www.ijcrt.org © 2024 IJCRT | Volume 12, Issue 4 April 2024 | ISSN: 2320-2882

IJCRT.ORG ISSN : 2320-2882

éﬁ INTERNATIONAL JOURNAL OF CREATIVE

RESEARCH THOUGHTS (1JCRT)
o

An International Open Access, Peer-reviewed, Refereed Journal

On Statistical Euler Summability Methods For
Sequences Of Fuzzy Numbers And Its Applications To
Fuzzy Korovkin’s Theory

Tejaswini Pradhan?, Siddhi Jain?

L2Department of Mathematics, Kalinga University, Kotni, Naya Raipur, Chhattisgarh - 492101, India

Abstract

Many scholars today are deeply interested in the concept of statistical convergence, primarily because it is
stronger than regular convergence. A key concept in the convergence of positive linear operator sequences is
the Korovkin-type approximation theorem. Additionally, this class of approximation theorems has been
expanded to general sequence spaces using other statistical summability techniques. In this proposed research,
we have proved a fuzzy Korovkin-type approximation theorem by introducing a new statistical Euler product
summability mean for sequences of fuzzy integers. Additionally, under our suggested summability mean, we
have proved another conclusion for the fuzzy rate of convergence, which is uniform in fuzzy Korovkin-type

approximation theorem.
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1 Overview and Preliminary

The majority of a sequence’s elements must be within an arbitrary small radius of the limit, according to the
theory of convergence, which applies to both classical and fuzzy techniques. Yet, since statistics deals with big
numbers, such as populations and samples, this need is somewhat loosened in statistical convergence.
Furthermore, the requirement of convergence need only be met by the majority of the sequence’s members.
Fast [14] introduced and investigated statistical convergence for the first time in 1951.1t was then investigated
by Fridy [15], Steinhaus [34], and Conner [11]. Eventually, a number of scholars employed various
summability strategies while working in this topic. Furthermore, a variety of mathematical fields including
number theory, approximation theory, integration, differential equations, Fourier analysis, and functional

analysis, rely heavily on statistical convergence and summability.

LetK € Nandk, = {k: k < mand k € K}, the natural (asymptotic) density of K is defined as
S(K) = limy, 2!

as long as the restriction is real.

For every € > 0, asequence u = (uy) is statistically convergent to w.
{k:k € Nand |lu, —ug| =€}

possesses zero natural density. In other words, for any € > 0.

6(k: k < mand|u, —ug| =€) = 0.

The fuzzy set theory has spread to almost every field of science and technology, including management and
medical, and it has developed into a flexible multidisciplinary research field. Zedah [38] introduced and
explored fuzzy sets for the first time. As such, numerous writers have created various facets of the Applications
of fuzzy sets include fuzzy topological spaces, fuzzy differential equations, fuzzy graph theory, fuzzy logic,
fuzzy mathematical programming, and more. For sequences with fuzzy numbers valued, a number of
summability strategies have been defined.2010 saw the definition of Cesaro summability of order one for
sequences of fuzzy real numbers by Altin et al. [2]. More recently, Yavuz [37] established Euler's summability
method of sequences of fuzzy numbers, and Talo and Bal [35] established statistical summability (N, P) for
sequences of fuzzy numbers. To further our investigation in this area, we introduced statistical versions of the
Euler summability mean for sequences of fuzzy numbers. Specifically, we used the statistical (E, gq) product
summablity mean for sequences of fuzzy numbers to derive a fuzzy approximation theorem (Korovkin -type)
based on fuzzy linear operators (positive).  Furthermore, by defining the fuzzy rate of convergence using our

suggested mean, we have also arrived to another conclusion.
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Starting from the beginning, we will cover the fundamentals of fuzzy numbers, including their linear structure

and algebraic features.

On the real axis R, a fuzzy set is called a fuzzy real number. The fuzzy number %: R — [0, 1] is a mapping

that meets the following requirements:

(i) @ is regular if there isa t, € R such that @i(ty) = 1;
(i) If i(fty + (1 — B)t;) = min{ty, ty} for any ty, t; € R and any S € [0, 1], then \u is upper semi-

continuous on R and fuzzy convex;

(iii) In the standard topology of R, support is compact, as supp [&i] = {t € R: (t) = 0}, and it is the closure
of {t € R:ii(t) = 0}.

