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Abstract

The main aim of these paper is to present some fixed point theorems for self mappings satisfying certain
contraction which is involving an auxiliary function. Also ,the results is obtained for the existence of a
common fixed point and coincidence point for generalize and ordered complete b- metric space ,Our
results generalizes and extends some well-known results existing in the literature.
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Introduction Metric fixed point theory has been the centre of expansive research for several researchers
fixed point theory has become an important tool for solving many non-linear problems related to science
and engineering because of its applications. The Banach contraction Principle is one of the most versatile
result in fixed point theory and approximation theory. It plays an important role in solving many existing
problems in pure and applied mathematics. There is a vast literature dealing with technical extended
generalization of Banach contraction Principle, see, for ex [2].In recent times, fixed point of mappings in
ordered metric spaces are of great use in many branches of mathematical analysis for solving non linear
equations .The first result in direction was initiated by Walk [11] and later monjardet [12] in partially
ordered sets. Ram and Reurings [13] Studied the existence of fixed points for certain mappings in partially
ordered metric spaces and applied their results to matrix equations. The result of[13] were extended by
Nieto et al. [2,3] for non-decreasing mappings and obtained the solutions of certain Partial differential
equations with periodic boundary conditions. At the same time , the results regarded to generalized
contractions in ordered space were studied by O’ Regan et al.[5]. There have been a lot of generalizations
and improvements of the results for single valued and multivalued operators in various ordered spaces with
topological properties , Some of which are in [18-32] in[32], Dass and Gupta [32] proved the following
fixed point result for rational contraction in a complete metric space.

Theorem 1.1: [32] Suppose (X, d) is a complete metric space, Let S: X — X be a mapping such that there
exist a, Be[0,1] with ¢ + B < 1 satifying
d(y,Sy)[1 + d(x, Sx)]

1+d(x,y)

d(Sx,Sy) < a + pd(x,y)
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For any distinct x, y € X. Then S has a unique fixed point in X.
The generalization of above result in partially ordered metric space was given by Cabrera et al. [33] in 2013.
Later, Chandok et al. [34] generalized the result of [33] by use of control functions in the space, again
,Theorem 1.1 was generalized by Jaggi [35] in 1977 and proved the following Theorem 1.2 [35]. Suppose
(X,d) isacomplete metric space. A Self maps on X such that
d(y, Sy)d(x, Sx)

d(Sx,Sy) < a—— O Bd(x,y)
For all x,y € X with x # y, where o, 8 € [0,1) with @ + 8 < 1. Then S has a unique fixed point in X.
This result was again proved by Harjani et al. [36] in a complete metric space endwed with partial order
relation .Later the result of [36] was generalized by Luong et al.[37]involving altering distance functions
which satisfies a weak contractive condition of rational type auxiliary functions in ordered metric space .
There after ,the result [37] was generalized and extended by chandok et al.[38]in 2013 and obtained coupled
,common fixed point results for weak contractive mapping in partially ordered metric space .
On the other hand, in 1989, Bakhtin[18] introduced the concept of b- metric space which is a generalization
of metric space. Using the idea Many researcher like Czerwik [19,20] , Mehmatkir [M. kir ,H. Kiziltunk,
on Some well known fixed point theorems in b-metric spaces, Turkish Journal of Analysis and Number
theory, 1(2013),13-16]. Therefore, lot of improvements have been done in finding fixed points for single
valued and multivalued operators in that space, the reader may refer to [21-29].
In this paper, We prove some results for fixed point and uniqueness for self mappings using generalized
(@, @) weak contraction in orderd complete b- metric space .Our results extends and generalizes the result of
[38],[39] and several comparable results existing in the literature.

Example (1): ( b-metric space ) — let X = N U {o0}. We define a mapping
( 0 ifm=n
L1 1

d(m,n) = 4 m n

| 5 ifoneofm,nisevenandtheotherwiseisevenorodd
k2 otherwisem = n
Then(X,d)isab- metricspacewithcof ficients = 5/2.

Example(2): X{4,5,6} and d(4,5) = d(5,4) = 1,d(4,6) =d(6,4) = 4,d(5,6) =d(6,5) =

2and d(4,4) = d(5,5) = d(6,6) = 0.

And d(x,z) :g [d(x,y) +d(y,z)] forall x,y, zeX.

