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Abstract

This study develops and analyses a nonlinear mathematical model describing the interaction between two
prey species and a common predator within a fisheries management framework under the influence of
harvesting. The model incorporates logistic growth for prey populations, predator—prey interaction terms,
and constant harvesting rates for each species. Local stability analysis-is conducted using the Jacobian
matrix method at various equilibrium points, while global stability is established via appropriate Routh-
Hurwitz stability. The biological feasibility and boundedness of solutions are discussed, ensuring
ecological realism. Numerical simulations are presented to illustrate the influence of harvesting rates on
population dynamics, demonstrating scenarios of coexistence, predator extinction, and prey dominance.
The results provide theoretical insight into sustainable harvesting strategies in multi-species fisheries
systems.
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1. Introduction

Fisheries play a crucial role in global food security, livelihoods, and economic development, yet
overexploitation and poor management have led to the depletion of many marine and freshwater species.
Effective fisheries management requires a comprehensive understanding of species interactions,
environmental constraints, and human exploitation. Mathematical modelling provides a valuable
framework for exploring these complex interactions and predicting the outcomes of various management
strategies.

Predator—prey models have long been used to study ecological systems, beginning with the classical Lotka—
Volterra framework. Over the years, these models have been extended to incorporate more realistic
ecological features such as multiple prey species, competition, disease, harvesting, and environmental
fluctuations. In particular, multi-species fisheries systems often involve the interaction of multiple prey
species and a shared predator, making the two-prey—one-predator configuration an ecologically relevant
and mathematically rich case for study.

An example of such a fishing population interaction model can be found in Vembanad Lake, the largest
lake in the state of Kerala, India, known for its diverse fish populations and vital role in supporting the
livelihoods of thousands of fisherfolk. Among its commercially significant species is the Pearl Spot
(Etroplus suratensis) and Mullets, a native cichlid highly valued for its taste and nutritional quality. This
species coexists with other prey fish and is preyed upon by larger predatory fish such as Barramundi (Lates
calcarifer). Due to high market demand, the Pearl Spot has been subjected to intensive harvesting, raising
concerns about population decline, predator-prey imbalances, and the sustainability of the lake’s fisheries.

The interaction between predator prey populations in fish populations where pearl spot and Mullet fish as
prey and Barramundi fish as predator formed in mathematical modeling understanding the dynamics from
harvesting fish and obtain income of fisherman and taking into ecological aspects in maintaining the
ecosystem, ecological aspects refer to the various ways in which living organisms interact with their
environment and with each other. Mathematical Model is suitable for this paper predator prey model with
pearl spot fish as prey and Barramundi fish as predator that follows logistic growth rate model. V. Volterra
in 1926 and also known as the Lotka-Volterra model which describes interactions between predator
populations or competitive interactions between populations. The Leslie-Gower predator—prey model is a
modification of the classical Lotka—Volterra system where predator growth depends on the ratio of prey to
predators, representing the idea that predator growth is limited not only by prey availability but also by
intraspecific competition among predators.

Harvesting is an important component in fisheries models, as it directly impacts population sizes and alters
the dynamics of species interactions. The inclusion of harvesting in mathematical models enables the
assessment of sustainable yield, extinction risk, and long-term stability of fish populations. Understanding
how different harvesting strategies affect the stability of ecological equilibria can guide policymakers and
fisheries managers in designing effective conservation and exploitation policies.

The predator—prey model considered in this study is based on the logistic growth assumption and
incorporates harvesting in a two prey one predator population system. The modelling process begins with
determining the equilibrium points, followed by a stability analysis of these points to examine the system’s
behaviour over time. Numerical simulations are performed using Matlab software to illustrate the
theoretical results. The simulations are conducted under the assumption that all three populations two prey
and one predator possess economic value and contribute to the income of local fishing communities. The
goal is to ensure that these populations can coexist, maintain ecological sustainability, and remain stable
despite continuous harvesting pressure. Based on the description, the purpose of this study is to analyze the
stability of the predator prey models in fishery populations and harvesting in all the multi species predator
prey populations.
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2. Predator prey Mathematical Model

The results indicate that the fishery predator—prey model for the populations A, C, G uses a logistic equation
for the prey and predator. Harvesting occurs in both predator and prey populations, with parameters h;
(i=1,2 ,3) representing the harvesting effort on each population. Following we assume additional predator—
prey interactions with Holling Type II functional response as equation

