0, ℜ(𝜆)  >  0 and 𝑥 >  𝑎, then 

(𝐼𝑎+
𝜆 [𝜺𝒂+;𝛼,𝛽

𝝎;𝛾,𝛿 ;𝑐,𝑑
 𝑓 ]) (𝑥)  =  (𝜺𝒂+;𝛼,𝛽+𝜇

𝝎;𝛾,𝛿 ;𝑐,𝑑
 𝑓 ) (𝑥)  =  (𝜺𝒂+;𝛼,𝛽

𝝎;𝛾,𝛿 ;𝑐,𝑑
[𝐼𝛼+

𝜆  𝑓 ]) (𝑥)    (1.1.27)  

holds for any function 𝑓 ∈  𝐿(𝛼, 𝛽). 

Proof From (1.1.19) and (1.1.11), we have 

(𝐼𝑎+
𝜆 [𝜺𝒂+;𝛼,𝛽

𝝎;𝛾,𝛿 ;𝑐,𝑑
𝑓 ]) (𝑥) =

1

Γ(𝜆)
 ∫

𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑

 𝑓 )(𝜏 )

(𝑥 − 𝜏)1−𝜇

𝑥

𝑎
 𝑑𝜏  

=
1

Γ(𝜆)
∫ (𝑥 −  𝜏)𝜆−1𝑥

𝑎
×  {∫ (𝜏 –  𝑢)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 –  𝑢)𝛼; 𝑝, 𝑞)𝑓 (𝑢)
𝜏

𝛼
𝑑𝑢 }  𝑑𝜏.  

By interchanging the order of integration and applying the Dirichlet formula [19], we have 

(𝐼𝑎+
𝜆 [𝜺𝒂+;𝛼,𝛽

𝝎;𝛾,𝛿 ;𝑐,𝑑
 𝑓 ]) (𝑥)  

= ∫ [
1

Γ(𝜆)
∫  (𝑥 −  𝜏)(𝜆−1) (𝜏 −  𝑢)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜏 −  𝑢)𝛼; 𝑝, 𝑞)
𝑥

𝑢
𝑑𝜏]

𝑥

𝑎
 𝑓 (𝑢)𝑑𝑢.   

Substituting (𝜏 −  𝑢)  =  𝜌, we obtain 

(𝐼𝑎+
𝜆 [𝑘𝜺𝒂+;𝛼,𝛽

𝝎;𝛾,𝛿 ;𝑐,𝑑
𝑓 ]) (𝑥)    = ∫ [

1

Γ(𝜆)
 ∫ (𝑥 –  𝑢 –  𝜌)𝜆−1(𝜌)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜌)𝛼; 𝑝, 𝑞)
𝑥−𝑢

0
 𝑑𝜌]

𝑥

𝑎
 𝑓 (𝑢)𝑑𝑢  

=  ∫ [
1

Γ(𝜆)
∫ (𝜌)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜌)𝛼; 𝑝, 𝑞)(𝑥 −  𝑢 −  𝜌)1−𝜆𝑥−𝑢

0
  𝑑𝜌 ]

𝑥

𝑎
 𝑓 (𝑢)𝑑𝑢.  (1.1.28)  

By the use of (1.1.11) and applying (1.1.21), we get 

  (𝐼𝑎+
𝜆 [𝜺𝒂+;𝛼,𝛽

𝝎;𝛾,𝛿 ;𝑐,𝑑
𝑓 ]) (𝑥) = ∫ [(𝜌)𝜆+𝛽−1𝐸𝛼,𝛽+𝜆

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜌)𝛼; 𝑝, 𝑞)]
𝑥

𝑎
  𝑓 (𝑢)𝑑𝑢 

=  ∫ (𝑥 −  𝑢)𝜆+𝛽−1𝐸𝛼,𝛽+𝜆
𝛾,𝛿 ;𝑐,𝑑

(𝜔(𝑥 −  𝑢)𝛼; 𝑝, 𝑞) 𝑓 (𝑢)𝑑𝑢
𝑥

𝑎
 ;  

thus, we get 

  (𝐼𝑎+
𝜆 [𝜺𝒂+;𝛼,𝛽

𝝎;𝛾,𝛿 ;𝑐,𝑑
 𝑓 ]) (𝑥) = ( 𝜺𝒂+;𝛼,𝛽+𝜆

𝝎;𝛾,𝛿 ;𝑐,𝑑
 𝑓 ) (𝑥),     (1.1.29) 

this is the required proof of (1.1.27). 

