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Abstract:

Learning about the various techniques to solve this higher power Diophantine equation in successfully
deriving their solutions helps us understand how numbers work and their significance in different areas of
mathematics and science. This paper first focused on studying infinitely many integer solutions of generalized

quadratic Diophantine equation k(x — a)? + (y — $)? = (z — ¥)? ,which is having ellipse equation form of

x—a y-B 2 ! . . . . k
k (ﬂ) + (ﬁ) = 1; Also, concentrate on studying Reciprocal form of above Diophantine Equatlon =+

1

pri h2’ Which is having different sets of integer solutions of p = (y — ﬁ)(z —v), g =& —a)(z—y)and

h = (x —a)(y — B). Also, introduces to study of binary operation on above Set of quadratic Diophantine

Equation.

P, P, — {(kx1x22»3’1 (V22 + 22%) + 2y,21 25, 2, (¥, + 2,%) + 2}’13’222)}
12 (kxyx12,y, (0% + 21%) + 2y12125, 2, (V1 * + 21%) + 2y1Y,21)

Keywords: Diophantine Equations, Ellipse, Reciprocal ellipse equations.
Mathematics Subject Classifications:11D72,11D61.
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INTRODUCTION:
Ellipse has applications in various diverse fields like Astronomy (Planetary orbits), Medicines (Lithotripsy)
and Engineering (Whispering galleries). The property of ellipse to reflect sound and light is pulverizing
Kidney stones.
This paper focused on designing integer solutions of the following Diophantine Equations.
20— a)* +(y =P =Gz-y)?% 3x-a)*+(y - B)?* = z-1)*
4x-a)?+(-PP=z-9% 5-a)’+-p*=(z-y>
Also, k(x — a)? + (y — )% = (z — y)? has an ellipse equation form of

x—a)? y—B\? . . . . ok 11
k (;) + (;) = 1, Also, focused to study Reciprocal form of above Diophantine Equation e + prile?

Which is having different sets of integer solutions of

p=@-Bz-y), q=x-a)z-y)and h=(x-a)(y—p).

The solutions to the quadratic Diophantine equation P={(x,y,z):kx? + y? = z2}are satisfies binary
operation is

(kxyx,%, y1 (Vo® + 2,%) + 2y,2125, 2, (5 + 2,%) + 23/13/222)}
(kxlez,yz (}’12 + Z12) + 2y12125,2, ()’12 + Z12) + 2y1Y221)

P,.P, = {
RESULTS & DISCUSSIONS:
Case 1: Consider the Diophantine equation with constants values a, 5,y is
2(x — a)? + (y — B)? = (z — y)? having different sets of integer solutions is
x—a=2"1 y—p =2"and z—y = 3(2)". Here nis a positive integer.
Proof: Consider a, B,y be a centre of some Ellipse equations, whose stationary points are in the form of x —
a=2"t1 y—p=2"and z-—y =3(2)" which satisfies the integer solution of the given Diophantine
equation 2(x — a)? + (y — B)? = (z —y)2.
Since 2(2™*1)2 + (2™)% = (2213) + (22™) = (22™)(23 + 1) = (B(2)M)2.
It follows that for some fixed values of «, B,ythe stationary values
x=a+2™ y=p+2" and z=y+ 3(2)" are satisfies the Diophantine equation 2(x — a)? +
y=B)2=z-7>
Also, introduce to define Binary Operation ‘*’ on the Set of Stationary Points of the above Ellipse
Diophantine Equation, 2x2 + y? = z2 with P(x4,y;,21), Q(X,V,, 2, )Which is ellipse triplet P*Q =
(V2x123, Y122 + Y221, Y172 + 212,)
Proof: Consider

Y2 + 2122)% = 122 + ¥221)* = 1y2)* + (z122)% — (122)% — (7221)?