First, let 7. represent the set of all fuzzy numbers on R. It is defined that the a-level set [&i]f € F

- {t e R:1i(t) = }if (0 < p < 1}
@15 _{ {t € R:4i(t) > BLif (B = 0).

It should be noted that the aforementioned set is closed, bounded, and nonempty for any o, where 0 < f <
1 and [@i]A € [ii]a, where 0 < B < A < 1. Furthermore, [@]f = [ti-B, U+ L ]istrue (i—pf < U+
aand ii — 3,71+ [ € R).Put another way, the end points of the interval determine a fuzzy number i in its
entirety.

This lemma can be used to express a fuzzy integer in terms of an interval of R.

Lemma 1. (Referto [25]) If [#]8 = [ —pB,ii+ B Jand @i € Fy, inthat case

(i) Over (0,1],% — B is a left continuous function that increases monotonically;

(if) Over (0,1],% + B is a right continuous function that increases monotonically;

(i) i — B and @ + B are right continuous at § = 0;

(iVi—a <ili+a

Let [iig, 5] and [T,73] (0 < B < 1) represent fiand U € Z, respectively. Next, the following
represents the scalar addition and multiplication on the fuzzy number set:
[+ §lp = [@lg + [Plp = [Tg + 705,05 + 05 ]

[kiiz, ki, k = 0;

[kﬂ]ﬁ = k[a]ﬂ = { [kﬁ;;—,kﬁp_]-k < 0.
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D: Fr X Fr — [oo,0) isafunction that determines the Hausdorff distance (refer to [26]) between two

fuzzy numbers.

D(#, 7) = supo<p<1 A([Tlp, [[7]p)
_ ~— ~+ ~— ~+
= SUPosﬁﬂmax{Wﬁ - Ug |:|Uﬁ - Vg 13,
with D being a Hausdorff metric. As we are aware

(i) A full metric space is (%z, D).
(il) D(pti,p V) = |p|D (@ ¥) additionally,

(i) D(@ + W, & + W) = D(@ U, where p € R, i, 7,0 € .

We then review the Hausdorff distance in relation to two functions. The Hausdorff distance, represented by

D*(f, g), between two fuzzy numbered valued functions, f, g: [a, b] — 5, is given by

D*(f,9) = Suposy<1SUPo<p<1MaxX {|f[>’_ — gg |, |fﬁ+ - !7} |}

Well known is the fact that &, can contain the set of all real numbers R. The matching fuzzy number

representation # for every r in R is really provided by

. _(Lift =r;
g {O,ift * 7.
We also review certain definitions related to fuzzy number sequence convergence. Matkola [24] presented the

concept of convergent sequences of fuzzy numbers for the first time.

When everyn € Nand € > 0 for each fuzzy number (%) un, the sequence of fuzzy numbers is said to be
convergent to .

D(iiy, Tiy) < €.

If there is a constant M > 0 such that a sequence of fuzzy numbers (ii,,) is bounded, then
D(ii,, 0) < M (Vn € N).

Nuray and Savas [26] developed the concept of statistical convergence for a sequence of fuzzy integers in
1995.
If for anye > 0, a sequence (i, ) of fuzzy numbers is statistically convergent to a fuzzy number 1i,.

d({k < n: D(ii,Ty) = €}) = 0.
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This is where we write

Stat_a]F limk_m ﬁk = Nﬁo.

If the sequence-to-sequence transformation, under (E, q)-summability, can statistically sum up a fuzzy
sequence (ii;) to a fuzzy number (i),

m
1 z m .
E _ m-—isy.
=0

is approaching i, statistically.

Stated otherwise, ( ;) can be statistically summable to a fuzzy number #%ythrough (E, g). The mean
summability, if

statglim,_., D(tE, @y) = 0.

Here, we write
ug = (E, q) staty_limii;.
Example 1.1. Let (u,,) be the series of fuzzy numbers in such a way that

y+(ED" (DM <y < (D™
Un() ={y+(-D™+3, (-D)"<y< (-1)™
0, otherwise.