To prove the second part, we begin from the right-hand side of (1.1.27) and using (1.1.19), we have 

(𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑

[𝐼𝑎+ 
𝜆 𝑓 ]) (𝑥)  = ∫ (𝑥 −  𝜏)𝛽−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑
(𝜔(𝑥 −  𝜏)𝛼; 𝑝, 𝑞)[𝐼𝑎+

𝜆  𝑓 ](𝜏 )
𝑥

𝑎
 𝑑𝜏   

   =  ∫ 𝐸𝛼,𝛽
𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝜏)𝛼; 𝑝, 𝑞) (

1

Γ(𝜆)
 ∫

𝑓(𝑢)

(𝜏−𝑢)1−𝜇

𝜏

𝑎
 𝑑𝑢)

𝑥

𝑎
 𝑑𝜏.   

By interchanging the order of integration and using the Dirichlet formula [18], we obtain 

(𝜺𝒂+;𝛼,𝛽 
𝝎;𝛾,𝛿 ;𝑐,𝑑

[𝐼𝑎+
𝜆  𝑓 ]) (𝑥) = ∫

1

Γ(𝜆)
[∫ (𝑥 −  𝜏)𝛽−1(𝜏 −  𝑢)𝜆−1𝐸𝛼,𝛽 

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝑥 −  𝜏)𝛼; 𝑝, 𝑞)
𝑥

𝑢
𝑑𝜏]

𝑥

𝑎
 ×  𝑓 (𝑢)𝑑𝑢.  

Substituting (𝑥 −  𝜏)  =  𝜌 

(𝜺𝒂+;𝛼,𝛽 
𝝎;𝛾,𝛿 ;𝑐,𝑑

[𝐼𝑎
𝜆 +) 𝑓 ])(𝑥)  = ∫

1

Γ(𝜆)
[∫ (𝜌)𝛽−1(𝑥 −  𝜌 −  𝑢)𝜆−1𝐸𝛼,𝛽 

𝛾,𝛿 ;𝑐,𝑑
(𝜔(𝜌)𝛼; 𝑝, 𝑞)(−𝑑𝜌)

0

𝑥−𝑢
 ]

𝑥

𝑎
 ×  𝑓 (𝑢)𝑑𝑢  

= ∫
1

Γ(𝜆)
 [∫ (𝜌)𝛽−1(𝑥 –  𝜌 –  𝑢)𝜆−1𝐸𝛼,𝛽

𝛾,𝛿 ;𝑐,𝑑(𝜔(𝜌)𝛼; 𝑝, 𝑞)𝑑𝜌
 𝑥−𝑢

0
 ]

𝑥

𝑎
 ×  𝑓 (𝑢)𝑑𝑢.   

Again by making use of (1.1.11) and applying (1.1.21), we get 

 (𝜺𝒂+;𝛼,𝛽
𝝎;𝛾,𝛿 ;𝑐,𝑑

 [𝐼𝑎+
𝜆  𝑓 ]) (𝑥) = (𝜺𝒂+;𝛼,𝛽+𝜆

𝝎;𝛾,𝛿 ;𝑐,𝑑
 )  𝑓 (𝑥).    (1.1.30) 

Thus (1.1.29) and (1.1.30) complete the desired proof of (1.1.27). 

2.4. Special Cases 

If we put 𝛿 = 𝑞 = 1   in Theorem 𝟐. 2.2 then we get following result.  