= z3[zf — yf1 — yilzf — yi] = [zf — y{1[z5 — y5] = 4xfx5 = 2(2x{x3
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It follows that Z(ﬁxlxz)z + (12, + ¥,21)% = (WY, + 212,)? implies that (V2x1X5, Y12, + ¥,21, 17, +
zlzz)is becomes to ellipse triplet.
But the triplets are not in the form of integer solution. So again, apply same operation, in terms of Associative
(P,. P,).P,, which is updated integer form of
Py = (P.Py). P, = (2x1%2%, y1 (0% + 25%) + 23,2125, 2 (¥2* + 2,%) + 2y1Y225).
Similarly, Py = (Py. P,). Py = (2x2%1%,y, (1% + 21°) + 2y12125, 2, (31 * + 21°) + 2917, 71)
Verification: We know that x = 2"*1, y = 2" and z = 3(2)" is satisfies 2x? + y? = z2.
Forn=1, P, = (4,2,6) and for n =2,P, = (8,4,12) are satisfies 2x? + y? = z2.
Also, above binary operation P;.P, = P;
= 212,71 (022 + 22°) + 2y,2125, 2, (¥2° + 2,°) + 2y1Y,2,) = (512,896,1152)
is satisfies 2x2 + y? = z2,
Also, another binary operation P;.P, = P,
= xx:%, 7, (12 + 21%) + 2312125, 2, (01 % + 21%) + 2Y1Y,21) = (256,448,576)
is satisfies 2x2 + y?2 = z2,
It follows that clearly (128,224,288),(64,112,144),(32,56,72),(16,28,36),(8,14,18),(4,7,9) are becomes to

solutions of 2x2 + y? = z2.

. - x—a)2 y—p3 2 - . .
Lemma 1.1: It has to have an Ellipse equation form of 2 (;) + (;) = 1; Which has having simple
1

form of ellipse 2p? + g2 = 1, whose solutionis p ==, q = =

w N

Lemma 1.2: Reciprocal form of the above Diophantine Equation % + iz = — Which is having different sets
P2 q h?

of integer solutions of p = (y — B)(z — y) = 3(2?™),

q=Gx-a)(z—y) =32 and h=(x-a)(y —p) = 22"
1 N
(3(22n))2 (3(22n+1))2 T (2nt1)2’

Since

Case 2: Consider the Diophantine equation
3(x — a)? + (y — B)? = (z — y)? having different sets of integer solutions is
x—a=3" y—B=3"and z—y =2(3)™.

Proof: Let x —a=3" y—pf =3"and z—y = 2(3)" satisfy the integer solution of the Diophantine
equation 3x2 + y? = z2.

Since 3(3™)2 + (3™)? = (32"*1) + (32") = (37 (3 + 1) = (2(3)™)2%

Also, introduce to define Binary Operation '*' on the Set of Stationary Points of the above Ellipse Diophantine
Equation, 3x2 + y? = z% with P(xq,v1,21), Q(x3, y2, zz)Which is ellipse triplet

P*Q = (\/§x1x2,y122 + Y221, Y1Y2 + 2122)
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Proof: Consider

1Yz + 2122)* — (V122 + ¥221)% = (71Y2)* + (2122)% — (122)% — (¥221)?

= z3[2] - ¥i| - ¥3|2zl - ¥i| = [21 - ¥1l[23 - ¥3| = 9xix] = 3(3x1x})

It follows that 3(\/§x1x2)2 + (y122 + ¥221)% = (312 + 2125)?  implies that (V3xyx5, 125 +
Y2Z1,Y1Y2 + zlzz)is becomes to ellipse triplet.
But the triplets are not in the form of integer solution. So again Apply same operation in terms of Associative
(P4.P,).P,, which is updated integer form of
Py Py = (3x1x2°%, ¥1(32% + 2,%) + 2y,2125, 21 (¥,% + 2,%) + 2y1y,2,) forallP, P, € B.
Similarly, P3 = (P1.P2). Py = (3x3x1%,¥,(¥1® + 21%) + 2y12125, 2,(y1* + 21%) + 2y1Y,21)
Verification: We know that x = 3", y = 3" and z = 2(3)" is satisfies 3x? + y? = z2,
Forn=1, P, =(3,3,6) and for n =2,P, = (9,9,18) are satisfies 3x% + y? = z%. Also, above binary
operation P;.P, = P3 = (729,3159,3402) is satisfies 3x? + y? = z2.

