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Abstract: Hadi and Semeein [3] introduced and investigated fuzzy distributive modules as an expanded idea
of distributive modules. They established the result between the fuzzy distributive module and the distributive
of fuzzy singleton. Sharma [9] has studied the notions of intuitionistic fuzzy modules in many ways.
Introducing intuitionistic fuzzy submodules of a module, Sharma proved that the intersection of two fuzzy
submodules of a module is also a fuzzy submodule. Davvaz, Wieslaw and Jun [1] presented intuitionistic
fuzzy submodules of modules and utilizing this notion, numerous scholars such as Isaac [4], Rahman [6], and
Sharma [10] investigated it in many ways. They derived different operations on intuitionistic fuzzy sets,
intuitionistic (T, S)-fuzzy submodule of a module, intuitionistic fuzzy H,-submodules of a module and the
relationship between fuzzy submodule, and intuitionistic fuzzy submodule of a module. Devi [2] developed
the concept of intuitionistic fuzzy N-subgroups and ideals of N-group and discussed the association between
intuitionistic fuzzy ideals and fuzzy ideals, which is being investigated by several scholars in various fields.

In this paper, the concept of DN-groups extended to intuitionistic fuzzy and intuitionistic fuzzy weak DN-
groups and uniserial N-groups to intuitionistic fuzzy uniserial N-groups.The core concepts employed in this
chapter are found in [5, 7, 8]. Here, in general, y,A € [0,1] withy + A < 1.

Introducing the notion of IF DN-groups, the associated outcomes of the (y, A)-cut of intuitionistic fuzzy
sets, intuitionistic fuzzy DN-groups and intuitionistic fuzzy weak DN-groups are examined. Finally, the
correlations among the intuitionistic fuzzy concepts of uniserial N-groups, DN-groups and weak DN-groups
are derived.

Keywords: Intuitionistic fuzzy(IF) sets, DN-groups, weak DN-groups.
1 Intuitonistic fuzzy DN-groups

Definition 1.1 [7] Let N be a near-ring. Then an additive group (E, +) is referred to as a left N-group if 3 a
map N x E — E such that (n,u) = nu in which the following conditions hold-

I. (m + n)u = mu + nu.

ii. (mn)u = m(nu), Vm,n € N,u € E.

It is to be noted that N is itself an N-group over itself. If for 1 € N suchthat 1.u =u Vv u € E, then E is called
an unitary N-group.

Throughout the work, the near-ring N is considered a zero symmetric right near-ring and E is a unitary
left N-group.

Definition 1.2 [7] In the event that A is a subgroup of (E,+) and NA € A forany A C E, then A is referred to
as an N-subgroup.
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Definition 1.3 When x € E, Nx is referred to as the principal N-subgroup of E.

Definition 1.4 The object A =< ¢y, Pa >= {< s, Pa(s), Wa(s) > |s € S} is referred to as an intuitionistic
fuzzy (IF) set on a non empty set S, where ¢4 and Y, are fuzzy subsets of S such that 0 < ba(s) + Pa(s) <
1.

Definition 1.5 An IF set A =< ¢4, W > in E is called IF an N-subgroup of E(A <;gy E) if
I. da(p —m) = pa(p) A pa(m).

ii. da(np) = pa(p).

Hi. Ya(p —m) < Ya(p) V Pa(m).

iV. a(np) < Pa(p) Vp,meEneN.

Definition 1.6 [11] Let P =< ¢p, Yp > be an IF sets in E. Then (y, A)-cut of P is referred by-
(NP = {m € E:dpp(m) =y, Yp(m) < A}.

Definition 1.7 E is called an Intuitionistic fuzzy distributive near ring groups (IF DN-group) if (P + H) N
C=({PnC)+ HNC),V IFN-subgroups P, H, C of E.

Definition 1.8 Let B =< &g, Y5 > be an IF N-subgroup, then (*MB is called an N-subgroup of ME if s —
y,ns €YV B, forany s,y €% Band n € N.