Theorem 2.4.1 Suppose 𝑥 > 𝛼(𝛼 ∈  ℛ+  =  [0, ∞)), 𝛾 , 𝜆, 𝛽, 𝜔 ∈  ℂ, ℜ(𝛽)  >  0, ℜ(𝜆)  >  0; then 
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 𝐼𝑎+
𝜆 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝑐 (𝜔(𝜏 −  𝑎)𝛼; 𝑝)] (𝑥) =  (𝑥 −  𝑎)𝜆+𝛽−1𝐸𝛼,𝛽+𝜆
𝛾,𝑐 (𝜔(𝑥 −  𝑎)𝛼) ; 𝑝    

 𝐷𝑎+
𝜆 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝑐 (𝜔(𝜏 −  𝑎)𝛼; 𝑝)]  =  (𝑥 −  𝑎)𝛽−𝜆−1𝐸𝛼,𝛽−𝜆
𝛾,𝑐 (𝜔(𝑥 −  𝑎)𝛼; 𝑝)   

and 

 𝐷𝑎+
𝜆,𝑣  [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽

𝛾,𝑐 (𝜔(𝜏 −  𝑎)𝛼; 𝑝)] (𝑥)  =  (𝑥 −  𝑎)𝛽−𝜆−1𝐸𝛼,𝛽−𝜆
𝛾,𝑐 (𝜔(𝑥 −  𝑎)𝛼; 𝑝).     

If we put 𝛾 = 𝑝 = 𝛿 = 𝑞 = 1   in theorem 𝟐. 2.2  then we get following result.  

Theorem 2.4.2  Suppose 𝑥 > 𝛼(𝛼 ∈  ℛ+  =  [0, ∞)), 𝛾 , 𝜆, 𝛽, 𝜔 ∈  ℂ, ℜ(𝛽)  >  0, ℜ(𝜆)  >  0; then 

 𝐼𝑎+
𝜆 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽(𝜔(𝜏 −  𝑎)𝛼)](𝑥) =  (𝑥 −  𝑎)𝜆+𝛽−1𝐸𝛼,𝛽+𝜆(𝜔(𝑥 −  𝑎)𝛼)  

 𝐷𝑎+
𝜆 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽(𝜔(𝜏 −  𝑎)𝛼)]  =  (𝑥 −  𝑎)𝛽−𝜆−1𝐸𝛼,𝛽−𝜆(𝜔(𝑥 −  𝑎)𝛼)   

and 

 𝐷𝑎+
𝜆,𝑣 [(𝜏 −  𝑎)𝛽−1𝐸𝛼,𝛽(𝜔(𝜏 −  𝑎)𝛼)](𝑥)  =  (𝑥 −  𝑎)𝛽−𝜆−1𝐸𝛼,𝛽−𝜆(𝜔(𝑥 −  𝑎)𝛼).      

If we take 𝛿 = 𝑑 = 1 in Definition 2.1.1then we get the following definition 

Definition 2.4.3 If 𝛾, 𝜔 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, then 

(𝜀𝑎+;𝛼,𝛽
𝜔;𝛾 ;𝑐

 𝑓 ) (𝑥)  =  ∫ (𝑥 −  𝜏)𝛽−1𝐸 𝛼,𝛽 
𝛾 ;𝑐 (𝜔(𝑥 −  𝜏)𝛼;  𝑝) 𝑓 (𝜏 )𝑑𝜏

𝑥

𝑎
 ,   

where 𝑥 >  𝛼. Substituting 𝑝 =  0, then (19) reduces to the operator 

(𝜀𝑎+;𝛼,𝛽
𝜔;𝛾

 𝑓 ) (𝑥) = ∫ (𝑥 −  𝜏)𝛽−1𝐸 𝛼,𝛽
𝛾,𝛿 (𝜔(𝑥 −  𝜏)𝛼) 𝑓 (𝜏 )

