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1. INTRODUCTION

In 1976, Jungck [5] proved a common fixed point theorem for commuting maps generalizing the Banach'’s
fixed point theorem, which states that, “let (X,d) be a complete metric space. If T satisfies d(Tx,Ty) <
kd(x,y) foreach x,y € X where 0 < k < 1, then T has a unique fixed point in X”. This result was further
generalized and extended in various ways by many authors. On the other hand Sessa [ ] defined weak
commutativity as follows: The mappings f and gare said to be weakly commuting if d(fgx,gfx) <
d(gx, fx) for all x € X. further, Jungck [] introduced more generalized commutativity, so called
compatibility, which is more general than that of weak commutativity. Let f and g be self mappings of a
metric space(X,d). The mapping f and g are said to be compatible if 711%0 d(fgx,, gfx,) = 0, whenever

{xn}n=1 is @ sequence in X such that lim fx, = lim gx, = tfor somet € X.clearly commuting, weakly
n—-oo n—-oo

commuting mappings are compatible but neither implication is reversible (see[]). Many authors have
obtained a lot of fixed point theorems for compatible mappings satisfying contractive type conditions and
assuming continuity of at least one of mappings.

In 2002, A. Branciari [1] analyzed the existence of fixed point for mapping f defined on a complete metric
space (X, d) satisfying a general contractive condition of integral type.

Theorem 1.1 Let (X, d) be a complete metric space, ¢ € (0,1) and let f: X — X be a mapping such that for
each x,y € X,
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a(fxfy) d(x,y)
Jy §®) dt<c [, E(t) dt 1.1

Where &:[0,+0) — [0,+00) is a Lesbesgue integrable mapping which is summable on each compact
subset of [0, +0), non negative, and such that for each € > o, foef(t) dt , then f has a unique fixed point
a € X such that for each x € X, lim f"x = a.

n—->oo

After the paper of Branciari, a lot of a research works have been carried out on generalizing contractive
conditions of integral type for a different contractive mapping satisfying various known properties. A fine
work has been done by Rhoades [9] extending the result of Branciari by replacing the condition [1.1] by the
following
alx.fy)+dy.fx)

fod(fx.fy) £(t) dt < fomax{d(x,y),d<x,fx),d(y,fy), [0} £(t) dt 12
In 2018, Karapinar [9] published a new type of contraction obtained from the definition of the Kannan
contraction by interpolation as follows.
Let (X, d) be a metric space. A self-mapping T: X — X is said to be an interpolative Kannan type contraction
if there are two constants z, 8 € (0,1) such that

d(Tx, Ty) < T(d(X, TX)B)( d(y, Ty))l_‘3
forall x,y € X withx # Txandy # Ty.
Karapinar obtained the following result.
Theorem 1.2: Let (X, d) be a complete metric space and T: X — X be an interpolative Kannan-type
contraction mapping. Then T has a unique fixed point.
Fixed point theory in metric spaces using interpolative contractive mapping has greatly developed in recent
times. In this article we prove fixed point results satisfying interpolative type integral contractive condition in
metric spaces.

2. MAIN RESULTS

The purpose of this paper is to prove fixed point theorem by using rational contraction, Rhoades fixed point
theorem [10], and Branciari result[1] to compatible maps.

Theorem 2.1 :- Let f and g be compatible self maps of a complete metric space (X, d)satisfying the following
conditions:

f(X) c g(X), g is continuous,

d(gx.fy)+d(gy.fo\* 1-a
fod(fx,fY) £(t) dt < B fo(max{ d(gx,fx),d(gy.fy), 2 }) (d(gx.g»)) £() dt 21

For each x, y € X with non negative reals a, § € (0,1) and ¢ : R* - R* is a leshesgue- integrable mapping
which is summable on each compact subset of R*, non negative, and such that

for each € > 0, foef(t) dt 2.2

Then f and g have a unique common fixed point € X .

Prove: Let x, € X.since f(X) c g(X),choose x; € X suchthat gx; = fx,. In general, we construct a
sequencex,; of element of X such that y,, = gx,,,1 = fx,, forn =20,1,2,3, .....
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For each integer n > 1 from 2.1

fod(J’n,Ynﬂ)S((t) dt = fod(fxn’fxnﬂ)s;(t) dt

d(gxn,fxn),d(Gxn+1.fXn+1) * 1—a
max) dgxnfxn+1)+d@xn+1./xn) (d(gxn.gxns1),)

fod(fxn'fxn*‘l)f(t) dt S B fo 2 f(t) dt
d(n-1.yn),d(Yn,yn) “ 1-a
AVnYnss) max ,d(Yn—1'Yn)+d(Yn'Yn) '(d(yn—l'yn))
JoormrEm de < B ’ §(t) dt
a 1-a
J‘Od(J’nrYn+1) éf(t) dt S B fod(yn—lryn) -d(J’n—l'yn) E(t) dt
d( non ) d n-1>n
[ ey de < g [P0 e de 23
In this way we can write,
Since f <1 ,and as n — oo, we have
. AWnYn+1) i
111—1;120‘[0 E)ydt = 0 2.5