Then (X, d) is a b-metric space (s = 4/3) but (X,d) is not a metric space because it lacks the triangular

property.

ifoneofm, nisevenandtheotherwiseisevenorodd

4=204,6)>d(45) +d56)=1+2=3

Preliminaries: We start this section with the following definitions and results which are frequently used in
the main results.
Definition1. A mapping d: P X P — [0,+), where p is a non-empty set is said to be a b-metric space ,if it
satisfies the properties given below for any v, &, u,e Pand for somes > 1,

@ dw, ) =0ifv=y¢,

(b) d(,§) = d(§,v),

© d@,) < s(dw,m) +dw &),

Any then (P,d s) is known asa b-metric space .

Definition 2: Let (P,d, s)be a metric space .Then
(1) A sequence {v,,} is said to converge to v if lirp d(v,,v) = 0and writtenas lim v, = v.
n—->+oo

n—+oo

(2) {v,} is said to be a Cauchy sequence in P ,if lim d(v,,v,) = 0.

nm-+oo

Definition 3: If the metric d is complete then (P, d, <) is called a complete partially ordered metric Space .

Definition 4: A point v € A, where A # @, a subset of (P, d) is called a common fixed point for two self-
mappings f and S if v = fv = Sv (fv = Sv).
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Definition 5: Two self mapsf and S defined over a sub-set of (P, d) are called commuting, if fSv = Sfv,

forallveA.

Definition 6: A pair of self mapping(f,S) on A # @, a subset of P is called weakly compatible ,ifSfv =

fSv, when Sv = fv for some v € A.

Definition 7: let f and S be two self —-mapping over (P, <). then S is called monotone f non decreasing.
The concept of acquiring fixed point in metric space using control function was initiated by Khan et.al.

Lemma 1: let P be a non —empty set f: P — P be a mapping .Then there exists sub set E of P such that
fE = fPand f:E — P is one —to- one .

In 1975, Das and Gupta proved the following fixed point results in a complete metric space .
Theorem 1: Suppose (P, d) is a complete metric space . Let S: P — P be a mapping such there exist a, 8 €
[0,1) with a + < 1 satisfying

d(&,58)[1+d(v,Sv)]
d(Sv,88) < a— o +Bdw,9), (1)

for any distinct v, € P, Then S has a unique fixed point in P.

The generalization of above result in partially ordered metric space was obtained by Cabrera et.al. in
2013 Later Chandok et.al. generalized the result of by use of control function in the space .

Again .Theorem 1 was generalization in 1977 and proved the following .

Theorem 2: Suppose(P, d) is a complete metric space .A self maps S on P such that

d(Sv,58) < a* e 4 B (v,€) @

Vv,& €Pwithv # & where a,f € [0,1) witha + B < 1. Then has unique fixed point in P.
This result was again proved by Harjani et.al. in a complete metric space endowed with partial order relation
.Later the result was generalized by Luong et.al. involving altering distance function which satisfies a weak
contractive condition of, rational type auxiliary function in ordered metric space .
Theorem 2.1: Let (X,d,s,<) be a complete partially ordered b-metric space with parameter s >
1,lets: X - X be a continous non decreasing mapping with regards to < such that there exists
Xo € X Withx, € sx,. Suppose that.

@(sd(sx,sy)) < O(M(x,y) — B(M(x,y))

Where p € @ ,w e ¥ foronly x,y € X with x < y and

d(y,sy)[1+d(x,sx)] d(y,Sx)[1+d(x,sy)] d(xy)[1+d(x,sx)+d(y,sx)]
M(x,y) = max{ d(x,y),d(x, Sx),—— ol ) ) }

Then s has a fixed point in X.
Proof :  If for some xyeX such that Sx, = x, then there is nothing to prove that .So we may assume that
xo < Sx,, then construct a sequence {x,} € X byx,,, = sx, forn=0
But s is non decreasing then , by mathematical induction , We get the following

Xo S SXg = X1 SSX1 =Xy S < SXpq = Xp S SXp = Xppq <00 (3)
If for some ny e N such that x,,y = x,,0+, then from 3 x,,0,, then from (3) x,,, is a fixed point of S and We
have nothing to prove . Suppose that x,, # x4 i.e. d(X,, Xp41) > 0 foralln > 1.
Since x,, > x,,, foranyn > 1 and then by 1, we have

Q(d(xn: xn+1) = (D(Sd(sxn—lisxn)) < Q(M(xn—lixn)) - (p(M(xn—l'xn) (4)
Where, M(xn_q, %) = max{d (tn_1, %), d Ctny, S%n_1), dCep, s, LS 1+ dEn—1.5%n )]