L=ra(1-%) -5 vA-q4

dt k) 1+h.A

ac _ S N 1o
Frinkid (1 k) 1+hyC V2C—qC
dc

%8 = —JG + 8AG + 6CG + ds — VG

Where,

A— pearl spot fish as prey
C— Mullet fish as prey
G- Barramundi fish as predator
a, a, — Attack rate for prey and predator
V1, V5, Vs = Conversion coefficient of harvesting effort
J— natural death rate in predator
g— natural death rate in prey
6 — Interaction between prey(pearl spot and Mullets fish) and
Predator(Barramundi fish)
ds— Conversion rate s with positive parameter
k— carrying capacity
r = Intrinsic growth rate

3. Positiveness and Boundedness of the system

In this phase, we seek to establish the requirements for obtaining both a positive and bounded
solution of the system.

aa _ BN G14G RS
Fraakis (1 k) 1+h, A Vid —qA
Where
A AG
0(4,6) = rA(1-%) - VA - qA

By integrating the area [0, t], we obtain
At)= AQ) exp[ ¢(4,6)dt >0V as A0)=0

Second set of equation becomes’

ac _ _E\_mC6 o~
at rC(l k) 14+h,C Vo€ —qC

Where

$(C.6)= rC(1-5) - 2= —y,c—qC

1+h,C
By integrating the area [0, t], we obtain

C(t)= C(0) exp[ ¢(C, G)dt > 0 V¥ as C(0)= 0
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Third set of equation becomes’

Z—fz —JG + 8AG + 6CG + ds — V3G

Where
Y(A,C,G) = —]JG+ 5AG + 6CG +ds — V3G
By integrating the area [0, t], we obtain

G(t)= G(0) exp[ ¥(4,C,G)dt > 0V as G(0)= 0

As a result, to conclude that system solutions are always positive.

Proposition 1

It follows that in the positive octant domain R3 = {A(t), C(t),G(t)eR3: A > 0,C = 0,G > 0}for all
solution of system are bounded.

Theorem 4.1:
Both preys are always bounded above when A > 0; and C > 0.
Proof:
If A (0) =0, the outcomes is straightforward. If w (0)>0, then w (t)>0 for all t by adding equation
(2.2).
dw A dx C

We get Z<ra(1-3) Z<rc(1-9)

tl_im supA(t) <k

tl_im supA(t) <k
Theorem 4.2:

predator are bounded above.

Proof:
If G(0) =0 The outcomes are evident.

We obtained the equation. (2.1)

€ <0 if £ <0
dt v

J+vs

Theorem 4.3:
The system of the equation (2.1) has bounded trajectories

Proof:

We differentiate with respect to t, we obtain

dH(t) _ dA(t) , dC(t) |, dG(b)
at dt dt dt

dH(t) A c
O =ra(1-2)+7rC(1-5) = JG = Vs6w + pA +pC +pG + (p + 1A +
rc?

2
(p+7)C++(p ] = V3)G — - ==

Where p is a positive constant for
p > Jor p>Viorp(J +V3)given € > 0 there exists to such that t ont > t,

m=min{((p+ 1)+ (p+7)+ (p—)+(p — V3)}
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d —(t— l —p(t—
hence E(lept) < (m+€)ePt L(t) < L(ty)e Pl-to)+ (%) (1 — e=PE=to))
Lett— 0, then letting e — 0
gl_)rg supL(t) < >
4. Equilibrium points
The steady-state equations define the parametric model's a state of equilibrium point (2.1).

dH _dA _dC _ dG _

dt_dt_dt_dt_o
1) Trivial Equilibrium point
(A=0,C=0,G=0)
2) Mullet fish prey free and Barramundi fish predator free equilibrium points
( A=k, C=0, G=0)
3) Pearl spot fish and Mullet fish prey free equilibrium point
( A=0, C=0, G= ]jf; )
3
4) Mullet fish prey free and Barramundi fish predator free equilibrium point
(A= k(1-2222) ,C = 0,6 = 0)
5) Pearl spot fish prey free and Barramundi fish predator free equilibrium point
(A=0,C= k(1- 2% G = 0)
6) Non trivial equilibrium point
_ J—ds+Vzds _ J+Vzds _ s ds
A= 5o € T sgarm 996 =5
The resultant system of equation (2.1) is the Jacobian matrix provided by V
aA
[T 0O —m]
J: _ a,C
0 Tz 1+h2C‘
GRS T .
Where,
_ _ ﬁ _ (1+h1A)alG—a1AG(1+h1) _ _
_ _ E _ (1+h,C)a,G—a,CG(1+hy) _ N
Tz =7 (1 K) (1+h;0)? 2—4q

T33:_]+5A+SC+dS_V3

5. Stability analysis
Theorem 5.1
Given the nonlinear differential equation(2.1) of the system, therefore the equilibrium
point is (0,0,0) is locally asymptotically stable.

