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Eco-epidemiological models are critical for understanding the intricate interplay between ecological and
epidemiological processes in ecosystems. This study focuses on a prey-predator model that includes a
prey species and the susceptible-exposed-infected-recovered (SEIR) epidemiological framework.
Integrating these processes provides insight into how disease transmission affects population stability and
predator-prey communications. We use mathematical and computational tools to analyze the model and
find important thresholds and conditions that result in diverse environmental and epidemiological effects.
Our findings emphasize the relevance of disease control and ecological conservation techniques in
preserving ecosystem equilibrium.
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1. Introduction

Eco-epidemiology, a subject that combines environmental and epidemiology, investigates how
infectious illnesses interact with and are affected by the environment. Prey-predator models are important
tools in ecological research, with a typical focus on the dynamics of predator populations and prey.
However, adding epidemiological processes into these models introduces new complexity due to disease
dynamics.

This study presents a model that combines prey-predator communications with a susceptible-exposed-
infected-recovered (SEIR) framework to investigate these combined effects. In many ecosystems, prey
species may encounter each other due to a variety of environmental and biological constraints, and when
these species are susceptible to infectious diseases, the movement of the entire system can change
significantly.

The SEIR model is a typical epidemiological framework that categorizes the population into four
groups: susceptible (S), exposed (E), infected (1), and recovered. This model depicts how humans go
through the stages of disease, from susceptibility to exposure, infection, and eventual recovery.
Integrating this paradigm into prey-predator models enables a more accurate description of disease
dynamics within environmental systems.

The aim of this process is to investigate the dynamics of a prey-predator model with limited prey species
expansion, as well as the epidemiological structure of SEIR. We want to know how the transmission of
disease affects population stability and predator-prey communications. Using mathematical and
computational tools, we analyze the model to discover crucial thresholds and parameters that influence
various ecological and epidemiological outcomes.

Our findings help to broaden our understanding of how disease affects ecological systems and provide
suggestions for designing disease management techniques that also protect biodiversity. This study
emphasizes the significance of incorporating both ecological and epidemiological elements when
investigating natural populations and ecosystems.

2. MATHEMATICAL MODEL FORMATION

Consider using the susceptible-exposed-infected-recovered (SEIR) [17] paradigm to discuss the present
pandemic. The SEIR model of disease Propagation [17] is predicated on three significant assumptions.
At every given time t, the population (N) is classified into 4 classes: susceptible (S), exposed (E), infected
(1), and recovered (R).[17]

So, we have

dN () = dS () + dE () +d 1 (t) + dR(})

ds
E—(b—)(SI—aS

%=)(SI—(a+m)E

ar _
E_ mE- (a+ﬁ)1

With initial condition S (0) = S, >0, E (0) = E, >0, 1 (0) =I, >0, R(0) = R, >0 [18]
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To formulate the mathematical model assumption, we make the following assumptions.
x — effective contact rate
¢ — Birth rate of Susceptible
a — mortality rate
m — progression rate exposed to infected
B — recovery rate
S— Susceptible prey
E— Exposed prey
| — Infected prey
R— Recovered predator
3. Positivity and boundedness of solutions
Theorem 1

All factors are non-negative for everyone t >0, the closed region [17]

— 4. (4
Q _{(S,E,I,R)eR t0< N < a}
Is positively invariant for the entire system (2.1) proving from the equation , we obtain [17]

S =¢—xSI—aS=—(xl +a)S

We have
S = S (0)expt (— [, (xI + a)dp) > 0

Now

%=){SI—(a+m)E2—(a+m)E

We have
S(t) = S (0)expt (— fot()(l + a)dp) >0

Now

Z—f=)(51—(a+m)E2—(a+m)E

We have

E(t) = E (0)expt (— fot(a' + m)E dp) >0
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Also,
L=mE-(a+p) = ~(a+p)I
We have
I(t) > I (0)expt (— [ (a + B)Idp) > 0
Also,
== pI-aR
We have
R(t) > R (0)expt (— fota dp) >0
Again
LSt~ p—a(S+E+I+R)
Therefore,
S=¢—aN........ (2.2)

If¢—aN<Othen°;—IZ<0

¢

Therefore, expression (2.2) is limited by;

After that, we obtain S, E, I, and R as positive functional.[18]
Basic reproductive number, disease-free steady state, and pandemic steady state.[18]

The asymptomatic point of equilibrium is locally asymptotically [17] stable. Ry<1 the disease
disappears. The disease-free equilibrium point is unstable when R,>1, i.e. The disease spreads
throughout the population, resulting in a pandemic. Given that the model under consideration is disease-

free, equilibrium [18] at( %,0,0,0), The fundamental reproductive number can be determined
analytically.[18]
The fundamental reproduction number (R,) the particular model can be purchased from the.