1+d(xp—1,Xn)
d(xn,sxn-1)[1+d(xXn-1,5%n)] d(Xn-1,X0)[1+d(Xn-1,5¥n-1)+d(Xn,SXn-1
max{ d(x,,_1,X%,), d(X_1, %) ,d(x,, x
1+d(xn—1:xn) 1 1+d(xn_1,xn) )} { ( n—-1, n)’ ( n-1» n)' ( n’ n+1)’

d(Xpy1, X)), d(Xpy Xn41)}

)

= max{d(xy, Xn+1), d(n-1, %)} ©)
Main Results:

Theorem 3.1 We begin this Section with the following theorem

B(xp, Xp41) < Q)(d (X, xn+1)) - (P(d (xXn, xn+1)) (6)
< (D(xni xn+1) (7)

Which is contradiction
This max {d(xp, Xpt1), Ay, Xpy1)} = d(Xp, Xpyy) form>1
Hence from (6) We have
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Q)(d(xn' xn+1) S Q)(d(xn'xn—l)) - (p(d(xn'xn+1) < Q)(d(xmxn—l) (8)
Therefore, the sequence {d(x,, x,—1), d(x,_1,x,)} forn =1 is a monotone non decreasing and bounded
from a result ,We have.

dim_ Gy 1) =p 20 ©)

Now taking the upper limit on both side of (4) ,we obtain @ < 0
Which is again a contraction Thus P = 0
Hence d(xp, Xpe1) = 0 @SN > 00 (10)
We now claim that {x,} is a cauchysequnce in X, that is for every € > 0 there exist keN such that
d(x, x,) < efor allm,n = k. Assume to the contrary that there exist e > 0 for which we can find
subsequnce {X,k)} Xn(ky} OF {x,} such that n(k) > m(k) = k, m(k)is even and n(k)is odd.

d(xm(k),xn(k)) =€ (ll)
And n(k) is the smallest number such that (11) holds,
From (11), we get d(Xmry Xn) < € (12)
Using triangular inequality in (11), we get € < d (X, X)) < S d (X Xng-1) + S(Xmy Xngey-1)
+52d (Xm0 Xmek)-1) + 52 d (Xm0 -1 Xngoy-1) + SA(Xngiy-1, X)) (13)
Furthermore,
d(Xm-1 Xn(k)-1) S SAEmek)-1, Xm@i)) + SA(Xmiy Xngey-1) S 5A(Xmpo-1, Xmaey) + € (14)
Letting k — +oo in eq.(13) and (14) and combining together ,we obtain the following inequality
Siz < Hm sup d(Xmk)-1, ¥n(k)-1) = S€ (15)
Similarly, we can get the following inequality by ,using triangular inequality
siz < kl—i>r+¥1w infd(xm(k)_l,xn(k)_l) < s¢ (16)
< 2

And E < lim sup (X -1 Xn() < S7€ (17)

Let M (Xm@)-1, Xn(i)-1)

max{d(Xme)-1, Xnt)-1) » A Emey=1)» SComiey=1)+(@Xn )1, SXngicy—1)
d(Xn () -15%n0)-1) [ 1+d (Xm0 —1,5%m(k)-1)]

1+d(Xm)-1Xn () -1)
d(Xn()-15%m)-1)[ 1+d(Xm)-1,5%nk)-1)] A(Xm ) -1%n(k)-1) | 1+d(xm(k)—1'5xm(k)—1+d(xn(k)—1'5xm(k)—1))]}

1+d(Xm)-12Xn(k)—1) ' 1+d(Xm k) -1 Xnk)—1) '

d (%) -1%na) [ 144 (Xm )1 Xm )]
= max{ d (X, -1, Xn1er-1), A (X (1y—1, X LA y_1, X ,—=
{d(Xm)-1 Xn)-1) 4 (Em@o-1, X)) & (Xn(k)-1) Xn (k) T W
d(%n(k)-15%m)[ 1+d (Xma)-1%n )] A(mk)-1%n00)-1)[ 1+ (Xm)-1Xmp0 -1t 4 Fngl) -1 Xm (k)] } (18)
1+d (Xm)—1Xn(k)—1) ' 1+d(Xm)—1.Xn(k)-1)

From 18 we obtain the following inequalities

siz < lim sup M(xmi)-1, Xn(y-1) < S€ (19)
And
siz < kl_i)rpoo inf M (Xm0 -1, Xn()-1) < S€ (20)
From 3 ,we have Xm(k)-1 < Xn(k)—1, then