Definition 1.9 Let B =< ¢g, Y5 > be an IF N-subgroup, then "B is said to be an ideal of “ME if p —
q,m+p—m € Eandn(p + m) —nm €M B, forany p,q € B,m € E, n € N.

Lemma 1.1 Let E be a commutative N-group and every principal N-subgroup is an ideal, then the sum of two
subgroups of (*E is also a subgroup.

Proof. Let ®MP and (“MB be subgroups of (VME.

Let p,q €M P+ (B,

Thenp =s; +y4,q = s, + ¥, for some s;,s, €V P,y,,y, €V B,
Since E is commutative and "YP,(v) B € E,

p—q=(s1~52) + (y1 — y2) €YY P+OMB,

Since every principal N-subgroup is an ideal,

n(s; +y;) —ny; € Ns;,forneN.

Also ny; € Ny;.

Son(s; +y1) —ny; +ny; € Ns; + Ny;.

= np = n(s; +y;) € Ns; + Ny; € N0Dp 4 NVAIB cvA) p1 (B,
Thus the result.

Proposition 1.1 If P =< ¢p, Yp > and B =< ¢g, P > are IF N-subgroups of E, then
i. YV +B) =M p+OMBwithy +A=1.
ii. ¥M(PnB) =D pnldB,

Proof. (i). Let s €Y (P + B).

Then ¢p,p(s) =y and Ypip(s) <A

Now, ¢pyp(s) =y

=>V{bp(r) Adpg(t):r,tEE,s=r+t} >y

= ¢pp(ry) A dg(ty) =y, forsomer,t € Esuchthats = ry + t;.

Since ¢p(ry), dp(t) = dp(ry) A dg(ty) =y

= ¢pp(ry) =vand ¢pg(t;) =y, forsomer;, t; € Esuchthats =r; +t;

= Pp(r) <1 —¢p(ry) =1—y=2rand Pp(t)) <1 - Ppp(ty) =1—y=A[Sincey +1=1]
=>r, €M Ppandt, eV B

=S = rq{ + t1 E(Y)\) P+(Y'A)B.
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Converselr, let s € p+ B,

Thens =r +t, forsome r e p,t eV B

= ¢p(r) 2y, Pp(r) <A, dp(r) 2 v, Yp(r) <A

= ¢p(r) Adp(r) = yand Yp(r) vV Pp(r) <A

2V {bp(r) Adp(r) =y:s=r+t}and A {Pp(r) Vg(r) < A:is=r+t}
= s €M) (P + B).

Thus the result.

(ii). Let s €M (P N B)

= ¢pnp(s) = v and Ypap(s) < A.

ButPnB < P,B.

So ¢p(s), da(S) = dpnp(s) = v and Yp(s), Yp(s) < Ppnp(s) < A.
Thus, s €Y Pands e B

= s ey pnlrA B,

Conversely, lets €D pn(rM B

=seM pands €M B

= ¢p(s) =y, Pp(s) <2 and dpp(s) = v, Pp(s) <A

= ¢p(s) A dp(s) = yand Pp(s) V Pp(s) <A

= ¢pna(s) =y and Ypnp(s) <A

= s €Y (PN B).

Thus the result.

Definition 1.10 If P =< ¢p, Pp > and B =< g, P > are IF N-subgroups of E, then VP =1 B jf and
Only if q)p(S) = (I)B(S) =Y and llJp(S) = lIJB(S) <A Vs€EE.

Lemma 1.2 If P =< ¢p, Pp > and M =< ¢y, Yy > are IF N-subgroups of E, then P = M if and only if
vMp =) .

Proof. It is clear from the definition.
Proposition 1.2 If L =< &,y > is an IF N-subgroup of E, then (*ML js also an N-subgroup of VME,

Proof. By definition, ("ML is a subset of (VME.

Foranyn € Ns,y €M L,

GL(8), dL(Y) Z v, YL(s), Yr(y) < A

Therefore, ¢, (ns) = ¢1.(s) = vy and Yy (ns) < Py,(s) < A[since L is an IF N-subgroup ].