We now show that {y,,} isa Cauchy sequence. Suppose that it is not. Then there existsan e > 0 and
subsequence {m(p)} and {n(p)} such that m(p) < n(p) < m(p + 1) with

A(Vmey Yn@) €0 dVmey Ynm-1) < € 2.6
Now

A(YVm@-1Yn@-1) < AVme)-1 Yme)) + AVme) Ynw)-1)

d(J’m(p)—DYn(p)—l) < d(ym(p)—l'Ym(p)) t+ € 2.7
Hence

lim [Ome-0-) ey g = [€Ee) dt 28

p—

Using (2.3), (2.6),and (2.8) we get
i £ de < [{Um070) ey ar < p [0 Oy ar <p [ eo) dr

Which is contradiction, since g € (0,1). therefore {y,,} is a Cauchy, hence converges to

z€X from2.1, we get

a
a(fz.fxn) (max{ d(92,f2),d(gxn, frn) 22l i)t dgxn ] Z)}) (d(gz.gxn))' ™"
Jo §(t) dt <[, 2 £(t) dt

IJCRT2605179 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | b444


http://www.ijcrt.org/

www.ijcrt.org © 2026 IJCRT | Volume 14, Issue 5 May 2026 | ISSN: 2320-2882

Taking limit as n — oo, we get

fd(fZ'Z)f(t) dt < 'Bf(max{d(gz,z),d(z,z),w})a.(d(gz,z))1_a
0 - 0

E(t) dt

Which implies fz = z and gz = z.

Now we show that z is a common fixed point of f and g. since f and g are compatible, therefore,
Tlll_golo d(fgx,, gfx,) = 0,which since Al_r)glo gfx, = gz implies that gi_r)glofgxn = gz.

Now from 2.1,

d(ggxn.gxn)+d(@xnfgxn) |\ 1-«a
fod(fgxn'gxn)f(t) dt S ﬁfo(max{d(ggxn'fgxn)rd(gxn'gxn)' 94 g 2 g g }) .(d(ggxn,gxn)) f(t) dt

Taking lim as n — oo we obtain z = gz.

Again from 2.1, we can show that, z = fz and hence z is common fixed point of f and g in X.
Uniqueness,

Let us w is another fixed point of f and g in X different fromzi.e. z # w, then from 2.1 we have,

a(fw,fz) max d(gw,fW),d(gzle),M a- d(gw.g2))' "
Jo &(t) dt SBIO( { 2 DA " g at

fod(fw,fz) f(t) dt < Bfo(d(gW’gZ))a'(d(gW,gZ))1_af(t) it

d(w,z)

[P e de < B LIV E@) de
Which contradiction. So that, z is unique common fixed point of f and g.

We also extend and generalize the theorem of Branciari for a pair of compatible mappings. In a similar we
can generalize order results related to contractive conditions of same kind.

We prove our next theorem by using rational contraction in integral type mapping. In fact our next result is as
follows,

Theorem 2.2: Let f and g be compatible self maps of a complete metric space (X, d)satisfying the following
conditions:

f(X) c g(X), g is continuous,

[d(gx.fx).d(gy.fy)][dgx.fy)d(gy.fx)]
max{[

a
d(gx,gy) d(gx.gy) ! d 1-a
d(gx.f0).d(gxfy) 1 [dgy.fodgyrn] (| (4@x.gy))

d(gx.gy) ! d(gx.gy)
§(t) dt

[PUBD ey dt <a |

o 0 2.9

For each x,y € X with non negative reals a,8 € (0,1) and é:R* - R* is a leshesgue- integrable
mapping which is summable on each compact subset of R*, non negative, and such that

for each € > 0, foegz(t) dt 2.10
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Then f and g have a unique common fixed point € X .

Prove: Let x, € X. since f(X) c g(X),choose x; € X suchthat gx; = fx,. In general, we construct a
sequencex,; of element of X such that y,, = gx,,41 = fx,, forn =20,1,2,3, .....