B(sd(Xm(ey Xni)) < @ (Sd(sxm(k)—l'sxn(k)—l))
<0 (M(xm(k)—l' xn(k)—l)) — (M (Xm()-1 Xn(iy-1) (21)

Now letting K — +c0 and using(19), (20), we obtain
B(se) < B(s lim d(xXm(e), Xni)))

< leirflm sup M(Xm)-1) Xn@i)-1) — kETmfp inf(xmk)-1, Xni)-1)

< @(se) — ¢ lim infM (Xme)-1, ¥n(io)-1)
< @(s¢)
Which is a contraction .Hence {x,,} is a Cauchy sequence and converge to some x* € X as X is complete.
Also ,the continuity of s implies that
sx* = s(lim x,) = lim sx, = lim x,,;) = x*
n—oo n—-oo n—oo

Therefore x* is a fixed point of s in X. This completes the proof of the theorem.
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Theorem 3.2: In Theorem 3.1, if X has a property that ,the sequence {x,} is a nondecreasing such that
X, = x implies that x,, < x for alln € N l.e x = supx,, then a non-continuous map S has a fixed pointin X.
Proof: From Theorem 3.1,we take the same sequence {x,} in X such that x, < x; < x, < x5 .. e <
Xp < Xpgq < - . ie the sequence {x,,} is nondecreasing and converges to some x in X. Thus from the
hypotheses we have x, < x for any n € N implies that x = sup.Next ,we prove that x is a fixed point of
sin X ie .sx = x.suppose that sx # x i.e.d(sx,x) # 0.

From (2)

d(x,sx)[1+d(xpn,sxn)] d(x,5x0)[1+d(xp,5%)]

M(x,,x) = max{d(x,,x),d(x,, sx,),d(x, sx), YTONS , TTONS

d(xn,x) [1+d(xn,sxn)+d(x,sxn)]}
1+d(xp,x)

= max{{d (x,, x),{d (xn, Xpr1).{d(x, sx),

d(S, SX)[l + d(xn'xn+1)] d(x; xn+1)[1 + d(xn,sx)]

1+ d(x,,x) ’ 1+ d((x,,x) ’
d((xxnx)[1+d((xnXn+1)+(x, xn+1)}
1+d((xnx)
Letting n - 40 and from lim x,, = x,we get
n—->oo
lim M( x,,, x) = max{0,0, d(x, sx),d(x,sx),0,0} = d(x, sx) (22)

n—-+oo

we, know that x,, < x. for all n then from contractive condition (1),we get.
¢ (d(xpi15%)) = p(d(sxp, %)) < P(sd(sxp,,5%))
< (M (xy, x)) — Y((M(xy, 1))
Letting n —» +oo in the above inequality and using (22),we get
d(d(x,sx)) < p(d(x,s%)) — P(d(x,sx)) < p(d(x, s%))
a contradiction .Thus s,= x i.e .S has a fixed point x in X.
This completes the proof of the theorem.
The uniqueness of fixed point in theorem 3.1 and 3.2 can get,if P has the following property:
For any x,y € P,there exists x € P suchthatz < x and z < y.
Theorem 2.2: If P satisfies the above mentioned condition in theorem 2.1 (or Theorem 3.2) then S has a
unique fixed point.
Proof : As in theorem 3.1 (or 3.2) we have proved that S has a fixed point .To prove the uniqueness
suppose that x* and y* be two fixed points of S then we claim thatx™ = y*.Suppose that x* # y*,then from
the hypotheses, we have
P(d(sx*,sy*) < (M (x*,y") — p(M(x*, ) (23)
Where
M(x*,y*) = {d(x*,y"),d(x", sx*),d(y*, sy*),
dy sy [1+d(x*,sx™)] d(y*,sx)[1+d(x*,sy™)] d(x*y)[1+d(x*,sx*)+d(y*,sx™)]
1+d(x*,y*) ! 1+d(x*,y*) 1+d(x*,y*) }
= max{d(x*, y*),d(x*,x*),d(y*y"),0,d(x*, y")} = d(x*,y")
Then by Eq. (23) (D(d(x*,y*)) = (D(d(sx*, sy*)) < (D(d(x*,y*)) —YPdx*,y*)) < (d(x*,y*))
which is a contraction .Hence x* =y~
As a generalization of Theorem 2.1 and 2.2 of [38] and corollaries 2.1 and 2.2 of [39] we have the
following results as corollaries.