Also, ns € E.

Therefore ns €YV L,

f\gai}?, s—y€Esuchthat ¢(s —y) = dL(s) AdL(y) 2y Ay =yvand Y (s —y) S Y(s) VYL(y) <AV
Sos—y e L,

This shows that "ML is an N-subgroup of VME.

Theorem 1.1 E is an IF DN-group if and only if "M E is a DN-group with y,A € (0,1],y + A = 1.

Proof. Let E be an IF DN-group and X, I, L be N-subgroups of (*E such that

1, heX 0, heXx
¢p(h) = {0, heX, yp(h) = {1, hgX,

1, hel 0, hel
¢m(h) = {0, hel, yy(h) = {1, hel,
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CI)T(h) = {0, h g L, IIJT(h) = 1, heL

wherey,A € (0,1],y+A=1.

Now, if s €2 P, then either s € X or s £ X.

If s 2 X, then ¢p(s) = 0 =y and Yp(s) = 1 < A[ since ¢pp(s) = v, Pp(s) < A]- which is a contradiction as
v,A € (0,1].

Thus AP =X,

Similarly MM =[O0V T =L,

Claim P, M, T are IF N-subgroups of E.

Since X is a subgroup of (E,+), forany s,y € X,n € N,

s—y€eXandns € X

= ¢p(s —y) =1 =dp(s) A dp(y) and ¢p(ns) = 1 = dp(s) [sinces,y € X, dp(s) = 1, $pp(y) = 1].
Similarly, Yp(s —y) = yp(s) V Yp(y) and Yp(ns) = Pp(s).

This shows that P ia an IF N-subgroup.

Similarly, M and T are IF N-subgroups of E.

Since E is an IF DN-subgroup, therefore

P+M)NT=CPNT)+MNT)

0N [(P+M)NT] =YY [(PNT)+ (Mn T)][using lemma 1.2]

=0 (P + M) nD T =0 (P 0 T)+02 (M n T)[ using proposition 1.1]

= (WVp+OIM) NV T = (WVP NG T) + (VWM NG T)[ using proposition 1.1]
>X+DNnL=EnL)+dANnL).

Thus, "ME is a DN-group.

Conversely, suppose "ME is a DN-group.

Let P, M, T are IF N-subgroups of E.

Then by proposition 1.2, (“Op,(v) M, T are N-subgroups of (VME.

Since "ME is a DN-group,

(OVPLOVM) O T = (WP AN T) 4 (WOM A0 T)

>0 [(P+M)NT] =YY [(PNT)+ (Mn T)] [ using proposition 1.1]
>P+M)NT=PNT)+ MnT)[ using lemma 1.2] .

Thus E is an IF DN-group.

1, heLl {O, heL

Definition 1.11 E is called an IF uniserial N-group if any two of its IF N-subgroups are comparable to each
other.

Theorem 1.2 An IF uniserial N-group is an IF DN-group.

Proof. Let E be an IF uniserial N-group.

Let P =< ¢p, Yp >,B =< b, Y >, T =< ¢, P > be IF N-subgroups of E.

Since E is an IF uniserial N-group, any two of its IF N-subgroups are comparable to each other.

So, itmay assume PS BC T.

Thus, ¢p < ¢p < ¢prand Yp = Y = Yr.

Therefore P + B =< ¢p,p, Ypyp >, Where

¢p+(s) =V {dpp(a) A dp(q):a,q € E;s =a+q}and Yp,p(s) =A{¥p(a) VYp(q):a,q€Es=a+q}, V
s € E.

So(P+B)NT =< ¢psp A Pr, Ypip VT >.

NOW, PNT =< (I)p /\q)T,l.'Jp VL|JT >=< (I)p,l.')p >=P and BNT =< (I)B /\(I)T,l.IJB VllJT >=< (bB'llJB >=
B.

Therefore, PN T)+(BNT) =P+ B.