For each integer n > 1 from 2.9

fod(Yn':Vn+1)€(t) dt = fod(anﬂfxn+1)€(t) dt

A(fxn.f2n+1)
Jo §) dt <

[d(gxn.fxn).d(@xn+1.f*n+1) ] [AdGxXn.fxrn+1)d(Gxn+1./%n)] @
d(gxn.gxn+1) ’ d(gxn.gxn+1) ’ 1-a
max{ | (d(gxn.gxn+1))

d(gxn.fxn)-d(@xn.fxn+1) 1 [d@xn+1.f*n)-d@Xn+1.f¥n+1) ]
d(gxn.gxn+1) ’ d(gxn.gxn+1)

E(t) dt

[dn-1.Y10)-dnyn+1) ] [d¥n-1.Yn+1)dn, Yn)] @
d(yn-1.yn) ’ d(yn-1.yn) 1-a
MX) [dyn—1 yn)AGn=1¥n+1)] [4YYm)-dYnynen) | (dGn-1,yn))
.B f d(yn-1.yn) ’ d(yn-1.yn)

fod(yn:fxn+1)€(t) dt <

£t dt

fod(yn'fx"*'l)f(t) dt < 'Bfo(d(Yn—LYn)) -(d(Yn—ern)) f(t) dt

dWn.fXn+1) dYn-1,Yn)
Jo §@) dt < B &(t) dt 2.11

In this way we can write,

J-Od(J/n;J’nﬂ)é—(t) dt < p" fod(yo'yl)f(t) dt 2.12

as n — oo, we have

lim [P0 ey dt = 0 2.13

n—-oo

We now show that {y,} isa Cauchy sequence. Suppose that it is not. Then there exists an e > 0 and
subsequence {m(p)} and {n(p)} such that m(p) < n(p) < m(p + 1) with

d(ym(p)'yn(p)) 2 €, d(ym(p)'yn(p)—l) <€ 2.14
Now

d(Ym(p)—l'Yn(p)—l) < d(Ym(p)—l'Ym(p)) + d(ym(p)'yn(p)—l)

d(ym(p)—bJ’n(p)—l) < d(J’m(p)—l'ym(p)) + € 2.15
Hence

lim fd(ym(p) 1Yn(p)- 1)€(t) dt = fOE f(t) dt 2.16

p—)OO

Using (2.9), (2.13), and (2.15) we get
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[ €@ de < [JOmor o) gy ar < g [0 o) ey 4 < p [T E(e) dt
Which is contradiction, since a € (0,1). therefore {y,} is a Cauchy, hence converges to

z€X from?29, we get

[d(gz.f2).d(gxn frn) | [d(gzfrn)dgan ] \\
d(gz,gxn) ’ d(gz.gxn) ’ 1-a
<max{[d(gx,fX).d(gx.fxn)] [d(gxn.f2).d(gxm.fxm)] }) (algz.9xn))
fd(fzrfxn)

) E(t) dt < ,8 fo d(gz.gxn) ’ d(gz,gxn) ’ f(t) dt
Taking limitasn — oo, we get, fz =z and gz = z.
Now we show that z is a common fixed point of f and g. since f and g are compatible, therefore,

lim d(fgx,, gfx,) = 0,whichsince lim gfx, = gz implies that lim fgx, = gz.

Now from 2.9,
[d(ggxn fgxn)-d(gxngxn) ] [d(gx.fy)d(gy.fx)] @
d(ggxn.gxn) *od(ggxngxn) 1-a
o ) (max{ [d(ggxn.fgxn)-d(ggxn.gxn) ] [d(gxn.fgxn)-d(gXn.g¥n) 1}) (a(ggxn.gxn))
IxXn.gxn d(ggxn.gxn) ’ d(ggxn.gxn)
A 1) dt <BJ ngxn ngxn £(t) dt xce

Taking limit as n — oo, we get

[d(gzfz).d(z,z)][d(gzz)d(z,fz)

] a
d(gz,z) d(gz,z) ’ 1-a
d(f22) (max{ [d(g2.2).d(g22) ] [d(z.f2).d(2.2) ] }) (e
f E) dt <pB f d(gz,z) T d(gzz) £(t) dt
0 0

Taking lim as n — oo we obtain z = gz.
Again from 2.1, we can show that, z = fz and hence z is  common fixed point of f and g in X.
Uniqueness,

Let us w is another fixed point of f and g in X different fromzi.e. z # w, then from 2.1 we have,

[d(gw.fw).d(gy.fz)] [dgw.f2)d(gzfw)] \\ &
d(gw,gz) ! d(gw,gz) ! 1-a

<max{[d(gw,fw).d(gw,fz)] [d(gz,fw),d(gz,fz)]}> .(d(gw,gz))
fd(fw,fZ)

o e dt < B, tomen - dowen §(t) dt

d(w,z)

fod(w'z)f(t) dt <p [P dt

Which contradiction. So that, z is unique common fixed point of f and g.
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