Calculating the a-level set of (u,, (X))
[umMlp = B+ D™,3 =B+ (=D™].
Itis evident that (u,,(y))is statistically Euler summable to the fuzzy number but not statistically convergent.

X, 0<x<1;

u(x) = {—x + 3, 1 <x < 2.
0, otherwise.

2 Utilizing Fuzzy Korovkin’s Theory in practice.

When analyzing the convergence of sequences of positive linear operators, Korovkin's type approximation
theory is crucial (both in classical and fuzzy techniques). By using other statistical summability techniques,
these approximation theorems have been expanded to a more general space of sequences (see the recent studies
[12],[13],[27],[29] — [32]. Furthermore, other mathematicians have explored the Korovkin-type theorems
in a variety of ways for fuzzy number sequences using different test functions in a variety of setups in function

spaces, abstract Banach lattices, Banach algebras, and other related spaces. For sequences of fuzzy numbers,
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the classical Korovkin-type theorems are provided in [7]-[10], and [16]. The purpose of this section is to

demonstrate a Korovkin's type approximation theorem for sequences of fuzzy positive linear operators by
introducing a new statistical product (C, 1)(E, ) —summability mean.
The fundamental fuzzy Korovkin theory was presented by Anastassiou [8] in 2005. The statistical fuzzy

Korovkin approximation based on fuzzy positive linear operators was then examined by Anastassiou and
Duman [10] in 2008. In order to demonstrate the Korovkin type theorem, Acar and Mohiuddine [1] proposed
statistical (C,1)(E,1) product summability very recently. Das et al. presented the statistical
(C,1)(E, u) —summability approach in 2020, which they used to demonstrate a fuzzy Korvokin-type
approximation theorem for fuzzy positive linear operator sequences.

Driven primarily by the previously mentioned findings, we have presented the statistical (E, ) —summability
technique to demonstrate a fuzzy Korvokin-style approximation theorem for fuzzy positive linear operator
sequences. Additionally, using our suggested mean, we defined the fuzzy rate of convergence that is uniform
in the Korovkin type theorem and thereby proved another result.

Let f be a fuzzy number valued function such that f : [a,b] = R;. Remember that if D(x,,x,) <e(n -
o) whenever x,, = x,, then f is fuzzy continuous at a point x, € [a, b]. Additionally, f is fuzzy continuous
in [a, b] if it is fuzzy continuous at all points x € [a, b]. C4 [a, b] is the collection of all fuzzy continuous
functions that are defined within the interval [a, b]. It should be noted that C; [a, b] is merely a scalar and not
a vector space. Four Assuming that each u ,u, € Rand f, f, € Cz[a, b] for every operator Z: Cz[a, b] -

Cs [a, b] is fuzzy linear.

L(lul Qfl S My Qfl; X) =1u1®£(f1) S?) H, QL(fZ)

Furthermore, a fuzzy linear operator L is said to be positive fuzzy linear, if it satisfies Z(f;; x) Z(f,; x) such
that f;,f, € Cs[a,b]landforall x € [a,b] with f;(x) f>(x).

Theorem 1. Let {Z,},en be a sequence of linear operators (positive) from C4|[a, b] into itself. Suppose that,

there exists a corresponding sequence {Z,},cy Of positive linear operators from (C[a, b] into itself with the

property

(L, (F: )5 =2 y). (2.1)
Furthermore assuming that,
1 m
m — -
. m-—j . -) — - = | =
statg rlll_r)rgo ||—(1 +ll)mj§0<]' )u Li(ep) — el 0 foreachi= 0,1,2, (2.2)

then for each and every
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f € Cgla,b],

staty | llmD ( ;"0( ) m=IL(f) = f). (2.3)

(1+u)m

Proof. Letz € [a,b],f € [0,1],and f € Cy4|[a,b]. Since f[;—r € Cy[a, b], we may state the hypothesis as
follows: for every € > 0, there is an integer § > 0 such that, for every z € [a, b], meeting the constraint

lz — y| < &1ff (@ — fFf ()| < eholds. Next, we obtain for any z € [a, b],

|f7 @~ fF Q)] <eh+ 2mF E2 (2.4)
Whereas
M[;—r = supD (f(y),0) forally € [a,b].