y-B

2
Z_y) = 1; Which has the simple form of

N2
Lemma 2.1: It has to have the Ellipse equation form of 3 (g) + (

ellipse 3p? + g% = 1, whose solutionis p = q = %

Lemma 2.2: Reciprocal form of the above Diophantine Equation
3
p?
p=0-Bz-y) =23, q=(&-a)(z-y)=2(3*)and

h=(x—a)(y—B) = 32" Since i L

3 .
(2(3211))2 + (2(3211))2 (32n)2’

+ 12 =1 Whichis having different sets of integer solutions
q% h?

Case 3: Consider the Diophantine equation 4(x —a)? + (y — B)? = (z — y)? having different sets of
integer solutions is 2(x — a), (y — B), (z — y)) is a Pythagorean triplet.

It has different sets of Integer solutions for each odd integer x — «, then.
y-B=@x-a)?—-1andz—y=(x-a)?+1.

Proof: Let y = x> — 1 and z = x? + 1.Consider

-1 -G-P2=((x-a)?+1) - (x—a)?—1)? =4(x— a)? = (2(x - a))".
Hence if (x — ) isan odd, then (2(x — ), (y — B), (z — y)is a Pythagorean triplet.

Case 4: Consider the Diophantine equation 5(x — a)? + (y — B)? = (z — y)?

having different sets of integer solutions is x = 4®*1, y = 4™ and z = 3(4)™. Here n is a positive integer.
Proof: Let x =4"*1 y=4m" and z = 3(4)" satisfy the integer solution of the Diophantine equation
5(x —a)?> + (y— B)? = (z—y)? Since 5(4™"*1)2 + (4™)?% = (3(4)")2
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Also, introduce to define Binary Operation '*' on the Set of Stationary Points of the above Ellipse Diophantine
Equation, 2x? + y? = z2withP (x4, y1,21), Q (X3, Y4, Zz)Which is ellipse triplet
P*Q = (V5x1X2, Y123 + Y221, Y1¥2 + 212;).
Proof: Consider (y1y; + 2123)* — (y125 + y221)?

= 11y2)? + (2122)* — (1122)* — (¥221)* =125 [Z% - )’%] - }’%[Z% - }’ﬂ = [Z% - }’%][Z% - J’%]

= 25x3x% = 5(5x3x%)

It follows that 5(\/§xlx2)Z + (¥122 + ¥221)% = (31y2 + 212,)%  implies that (V5xyx3, 12, +
Y2Z1,Y1Y2 +zlzz)is becomes to ellipse triplet. Its not in integer form, so again apply Associativity, we
obtain the well-defined binary operation is

P.P,= {(5x1x22’Y1(}’22 +25%) + 2y,2125,2,(¥,% + 2,%) + 2}’1}’222)}

(52212, ¥2(31% + 21%) + 212122, 2, (¥1* + 21%) + 2y1Y221)
Lemma 4.1: Reciprocal form of above Diophantine Equation %+ % = h—lz Which is having different sets of

integer solutions

p=yz=34*"), q=xz=34*""1)and h = xy =41
1 1

5
3+ 3= 2
(3(4211)) (3(42n+1)) (4-2""'1)

Since

Hence, it follows that Binary Operation on a Set of Stationary Points of the above Ellipse Diophantine
Equation, which is ellipse triplet (vV5x1X2, Y122 + Y224, y1Y2 + 212;)
Proof: Consider

1Yz + 2122)% — (V122 + ¥221)% = (11Y2)% + (2122)* — (¥122)% — (¥221)?