𝑥

𝑎
 𝑑𝜏,    

If we take 𝛾 = 𝑐 = 𝛿 = 𝑑 = 1 in Definition 2.1.1then we get the following definition 

Definition 2.4.4 If 𝛾, 𝜔 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, then 

(𝜀𝑎+;𝛼,𝛽
𝜔  𝑓 )(𝑥)  =  ∫ (𝑥 −  𝜏)𝛽−1𝐸𝛼,𝛽(𝜔(𝑥 −  𝜏)𝛼) 𝑓 (𝜏 )𝑑𝜏

𝑥

𝑎
    

If we take 𝛿 = 𝑑 = 1 in Definition 2.3.1 then we get the following results 

Theorem 2.4.5  If 𝛾, 𝜔 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, ℜ(𝜆)  >  0 and ℜ(𝛽)  >  0, then 

(𝜺𝒂+;𝛼,𝛽
𝝎;𝛾 ;𝑐 [(𝜏 −  𝑎)𝜇−1]) (𝑥)  =  (𝑥 −  𝑎)(𝜇+𝛽−1)Γ(𝜇)𝐸𝛼,𝛽+𝜇

𝛾 ;𝑐 (𝜔(𝑥 −  𝑎)𝜇 ; 𝑝) 𝑓 (𝜏 )𝑑𝜏.  

If we take 𝛾 = 𝑐 = 𝛿 = 𝑑 = 1 in Theorem 2.3.2 then we get the following results 

Theorem 2.4.6 If 𝛾, 𝜔 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, ℜ(𝜆)  >  0 and ℜ(𝛽)  >  0, then 

(𝜺𝒂+;𝛼,𝛽
𝝎 [(𝜏 −  𝑎)𝜇−1])(𝑥)  =  (𝑥 −  𝑎)(𝜇+𝛽−1)Γ(𝜇)𝐸𝛼,𝛽+𝜇(𝜔(𝑥 −  𝑎)𝜇 ) 𝑓 (𝜏 )𝑑𝜏.    

If we take 𝛿 = 𝑑 = 1 in Theorem 2.3.2 then we get the following results 

Theorem 2.4.7 If 𝛾, 𝛼, 𝛽, 𝜔, 𝑐 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, ℜ(𝑐)  >  0, then‖ 𝜺𝒂+;𝛼,𝛽
𝝎;𝛾;𝑐

𝜑‖
1

 ≤  𝐵‖𝜑‖1,  

where 

𝐵 =  (𝑏 −  𝑎)𝑅(𝛽)Σ𝑛=0
∞ 𝐵𝑝(𝛾 + 𝑛,𝑐 − 𝛾 )|(𝑐)𝑛𝑝|

𝐵𝑝(𝛾,𝑐 − 𝛾 )Γ(𝛼𝑛 + 𝛽)(𝑅(𝛽)+ 𝑅(𝛼)𝑛)

|𝜔(𝑏 − 𝑎)𝛼|𝑛

𝑛!
 .    

If we take 𝛾 = 𝑐 = 𝛿 = 𝑑 = 1 in Theorem 2.3.2 then we get the following results 

Theorem 2.4.8  𝐼𝑓 𝜆, 𝛾, 𝛼, 𝛽, 𝜔 ∈  ℂ, ℜ(𝛼)  >  0, ℜ(𝛽)  >  0, ℜ(𝛾 )  >  0, ℜ(𝜆)  >  0 and 𝑥 >  𝑎, then 

 (𝐼𝑎+
𝜆 [𝜺𝒂+;𝛼,𝛽

𝝎  𝑓 ])(𝑥)  =  (𝜺𝒂+;𝛼,𝛽+𝜇
𝝎  𝑓 )(𝑥)  =  (𝜺𝒂+;𝛼,𝛽

𝝎 [𝐼𝛼+
𝜆  𝑓 ])(𝑥)  

holds for any function 𝑓 ∈  𝐿(𝛼, 𝛽). 
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