Proof;
The Jacobian matrix is

r—Vi—q 0 0
J = 0 r—V,—q 0
0 0 -] +ds—V;

Where,
IJCRT2508426 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | d734



http://www.ijcrt.org/

www.ijcrt.org © 2025 IJCRT | Volume 13, Issue 8 August 2025 | ISSN: 2320-2882

A= V1 + q
B=V, +q
The eigenvalues are ; =r—A >0, if A>r1, A, =r—B>0,ifB>r, A3 = -] +ds—V; > 0are

locally asymptotically stable.

Theorem 5.2
Given the nonlinear differential equation(2.1) of the system, therefore the equilibrium
point is (K,0,0) is locally asymptotically stable.

Proof:
The Jacobian matrix is

k
r—Vi—q 0 — ke
Ja = 0 r—V,—q 0
0 0 —J +ds—V;,
Where,
A:V2+q

The eigenvaluesare Ay = —r—V; —q > 0,4, =r—B>0,ifB>r, A3 = -] +ds—V; > 0are
locally asymptotically stable.

Theorem 5.3
Given the nonlinear differential equation(2.1) of the system, therefore the equilibrium

point is (0,0,]‘j—;) is locally asymptotically stable.
3

Proof:
The Jacobian matrix is

r—Vi—q 0 0
s = 0 r—V,—q 0
3 =
éds dds _] +idsan V3
J+V3 J+V3
Where,
A=V, +q
B=V, +q¢q

The eigenvaluesare A; =r—A > 0,if A>r, 1, =r—B>0,ifB>r, A3 = -] +ds —V; > 0 are
locally asymptotically stable.

Theorem 5.4
Given the nonlinear differential equation(2.1) of the system, therefore the equilibrium

point is (k(1— %) ,0,0) is locally asymptotically stable.
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Proof:
The Jacobian matrix is

[ ~auk(1-77) ]

~ a8 0 <1+h1k(1—%)) |
Ja=Yo r_v,—g 0

l 0 0 —J+ 6k( V1+qA) +ds — V3J

Where,

” (L, (1- D200 2 —Vi—q

A= <1 —2(1-2) - N ) St G 1+qA)G(1+h1)> +Vi+q

Z (1)

Ty =7 <1 _ 9 (1 _ V1+qA) B (1+h1k(1—V1T‘X’A))a16—a1k( 1+qA)G(1+h1))

B=V,+¢q

The eigenvaluesare A, =r — A > 0,if A>r, A, =r—B >0, if B>r, A; = —] + 6k (1 — VlrLAqA) +
ds — V3 > 0 are locally asymptotically stable.

Theorem 5.5
Given the nonlinear differential equation(2.1) of the system, therefore the equilibrium

point is (0,k(1— V2+qc) ,0) is locally asymptotically stable.

Proof:
The Jacobian matrix is

r—n—q 0 0
~ask(1-275) ]
Js = ) T2 <1+h1k(1—V2;CqC))
0 0 —]+6k( V2+qc)+ds—V3

Where,

rc (1+h2( V2+qC))2

VoracC 1+h2k(1—V2r+qC) a,G- azk(l— 2+qC)G(1+h2)
B=r (1 —2 (1 B Z:Cq ) B ( E1+r)12( ), tV2+q

T,, =71 (1 -2 (1 — V2+qc) _ (1+h2k(1_vzr+cqc))a26 aZk(l_V2+qC)G(1+h2)> -V, —q

A=V, +q

- vrac) |

The eigenvaluesare ; =r—A > 0 ,if A>r, A, =r—B > 0,ifb>r, A3 = —] + 6k (1
ds — V3 > 0 are locally asymptotically stable
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Theorem 5.6

Given the nonlinear differential equation(2.1) of the system, therefore the
equilibrium point is (ZEXBE  JHds g 49

d P 8J+Vs) " 8(+V3) "J+Vs

is locally asymptotically stable.