= 7323 — yi] - ¥3[2f - ¥3] = [22 - ¥il[23 - y3] = 25x%x] = 5(5x7x3)

It follows that 5(\/§x1x2)2 + (y125 + ¥221)? = (y1Y2 + 2125)?  implies that (V5xyx5, 125 +
Y221, Y12 + 212, )is becomes to ellipse triplet.
Also, introduce to define Binary Operation '*' on the Set of Stationary Points of the above Ellipse Diophantine
Equation, kx? + y? = z?withP (x,,y4, Z1), Q(x2, ¥2, Z3)Which is ellipse triplet.
P*Q = (\/Exlxz, Y123 + ¥Y221,Y1Y2 + zlzz). It’s not in integer form. So, again apply Associativity to obtain
well defined integer operation is

PP, = {(kx1x22,)’1(}’22 +22%) + 2y22125,21 (¥, + 2,%) + 2y1yzzz)}.

(kxpx12,¥,(31% + 21%) + 212122, 2, (¥1* + 21%) + 2y1Y221)
Hence, we can apply above binary operations to following sets.

Now, introduce to define subset of some solutions of above Diophantine equations are as follows:
A={(x,y,2):2x* + y? = z%;wherex = 2™, y = 2",z = 3(2)"}

B={(x,y,2):3x*> + y? = z?, wherex = 3", y=3",z = 2(3)"}
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C={(x,y,2):5x* + y? = z%;wherex = 4™, y = 4" , z = 3(4)"}
D={(x,y,2): 6x* + y? = z%;wherex = 21, y = 2"  z = 5(2)"}
E={(x,y,2):7x* + y? = z%;wherex = 3", y = 31 z = 4(3)"}
F={(x,y,2):8x*> + y? = z%; wherex = 2", y = 2™,z = 3(2)"}
G={(x,y,2):10x*> + y? = z?; wherex = 6™, y = 6",z = 19(6)"}
H={(x,y,2):11x* + y? = z%;wherex = 3"*1, y =3",z=10(3)"}
I={(x,y,2):12x* + y? = z%;wherex = 2™"*!, y = 2" z=7(2)"}
J={(x,y,2):13x* + y? = z?;wherex = 6™, y =6""1,z="7(6)"}
K={(x,y,2):14x* + y? = z?;wherex = 6", y = 5(6)",z = 23(6)"}
L={(x,y,2):15x* + y? = z%;wherex = 3", y = 3"*1 z =12(3)"}
M= {(x,y,2):17x*> + y? = z?; wherex = 3™"*1, y =4(3)",z=13(3)"}
N={(x,y,2):18x* + y? = z%;wherex = 2™, y =3(2)",z = 9(2)"}
0={(x,y,2):19x* + y? = z?; wherex = 3", y =5(3)",z = 14(3)"}
Q={(x,y,2):20x*> + y? = z?; wherex = 2"*1, y = 2",z = 9(2)"}
R={(x,y,2):21x* + y? = z%; wherex = 2", y = 2™"*1 ,z=5(3)"} AND
P= {(mx,y, z)isaPythagoreantripletform € N : (mx)? + y? = z%;}.

some special collection of Diophantine Equations, whose solutions are obtained from standard Pythagorean

theorem.

Case 5: Consider the Pythagorean (4;2) tuples equation as follows

p? + q?% + r? + s% = t? + u® having different sets of integer solutions is iHustrated below:

p =x*yh, q = y*xh,r = yh,s= xh,t= xy, u= xyzh

where x = bc , y = ca, h = ab, z= ¢* with (a, b, ) is a Pythagorean triplet, which is satisfies a? + b% =
c?.