Again, forany s,a, q € E,

$p+p(s) =V {dp(a) A dpp(q):s =a+q}

<V{dr(@Adr(q:s=a+q}

<V {dr(a+q):s =a+ q}[ Since T is an IF N-subgroup]
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= ¢r(s).
Therefore dpig A Pt = dpyp.

Similarly $p,p V Yir = Yp,p.
Thus, (P+B)NT=P+B.

Hence the result.

Definition 1.12 Ann(E) = {n € N:ns = 0, Vs € E}.

Lemma 1.3 If E = E; + E, is commutative with E;, E, being unitary DN-groups such that Ann(E,;) +
Ann(E;) = N, then E = E; + E, is a DN-group.

Proof. Let P, M, T be N-subgroups of E = E; + E,.

ThenP =P, +P,,M = M; + M,, T = T; + T,, for some subsets P;, M, T; of E; and P,, M,, T, of E,.
Since Ann(E;) + Ann(E,) = Nand 1 € N, then 3 n; € Ann(E;),n, € Ann(E,) such thatn, + n, = 1.
Now, for any a; € Py,

l.a; = (n; + ny)ay

= a; = n;a; + nya [ since E; is unitary] .

But,a; € P, CE;

=>a; €EE;

= n;a; = 0[ since n; € Ann(E,)].

Therefore n,a; = a; € P;.

But n,a; € NP;.

Therefore NP, € P;.

This shows that P; is an N-subgroup of E;.

Similarly, it can be shown that M,, T; are N-subgroups of E; and P,, M,, T, are N-subgroups of E.
Now, P+M)NT =[P, +P)+M; +M)]N (T, + Tz) =[(P, + M) NTy] + [(P. + Mp)] NT] =
[((P,NTy)+ M NTy]+ [(P,NT,) + (M, N T,)][ since E4, E, are DN-groups]

=[P +P)N(T+T)]+[M1 + M) N (Ty + )] =P NT) + (MNT).

This shows that E = E; + E, is a DN-group.

Theorem 1.3 Let E, K be unitary IF DN-subgroups and Ann(E) + Ann(K) = N with ¥VE = E0MK = K|
then E + K is an DN-group with y,A € (0,1],y + A = 1.

Proof. Since E, K are unitary IF DN-groups and Ann(E) + Ann(K) = N, by theorem 1.1, *NE0MVK are
also DN-groups withy +A =1 and y,A € (0,1].

Since E, K are unitary, (YME (") K are also unitary.

Also, by hypothesis Ann(YYE + Ann((YMK = N,

Therefore, By lemma 1.3, YYE+™MK is a DN-group with y,A € (0,1],y + A = 1.

So, E 4+ Kis an DN-group with y,A € (0,1],y + A = 1.

2 Intuitionistic fuzzy weak DN-groups

Definition 2.1 E is said to be a weak DN-group ifandonly if (P+ M) N T = (PN T) + (M n T), for all ideals
P,M, T of E.

Definition 2.2 E is referred to as an IF weak DN-group ifand only if P+ M)NT= (PN T) + (M N T), for
all IF ideals P,M, T of E.

Definition 2.3 (*ME is said to be a weak DN-group if and only if (P + M) N T = (PN T) + (M N T), for all
ideals P, M, T of O"ME,

Theorem 2.1 If E is an IF weak DN-group, then "ME is also a weak DN-group with y,A € (0,1],y +A < 1.
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Proof. Let X, I, L be ideals of "ME and defined as in theorem 1.1.

Then as above, VP = X, M = [N T = L withy,A € (0,1],y + A = 1.

Claim P, M, T are IF ideals of E.

Since X is an ideal of "ME, therefore X is normal subgroup of (E,+) and n(s+e) —ne€X,Vvn€N,s €
X,e € E

= ¢p{n(s+e) —ne} =1 = Ppp(s)[since s € X] .

Also, since X is normal subgroup of (E,+),s—a,s+a€X,Vs,aeX

= ¢p(s—a)=1¢p(s+a)=1

= dpp(s—a)=1A1=dp(s) Adp(a) and dp(s+a) =1 = dbp(a + s)[ since s,a € X].
Again,n € N,s € X,

ns € X

= ¢p(ns) =1 = dp(s).