Lead eigenvalue of the matrix,[18] where:

m+«a

x¢
- 0 [0
F—[a 0] and V= [,8+a —m

0

Therefore, the reproduction number

Ro=— % (2.3)

T a(m+a)(B+a)
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4. Stability Analyses

To establish the equilibrium positions, put the right-hand side of the equation in the system (2.1) to
zero.[17]

ds _dE _dl _dR_g
dt  dt dt  dt

A system has two equilibrium[19] points: Eo= ( % 0,0, 0) for disease-free equilibrium and E; = (S*, E*,
I*, R") for the Particular pandemic point[17]

Here,

g* = ¢—(a+m)E
a

E* = {a(a+m)(a+B)}(Ro—1)
xm(a+m)

%_ ME

T (@+B)

¢mE
a(a+p)
Equation (2.3) gives R, In the case of an pandemic, E* Exists only at that point

R, is greater than one.
Theorem 1.0.0:
The free of illness equilibrium in the system is locally unsteady if Ro>1 and stable if Ro<1. [17]
Proof:
From the expression (2.1), that we consider.
¢o—xSI—aS=F

xSI — (a + m)E = F,

mE-(a + f)I = F;

Bl —aR = F,

The Jacobian matrix is

—xl —«a 0 —xS 0

= x! —(a+m) xS 0
0 m —(a+p) O

0 0 0 -

At equilibrium point Eo= (%, 0,0,0) the Jacobian matrix becomes
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—a 0 % 0 ]

(E)=| 0 —arm) B0
0 m —(a+p) _aJ
0 0 0

Therefore, its characteristic equation is

—x¢
e 0 = 0
— X 0=
0 (a +m) p 0 =0
0 m —(@+pB) _,
0 0 0

The characteristic roots are -a, —a, —(a + B)and (a + m)(R, — 1).

The typical roots include -, —a, —(a + B), (a + m)(Ry, — 1).
The first 3 roots are negative, while the last one is negative. if Ry < 1 and positive if Ry > 1.
Hence, the equilibrium point EO is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.[17]

Theorem 2.0:

If Ro>1, The state of equilibrium[17] E1 is local asymptotically steady
Proof:

Let evaluate the expression as follows.

¢—xSI—aS=F
xSI — (a + m)E = F,

mE-(a + B)I = F;

Bl —aR = F,
The Jacobian matrix [17] is
—xl —« 0 —xS 0
= xl —(a+m) xS 0
- 0 m —(a+pB) O
0 0 0 -

At the point of equilibrium point E1 = (S*,E*, I*, R*) the Jacobian matrix becomes[17]

—xl * —«a 0 —xS * 0

J(EL) = xI * —(a+m) XS * 0
0 m —(a+p) O

0 0 0 -
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Therefore, its characteristic equation is

—xl *—a—x 0 —xS * 0
xI * —(a+m)—x xS * 0 -0
0 m —(a+pB)—x 0
0 0 0 —-a—x

(on) ((a—x)(x3+ax®*+bx+c) =0
Where,
a=yl*+3a+m+pf
b=(xI"+ 2)2a+m+pB)+ (a+m)(a+p)
c=(xI"+a)xa+m)(a+ ) —afms *
use Routh Hurwitz criterion,[17] the system (2.1) is locally asymptotically steady if a >0, b>0, ab>c.

Thus Ez is a local asymptotically steady point of equilibrium [17].