)

Corollary 3.1 Let (p, d, s, <) be a partially order b- metric space with a parameter S .Suppose S, f:p = P
are continuous mappings such that.
(C1) Forsome ¢ € ¥ and ¢ € @ with

¢ (sd(sx,sy) < ¢(Ms(x, ) — Y(Ms(x,¥)) (24)
For any x,y € P suchthat fx < fy and

A ysy[i+d((Fxsy)] d(fy,s0)[1+d(fx,fy)]
Mf (x,y) = max{d(fx, fy), d(fx,s2),d(fy, sy), = 2= = Lagmry

d(fx,fy)[1+d(fx,fy)+d(fy,SX)} (25)
1+d(fx.fy) )
(C2) sp c fPand fP is a complete subspace of P.

(C3) s isamonotone f —nondecreasing mapping.
(C4) s and f are compatible.
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If for some x, € P such that fx, < sx, then sandf have a coincidence point in P.

Proof: Using lemma 1, we obtain a complete subspace fE of P where E c P and f

IS one -to- one self mapping on P.By corollary 2.1 of [39] we have a sequence {fx,} € fE for some x, €
E with fx,,, = g(fx,), for n = 0 where g is a self mapping on fE with g(fx) = sv,x € E.Therefore,
from the hypotheses .

We have

$(sd(g(fy)) < ¢ (Mp(x,)) — My (x,))
forall x,y € P with fx < fy and

_ d(fy.g(Fy){(1+d(fx.g(fx)] d(fy.g(f(x)[1+d(fx.g9(ry))]
Mf(x'y) = max{d(fx,fy),d(fx,g(fx),d(fy,g(fy), 1+d(fx,fy) ’ 1+d(fx,fy) ’

d(fy, g(fC)[1 + d(fx, g(f»)]

1+d(fx, fy) ’
From the same argument in theorem 3.1 {x,} is a Cauchy sequence and which converges to some x €
fE.Thus, by the compability of s € f
We obtain

limn—»ood(f(sxn); s(fxn)
Furthermore, by using triangular inequality,
d(sx, fx) = sd(sx,s(fx,) + szd(s(fxn),f(sxn)) + s2d(f (sx,), fx)
Finally we arrive at the result d(sx, fx) = 0 as n —» +oo in the above inequality .There x is a coincidence
point for s and f in P.
On replacing the condition, weakly compatible instead of (C4) in corollary 3.1 ,we obtain the following
result.

Corollary 3.2 : If P has the property in corollary 3.1 instead of the compatibility for s and f that ,for any
non decreasing sequence {fx,} c P such that lim,,_,., fx, = fx implies that fx,, < fx for all n € N that is
fx = supfx,. Then sand f have a common fixed point in P,if for some coincidence point P of s and
f with fp < f(fp) . furthermore ,the set of common fixed point of s and f is well ordered if and only if
s and f have one and only one common fixed point .

Proof : From corollary 3.1 and Theorem 3.2 it is obvious that S and f have a coincidence point in P, as
fp = g(fp) = Sp for some p in P.
Next, assume that a pair of mapping (S, f) is weakly compatible and let v be an element in P such that v =
sp = fp.Then Sv = S(fp) = fv.

Let
M(p,v)
_ Ao SO +d(Fp,5p)] d(fo,sp)1+d(fp, 5] d(fp flL +d(p,5p) +d(fv.p)
D e e T/ 5 B T (o3 ) B T+ d(fp, /) )
M(p,v)
_ A((v, SV +d(p, P w1+ d(fp SV d(fpfo)1+d(fp,sp) +d(fv,5p)
= AU S0 AU RS AU SO G TrdGp ) T+ d(fp, /)

— maxdsp, 503, (sp,p), s, 5v), L2200 dovsp o)

d(sp,sv)[1+d(sp,sp)+d(sv,sp)]}
1+d(sp,sv)
Then from contractive condition, we have .

¢(d(sp,sv) < p(M(p,v) — p(M(p,v)).
< ¢(d(sp,sv) — l/)(d(sp, sv)).
< ¢(d(sp,sv)
a contraction .Hence we have d(sp, sv) = 0 by the property of y. Therefore sv = fv = v.
By theorem 3.3 we deduce that s and f have one and only one common fixed point if and only if the set of
common fixed points of s anf f .is well ordered.

= max{d(sp, sv),0,0,0,d(sv, sp),d(sp, sv)} = d(sp, sv).
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