Nows,a€EX=>a+s—a€X=>dp(at+s—a)=1=dp(s).

Similarly, it can be shown that

Yp(s —a) = Yp(s) V(a), Yp(ns) = Yp(s), Yp(a+s—a) = Yp(s), Yp(n(s + a) — ns) = Yp(a).
This shows that P is an IF ideal of E.

Similarly, M, T are IF ideals of E.

Since E is an IF weak DN-group,

P+M)NT=CPNT)+MNT)

>0 [(P+M)NT] =YY [(PNT)+ (Mn T)][using lemma 1.2]

=0 (P + M) NV T =0 (P 0 T)+0M (M n T)[ using proposition 1.1]

= (WOp+OAIM) NV T = (WVP N T) + (VDM NG T)[ using proposition 1.1]
> X+DNL=EnL)+dNL).

Thus, “DE is a weak DN-group with y,A € (0,1],y + A < 1.

Lemma 2.1 If P =< ¢p, Pp > is an IF ideal of E , then "MP s also an ideal of (VME.

Proof. Let P =< ¢p, Yp > be an IF ideal of E.

So YMp cE,

Lets,a evM p,

Then ¢p(s) = v, Up(s) <A dp(a) Z v, Yp(a) < A

Since P is an IF ideal of E and s, a € E, therefore

Pp(s—a) = Ppp(s) Adpp(a) 2y Ay =vand Yp(s —a) < Yp(s) VPp(a) SAVA=A
Therefore s —a €YV P,

Also, ifa € Eand s €M P, thens,a € E.

Therefore, pp(a+s—a) = dp(s) = yand Yp(a+s—a) < Pp(s) <A
Soa+s—aeMp.

Again, ifa € E, s €YY Pandn € N, then s,a € E.

Therefore, dp(n(s +a) —na) = ¢pp(s) = yand Yp(n(s +a) —na) < Pp(s) < A
Thus n(s +a) — na €M p,

Thus, MP is an ideal of VME.

Theorem 2.2 If "ME is a weak DN-group , then (D n M)+0MT = (WVD4+ AT 0 (VWIM+FAT),
for all ideals ("MD,(¥A) M, YA T of "ME with T € M.

Proof. Let s €Y (D n M)+ AT,

Thens = y + m, wherey € (DN M),m e(*M T

=y evM pand YYM,m eV T

=s=y+m € (YYD+OVT) n (VIM+EAT),

Again, lety € (YMD+OVT) 0 (VOM+GAT),

Since Sum of two ideals of (*ME is also an ideal and "E is a weak DN-group, therefore
y € [YMD n (POM+OIT] + [VIT 0 (VIM+TAT)]
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=y € [¥DD nOD M]+¥DT)][since T € M] .
Thus (D N M)+YAT = (YUD+ONT) 0 (VIM+YAT),

Theorem 2.3 If (“ME is a weak DN-group with y + A = 1, then E is an IF weak DN-group.

Proof. Let D,M, T be IF ideals of E, then by lemma 2.1, ®YD,vA) M, T are ideals of VME,
Since ("ME is a weak DN-group,

(YVD+EOM) NV T = (DD NG T) + (WIM NG T)

0N [(D+M)NT] =Y [(DNT)+ (Mn T)][ using proposition 1.1]
>D+M)NT=DNT)+ MnT)][using lemma 1.2]

= E is an IF weak DN-group.

Conclusion

The main goal of this paper is to extend the notion of distributive near-ring groups to intuitionistic fuzzy
distributive near-ring groups as well as intuitionistic fuzzy weak distributive near-ring groups. Some lemmas
and theorems related to IF N-subgroups, IF DN-groups and IF weak DN-groups are studied. The theorem 2.2
describes the relationships between IF DN-groups and IF uniserial DN-groups. Theorems 3.1 to 3.2 illustrate
the association between IF weak DN-group and weak DN-group.
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