Theorem 3.0
The free of disease equilibrium of the system (2.1) is globally asymptotically [17] steady if Ro<1.
Proof:
Consider the following linear Lyapunov function:
L= B:E+Bal
Using Lyapunov function derivative (where a dot signifies differentiating regarding time) [17]
L = B,E + B,I

Substitute the equation for E and I for (2.1) we have [17]

= By[xSI — (@ + ME] + Bo[mE — (@ + )] .......... (2.4)

A small change from equation (2.4) to reproduction number (2.3) yields
Bi=am B2=a(a + m) ................(2.5)

Substituting the equation of B1, B, obtained from equation[17] (2.5) has:

%: xSIm— (a+ Ba(a+m) =1

[xSIm—(a+Ba(a+m)] =1

[(0(+,B)a(a+m)] .
(a+B)a(a+m)
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Sinces=2< N ,its follows that [17]

d—iSl[(a+B)a(a+m)]

[& _
(a+P)a(a+m)

xem .
(a+B)a(a+m) 1]

2 < Il(a+ Bala + m)][Ry — 1]

Hence if Ro < 1, then % < 0. According to Lasalle's extension of Lyapunov's principle, if the disease-
free equilibrium point is globally stable asymptotically.[17]

Theorem 4.0:

If Ro is greater than one, then the pandemic equilibrium E is globally stable[17] asymptotically .
Proof:

With model (2.1) and Ro > 1, the pandemic equilibrium [17] E1 model exists.

We look at the following non-linear Lyapunov function [17] of the Goh Volterra type:
V=(S-8*-log =) + (E — E* —log ) + Q(I — I" — log )

Using the Lyapunov derivative [17]

V=(s-)+(E-E)+ (1-1)) .. 26)

Substituting the values of S°, E’, and 1 T17] from (2.1) into (2.4) yields
s*(@—xSI-as) E*(xSI-(a+m)E

V= (¢—xSI—aS ————+(xSI — (@ + ME ——— + Q((mE — (a + B)I —
*(mE—(a+p)I

PR 2.7)

At the constant state form equation (2.1) we have:

¢=xST"—as"..........(2.8)

Substituting equations[17] (2.8) into (2.7)

«  xSI—aS—-S*(xS*I*—aS*—xSI-aSs)
S

E*()(SI—(a+m)E)

+((xSI — (¢ + m)E — -

V=(xs"I"—as +

(ME-(a+p) -1+ (=) (2.9)

Further simplification gives:

E*(xSI-(a+m)E
E

V= ()(S*I* _ aS* — q§ — S@SITmasTxS17as) ) +Q(m E-(a +

S
mE—(a+p)I

B =15 (=20 e (2210)

)+ ((—((a+m)E -
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Gathering all infected classes[17] without a single star (*) from (2.10) and equating to zero:
Sy —(a+m)E)+ Q(mE —(a+m)I=0............ (2.11)

A small change of steady state [17] from (2.1) and (2.9) resulted into

_ s'x _I's'y _ (atp)I"
Qg (@+my=—]F K="—r— (2.12)

Substituting [17] the expression from (2.12) into (2.10) gives

S*(xS*I'+as*—as) + ((E*)(SI
E

S +I"S*y) +

V=(sT"+as"—aS—

(CESEX o S ) e, (2.13)

IE*

Lastly, since the arithmetic mean[17] is higher than the geometric mean, we obtain

S S*
(2=-2)<0

Therefore, V < 0 for Ry > 1.

Therefore, V is a Lyapunov function by Lasalle’s Invariance principle, and the pandemic equilibrium
E; is globally stable asymptotically .

5. Numerical stimulation

In this phase, we have completed the numerical answers, they are just as vital as the analytical
findings, to verify them. We provide simulations of possible solutions to the system's nonlinear
differential equation.

To begin, define the system parameters as p; =(¢ = 0.1, m = 0.02,8 = 0.01,« = 0.03, y = 0.05.
Then the beginning condition Satisfied S(0)= 0, E(0)=0, 1(0) =0, R(0)=0 is a susceptible prey population
with a periodic point of one.

) If we take the system parameter as p;. Then the initial condition satisfied S(0)= 0, E(0)=0,
1(0) = 1, R(0)=0 is the infected prey population (see figure 1).

i) Assume the system's parameter is p,. Then the starting condition satisfied S(0)= 0, E(0)=1,
1(0)=0, and R(0)=0 is the exposed prey population (see figure 2)

i) Assume the system's parameter is p,. The starting condition satisfied S(0)=1, E(0)=0,
1(0)=0, R(0)=0 is the susceptible prey population (see figure 3)

iv) Assume the system's parameter is p;. The starting condition satisfied S(0)= 0, E(0)=0, 1(0)
=0, R(0)=1) is the recovered predator population (see figure 4)