Proof: We know that if (a, b, c) is a Pythagorean triplet, then is satisfies a? + b? = c2.

if (a, b, ¢) is a Pythagorean triplet then (b ¢, a ¢, a b) is also a Reciprocal Pythagorean triplet. i.e. if x = bc ,

y=ca,h=abthenx—12+yi2=i ............. [1]

Also, if (a, b, ) is a Pythagorean triplet then (bc, ac, ¢?) is also a Pythagorean triplet.
iex=bc,y=ca, z=c*thenx®? +y?>=2z%............ [2]

Adding equations [1] ,[2], we obtain

p? + q% + r? + s% = t? + u?, having different sets of integer solutions is illustrated below:

p =x*yh, q = y*xh ,r = yh,s= xh,t = xy, u = xyzh
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where x = bc , y = ca, h = ab , z = ¢? with (a, b, c) is a Pythagorean triplet, which is satisfies a? + b? =
c?.
E.g.1: Choose One of the Pythagorean triplets (a, b, ¢) is (3, 4, 5), which follows
x=bc=20,y=ca=15h=ab=12,z=¢%2 =25
p = x2yh = 72000, q = y*xh = 54000, r = yh = 180, s= xh=240, t = xy = 300,
u=xyzh =90000 .
p% +q% +r?+s2=8100090000
t? + u? = 8100090000. Hence p? + q? + r? + s = t? + u?
Also, note that (a, b, ¢) and (X, y, z) are Pythagorean triplets.
i.e. a? + b% = ¢? and x? + y? = z°
Also, (X, y, h) is Reciprocal Pythagorean triplet. i.e.x—l2 + }% = h—lz
Case 5.1: Consider the Pythagorean (4;2) tuples equation as follows

p? + q% + r? + s? = t? + u® having different sets of integer solutions is illustrated below:

. B _ PPl (p1\? Y S (A
ifpisoddthen g =p+ 1,7 =" ,S—(z) — L o ’“_(z) s

Case 5.2: Consider the Pythagorean (4;2) tuples equation as follows
PP+ q*+1r2+5s%=1t*+u?
different sets of integer solutions is illustrated below:

p

2 2_
ifpiseventhenq=p+1,r=(5) —1,3:M,t=(B

(p+1)%+1
2 2 :

)2+1,u: 7

Case 5.3: Consider the Pythagorean (4;2) tuples equation as follows

p? + q* + r? + s? = t? + u® having different sets of integer solutions is illustrated below:

(p-1)%+1

—1)2—
P p—-1) 1’t=(p
2

. 2 ( 2
ifplseventhenq=p—1,r=(5) —1,s= 5 E) +1, u=

We can verify it easily by replacing some even integer p.
Case 5.4: Consider the Pythagorean (4;2) tuples equation as follows

p? + q% + r? + s? = t? + u?, having different sets of integer solutions is illustrated below:

. B _p-1 _ (p-1)? _pi o p1)?
ifpisoddthenqg=p—1,r=" ,S—(z) —1t=" ’“_(z) -1

We can verify it easily by replacing some odd integer p
Case 6: Consider the Pythagorean (2;2) tuples equation as follows
p? + q% = r? + s? Having two types of solutions

Case 6.1: If p isan odd, then different sets of integer solutions is illustrated below

2 2

q:(pz_l) +1, rz(pz—_l) —1ands=pzz—Jr1
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2_ 2
Proof: From Reference [10],[11],[12], We know that, if p is odd then (p, pTl, pz—+1) is a Pythagorean triplet.

e+ (52) = (52).

. . P 2 P 2 . .
Also, we know that, if p is even then (p, (E) -1, (E) + 1) is a Pythagorean triplet.

2_
If p is odd then pz—l is an even number.

2 2 N
E " 1) -1, (pTl) + 1) is a Pythagorean triplet.

2_
Hence ("2—1, (

It follows that if p is odd then p? + <(”%‘1)2 + 1)2 - <(”24‘1)2 _ 1)2 + (ﬂ)2

2
Hence p? + q% = r? + s2.

Case 6.2: If p is an even integer, then different sets of integer solutions is illustrated below

(@) (@)

q=""—F—, r=-"———and s=(§)2+1.