Proof:
The Jacobian matrix is

T,y Tz Tis
]6 = T21 Tzz T23
T31 T3y Tsg

Where,

T .= <1 _ 2%) _ (1+h1]—6l3:53)ds)a1(]f;3)_al(]—dS+V3ds)( ds )(1+h1)
11 —

5(J+V3) /\J+V3 -V, -
K J—ds+V3ds,, 1 q
A+ha 5 gavsy )
_ (]—ds+V3ds)
Ty = N 8U+V3) )
13 — J—ds+V3ds
(1+h1 5(J+V3) )

§(J+V3) JtV3
K

]+V3dS_ 2 2
(1+h25(]+V3) dS)

il — (1 - é&iﬁ,ﬁé—ds) B (1+h2§Z]‘:-3V6§S) ds)az(]f;S)_az(Hvsds ds)( ds )(1+h2)
2

_a2(1+V3ds_dS)

T23 _ §(J+V3)
i J+V3ds
(1+h25(]+3vg)_d5)
ds
T31 ir. 6(]+V3)
ds
T3 = 863

_ J—ds+V3ds J+V3ds _
Tz =~/ 5( 8(+Vs) ) S (5(]+V3)) +ds =V

J—ds+V3ds J—ds+V3ds ds J—ds+V3ds ds
v —— 1+h1 aq —aq (1+h1)

. 5 5 5

The eigenvalues are 1, = r (1 - UK+ rs) > _{ G ) (]+V3])—ds+$/3d(s]zvs) i) -
A+ 5wy )
J+V3ds J+V3ds ds J+V3ds ds
Viea>0 4 =7[1— sy ¥ _(1+h28(]+V3)_ds)a2(]+V3)_a2(8(]+V3) ds)(1+v3)(1+h2)_ _
14 A2 =T K L Vads 2
AthasGavy 99

_ J—ds+V3ds J+V3ds _
q>0,1;=—] + 5(—50%) ) 5(—50%)) +ds—Vy>0

The characteristic equation is A1(1) = B1A% + B242 + B3d + By
Bl = 1 > O

B, = —(Ty; + Ty + T33)>0
B; = —(= Ty11Top — T11T33 + T12To1 + Ty3T3q — Ta3T3; + T2, T33)>0

B4 = T11T22T33 + T11T23T32 + T12T21T33 - T12T23T31 - T13T21T32 + T13T22T31)>0

By Routh Hurwitz’s criterion, all the eigenvalues of Js have negative real parts if
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i) B; >0
i) By>0
1) B1B2B3>B3?*+ B1?B4

the system (2.1) is locally asymptotically stable.

6. Numerical solution
The value of parameter K=100,r=2.5,r=2.6, § = 0.8,d = 0.7, S = 0,6 we assume from the
fisheries management in harvesting effort.

First simulation as h= 0.2. With this set of parameter values the equilibria are
(3.7568,0.7654,3,9863) from the pearl spot fish prey population (Figure 1).

Second simulation as h= 0.2. With this set of parameter values the equilibria are
(2.7532,0.08654,0.2863) from the Mullet fish prey population (Figure 2).

Third simulation as h= 0.2. With this set of parameter values the equilibria are
(1.2569,0.0432,0.3663) from the Barramundi fish predator population (Figure 3).

Fourth stimulation as h=0.2 with this set of parameter values the equilibria are
(0.8976,0.2365.0.5612) from two prey and one predator population(Figure 4).

The following figure shows the solution curves for the prey predator population in fisheries
management.

7. Conclusion

This study demonstrates the value of mathematical modelling in managing multi-species
fisheries. Using a two-prey—one-predator model with logistic growth and harvesting, we showed
how fishing pressure affects both ecological stability and economic outcomes. The Vembanad Lake
case highlights the practical importance of balancing harvesting to ensure species coexistence,
biodiversity conservation, and fisherfolk livelihoods. The case of Vembanad Lake, with Pearl Spot
and Mullets as prey species and Barramundi as a predator, illustrates the real-world relevance of
such models. Incorporating harvesting into the mathematical framework allows us to assess the
impact of fishing intensity on long-term population persistence and income generation. Numerical
simulations confirm that balanced harvesting strategies are critical to maintaining biodiversity,
preventing extinction, and ensuring stable population dynamics.Overall, the model provides useful
insights for sustainable fisheries management, with potential extensions to include environmental
variability and market influences.
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The dynamics of trajectories of pearl spot fish prey population (P)
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Figure 1 shows the dynamics of trajectories of solution curve in pearl spot fish prey population

The dynamics of trajectories of Mulists fish prey popuiation (M)

Bt

Figure 2 shows the dynamics of trajectories of solution curve in Mullet fish prey population

The dynamios of trajectorles of Barramundi fish predator population (B)
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Figure 3 shows the dynamics of trajectories of solution curve in Barramundi fish predator population
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Two-Prey One-Predater Dynamics: Solution Curves

Population

Figure 4 shows Two prey (pearl spot, Mullet fish ) and one predator(Barramundi fish) dynamics of
trajectories of solution curve
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