V) Assume the system's parameter is p,. The starting condition satisfied S(0)= 0, E(0)=0, 1(0)
=0, R(0)=0.5) is the recovered predator population at periodic.(see figure 5)

vi) Assume the system's parameter is p,. The starting condition satisfied S(0)= 0, E(0)=0, 1(0)
= 0.5, R(0)=0) is the infected prey population at periodic (see figure 6,7,8)

vii)  Assume the system's parameter is p;. The starting condition satisfied S(0)= 0, E(0)=0.5, 1(0)
=0, R(0)=0) is exposed prey population at periodic (see figure 9)

viii)  Assume the system's parameter is p;. The starting condition satisfied S(0)= 0.5, E(0)=0, 1(0)
=0, R(0)=0) is the Susceptible prey population at periodic (see figure 10)
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iX) Assume the system's parameter is p,. The starting condition satisfied S(0)= 5, E(0)=0, 1(0)
=5, R(0)=0)[19] is the susceptible and infected prey population (see figure 11)

X) Assume the system's parameter is p,. The starting condition satisfied S(0)=5, E(0)=5, 1(0)
=0, R(0)=0) [19]is the susceptible and exposed prey population (see figure 12)

Xi) Assume the system's parameter is p,. The starting condition satisfied S(0)= 5, E(0)=5, 1(0)
=0, R(0)=0)[19] is the susceptible prey and recovered predator population (see figure 13)

xii)  Assume the system's parameter is p;. The starting condition satisfied S(0)= 0, E(0)=5, 1(0)
=0, R(0)=5)[19] is the Exposed prey and recovered predator population (see figure 14)

xiii)  Assume the system's parameter is p,. The starting condition satisfied S(0)= 0, E(0)=0, 1(0)
=2, R(0)=1)[19] is the Infected prey and recovered predator population (see figure 15)

xiv)  Assume the system's parameter is p;. The starting condition satisfied S(0)= 1, E(0)=0, 1(0)
=0, R(0)=0.5)[19] are the susceptible prey and recovered predator population (see figure
16)

6. Conclusion

The SEIR (Susceptible, Exposed, Infectious, and Recovered) model is an important epidemiological
tool for analyzing infectious disease dynamics. Here are some crucial considerations to consider when
concluding from the SEIR model. The SEIR model efficiently reflects the evolution of infectious diseases
by including an exposed stage, which is critical for infections that require an incubation period. This makes
it more realistic than simpler models like the SIR (susceptible, infectious, recovered) model. The SEIR
model, which simulates the transmission of an infection over time, aids in the prediction of future
outbreaks and the impact of interventions. It offers vital insights into public health planning and response
tactics. The paradigm emphasizes the value of early detection and intervention.

Model simulations show that measures like quarantine, vaccination, and social separation can have a
significant impact on the course of an pandemic. The SEIR model accuracy is strongly dependent on
parameter estimates such as transmission rate, incubation period, and recovery rate. Small adjustments
to these parameters can provide different results, emphasizing the importance of exact data. While the
SEIR model provides a solid framework, it assumes population homogeneity and constant parameters,
which may not accurately reflect real-world complexities. Model extensions, such as age-structured or
spatial models, can help to overcome these restrictions. The SEIR model is a crucial epidemiological
tool that helps us understand infectious illness patterns. Its ability to model diverse scenarios and inform
public health decisions makes it crucial, but ongoing refinement and correct parameter estimation are
required for maximum performance.
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7. Figures
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Figure 1 The Infected prey population
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Figure 3 The susceptible prey population
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Interaction of recovered prey
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Figure 4 The Recovered predator population
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Figure 5 Infected prey at periodic
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Figure 6 Exposed prey at periodic
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Predator-Prey Model with Periodic Prey Growth Rate
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Figure 7 Susceptible prey at periodic

Interaction of both prey of the susceptible prey, Exposed prey and Infected prey population
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Figure 8 The communication of Susceptible prey and Infected Prey population
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Figure 9 The communication of Susceptible prey, Exposed Prey and  Infected Prey population
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Figure 10 The communication of Susceptible predator and recovered Predator population

Interaction of susceptible predator and Recovered population
800 T T
— suscapiible pradator
n recovared
|
|
00 ,
'\
g \
2 400 \
a
&

“l \

20 30 40
Time

50

Figure 11 The communication of Susceptible prey and recovered predator population
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Figure 12 The communication of Exposed prey and recovered predator population
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Figure 13 The communication of Infected prey and recovered predator population
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Figure 14 The communication of infected prey and recovered predator population
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Figure 15 The communication of Exposed prey and recovered predator population
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Figure 16 The communication of susceptible prey and recovered predator population

8. Acknowledgement

I am also deeply appreciative of my colleagues and friends who provided assistance,
feedback, and motivation during this journey. A special thanks to [any specific individuals or groups,
such as laboratory staff, family members, or friends] for their continuous encouragement and belief in
my work.