5 p 2 5
Proof: If p is even then (5) — 1is odd number.

(1) (&)

+1
> , ) is a Pythagorean triplet.

Hence ((g)z =il

2 2
if p is even then (p, (g) -1, (g) + 1) isa Pythagorean triplet.

Hence p? + q® = 1% + s2.
If p is an even integer, then different sets of integer solutions is illustrated below
2 \2 2 2
= —((g) _21) +1, r= —<(g) _21) - and s = (g)z +1.
We can verify it easily by replacing some even integer p.
Case 7: Consider the Pythagorean (4;1) tuples equation as follows
PP+ q* +1%+ 5% =t?

Having two types of solutions
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Case 7.1: If p is an odd, then different sets of integer solutions is illustrated below

e
| |
|

andt=l

2
|
AL
2|
|

p
= Yy =-——— S =
q 2’ 2 ! 2

:
|
|
I
|

Vi
=
N
|
[y
N——
N
+
~
NBN
N4
=
N—
|
+
—_

. /{*’“;2“}\ / o)
() _J _ |
2 | 2 2 |
\ / \ J

Proof: Similar Proof of Case 27.1, we can verify easily p? + q% + r? + s% = t2. If p is odd then p? +
We can verify it easily by replacing some odd integer p.

Case 7.2: If p is an even integer, then different sets of integer solutions is illustrated below

[z 2. T (w2 2 T
i , i((z) -;1) +1i 4 |<(§) -;1) +1i
q=(§)2—1,r=—((2)ﬁ;l)_l,s=—l > | and t = 5 |

Proof: Similar Proof of above case.

We can verify it easily by replacing some even integer p.

Case 8: Consider higher degree Diophantine equation p* + g* + 2r? = s*
Having two types of solutions

Case 8.1: If p is an odd, then different sets of integer solutions is illustrated below

p*-1 p(p?-1)

2
— — _p°+1
q=——Tr="—"> and s =

-
Proof: similar proof of above.

Case 8.2: If p is an even integer, then different sets of integer solutions is illustrated below

a=() ~1r=p(() -1)ma 5= () 41

Proof: similar proof of above.

Case 8.3: If (x, y, z) is a Pythagorean triplet then x* + y* + 2x%y? = z*

Proof: If (x, y, z) is a Pythagorean triplet. i.e. x> + y? = z2. Square on Both sides, we obtain
(x% + y?)? = (2%)? implies that x* + y* + 2x%y? = 7%,

Case 9: Consider the Pythagorean (3;3) tuples equation as follows
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pPP+q*+t2=1%+s%+u?

then different sets of integer solutions is illustrated below

p =x*yh, q = y*xh ,r = yh,s= xh, t=xy,u= xyzh

where x = bc, y = ca, h = ab , z = ¢? with (a, b, ¢) is a Pythagorean triplet, which is satisfies a? + b? =

c2.

Conclusion

This paper first focused on studying infinitely many integer solutions of k(x — a)? + (y — B)? = (z — y)?

. . . x—a\ 2 y—p 2 . .
having ellipse equation form of k (E) + (E) = 1; Also, concentrate on studying Reciprocal form of

above Diophantine Equation §+ q_12 =L Which is having different sets of integer solutions of

=
pr=0-Bz-vy), gq=x—-a)(z—y) and h=(x—a)(y— B). Also, introduces to study of binary
operation on Set of Ellipse Diophantine Equation. Also, introduces to study of binary operation on above Set
of quadratic Diophantine Equation.

(kxy %22, 31 (2% + 232) + 2y,21 25, 2. (V% + 2,%) + 23’13’222)}
(kxyx12,y, (1% + 21%) + 2912125, 2, ()1 * + 21%) + 2y1Y221)

P,. P, ={
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