9.Conflict of Interest
The author declares that there is no conflict of interest regarding the publication of this paper.

10. References

[1] Anderson, R. M., & May, R. M. (1991). Infectious Diseases of Humans: Dynamics and
Control. Oxford University Press

[2] Murray, J. D. (2002). Mathematical Biology: I. An Introduction. Springer.
[3] Kot, M. (2001). Elements of Mathematical Ecology. Cambridge University Press

[4] Hethcote, H. W. (2000). The Mathematics of Infectious Diseases. SIAM Review, 42(4), 599-
653.

[5] Greenhalgh, D. (1990). Models of Infectious Diseases in Continuous and Discrete Time.
Journal of Mathematical Biology, 30(6), 721-734.

[6] Venturino, E. (1994). Pandemics in Predator-Prey Models: Disease in the Prey. IMA Journal
of Mathematics Applied in Medicine and Biology, 11(3), 185-200.

[7] Shuai, Z., & van den Driessche, P. (2011). Global Stability of Infectious Disease Models
Using Lyapunov Functions. SIAM Journal on Applied Mathematics, 73(4), 1513-1532.

[8] Akman, O. (2003). Eco-Epidemiological Models and their Analysis., University of Ottawa

[9] Yang Q., Mao X. Extinction and recurrence of multi-group SEIR pandemic models with

stochastic perturbations. Non-linear Anal. R. World Appl. 2013;14(3):1434-1456.

[10] Krishna Panda Das, A mathematical study of Predator-Prey dynamics with a disease in
predator. International scholarly research network ID 807486(2011),1-16

[11] S. Vijaya, E. Rekha, Prey {predator three species model using predator harvesting Holling
type II functional, Biophysical Reviews and Letters, (2016)1187-104.

IJCRT2509495 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | e315


http://www.ijcrt.org/

www.ijcrt.org © 2025 IJCRT | Volume 13, Issue 9 September 2025 | ISSN: 2320-2882

[12] S. Vijaya, J. Jayamal Singh, E. Rekha, Eco-epidemiological prey-predator model for limited
growth prey species and susceptible-infected species, International Journal of Advances in
Mathematics, (2018),2, 17-41.

[13] S. Vijaya, J. Jayamal Singh, E. Rekha, Eco-epidemiological prey-predator model for
susceptible {infected species, Bangmod International Journal of Mathematics Computational
Science, ( 2017),3, 72-95

[14] S. Vijaya, J. Jayamal Singh, E. Rekha, Eco-epidemiological prey-predator model for
Susceptible- Infected-Recovered species, Int. Jr of Mathematical Sciences and Applications,
(2018),8(1), 219-239.

[15] S. Vijaya, J. Jayamal Singh, E. Rekha, Nonlinear dynamics of a prey-predator model using
precise and imprecise harvesting phenomena with biological parameters, Biophysical Reviews and
Letters, (2017),12, 1-30

[16] S. Vijaya, J. Jayamal Singh, E. Rekha, Mathematical modeling of a prey-predator model
with prey allee effect and predator harvesting, Bangmod International Journal of Mathematics
Computational Science, (2016),2, 58-74.

[17] Study of SEIR epidemic model and scenario analysis of COVID-19 pandemic,
www.ncbi.nlm.nih.gov,2021

[18] Subrata Paul, Animesh Mahata, Uttam Ghosh, Banamali Roy. "Study of SEIR epidemic
model and scenario analysis of COVID-19 pandemic",Ecological Genetics and Genomics, 2021

[19] Ranjit Kumar Upadhyay, Satteluri R. K.Iyengar. "Spatial Dynamics and Pattern Formation
in Biological Populations", CRC Press, 2021

IJCRT2509495 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | e316


http://www.ijcrt.org/
http://www.ncbi.nlm.nih.gov,2021/