In light of the operators %, positivity and linearity, we can obtain foreach m € N
T Z( )T, (759) = 5 )
< = 2 (1) e L (15 (@) = F3001:9)
FMp| o= 2o () L (00 ) = eo )

<et(e+Mplaram Lo (T)umIZi(eoiy) = o)l

2M
+52 g ko (7)™ Lz = vyl 25)
Obviously,
! +
i 2o (1) e L (f57) - 5001
2h* M)
Se+ (et Mj+— I rmm 2o (T) L v) — eo))
m
e > ()L ey - o)
SNCEIN AV
ZM —
+ 5t a2 (7)™ Li(ea ) — e ). (2.6)
Whereas
h = max{|a|, |b|}.
Taking
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202M,\ 4hME 2M3
K =maxl{e+|e+ M+ B b b
B 52 FYERAFY

and taking supremum over all y € [a,b], the inequality (2.6) above can be expressed like this

I o (M) e IE (fE ) - fEOI

1

o
<o+ K{ll Sl T ()R e ) — oI

+||m }mo(J) ]L(e1’3’) e (V)|

Higrmm Do (1) L) - eI @)

Currently, by using (2.1), we have
D' (G Zo G T (7)™ £.)
= supyeran® (Grgm 2o (7)™ L(fiv) - fO))
= Supye[a,b]supﬂe[a,b]max{|m ™o (M) e L y) — f7 ),
(1+1¢)m Jmo(l) "L (fﬁ' ) f;(y)|}
= suppeapmax{ll g 210 (7) K Li(f73¥) = f5 DI

e 2o (1) w7 £ (F339) = £, )11 28)
adding (2.7) and (2.8), we have

D (Gomm Zio () H" £ 1)

a+wym

< e+ K{llgmm 2o (1) HmIL (eoi v) = e I

1
o+1

g Do g 2t (7) 0L e ) = ex )]

== 2o (7) "I Ly (e ) - ex M| 29)

1+w

Now, given a "> 0, select such that 0 < & < & and let's define the subsequent sets

E = {06[%1:@"((1_'_;#)m ]Z;(T;l)limfﬁj(f)'f>2£ },

m S (M) T (o0 ) — eIl = E

E = {oeN: ||(1+“)

a2 (r]n) wrILleny) — el = 5 }

E3 = {0 € N: ”W Z;nzo (r;l)ﬂm_jzj(ez;y) - eZ(y)” = 83;8 }

E, = {oeN:|| =

Obviously,
ECE UE, U E (2.10)
and this suggests that
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6(E) € 6(Ey) VU 6(Ey) U S6(E3). (2.11)

The proof is now finished using the hypotheses (2.2) and (2.3).

Example 2. Assume the following for the fuzzy Bernstein-type operators B (f; y)

BL(f; ¥) = fin © Do (Dx*(1 = y)"*of (%),
The sequence of functions considered is f,,(y), where f € C4#[0,1],y € [0,1],m € N. Inthis instance, we
compose
(Bufs 9}, =B (i ¥) = Fn TRl A=) FL(D,
where C[0, 1] containsfy . Furthermore, note that
Biu(foy) = LBin(fuy) = y andBju(f,y) = (v +252).

m

Additionally, we view Z,,: C[0,1] — ([0, 1]] as the positive linear sequence of operators of the following

form:

Ln(fL:y) = 1+ unOy (1+y5) Bl ¥) (f € Clo, 1D, (212)

In addition, Al-Salam already employed a portion of our operator, namely y(1 + y%) [3]. We refer to [33]

and [36] for a few families of operators of this type. After selecting the function sequence u,,(y) as in

example 1, we have
_ d
Enlfoy) = [+ un Oy (1+95) Bnfoi)
= +un Oy (1+y5) 1= 1+ fuOly,
_ d
Eo(fuy) = 1+ w0y (14 v ) Bhi)

=1+ un My (1 t y;_y)

=[1+u, Iy + x),

And

— d d
L) = [+ un Oy (149 ) 0+ v ). B )

d 1—
= [1+ up Iy (1 +yd_y)_(yz +¥)
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— 2 1y, 1
= [1+umI{y? [3y + 2+ - (1 - 2y)]}.

In order for us to have,
statTlimomum m (r}n) u™ I L;(e)) — e;l| = 0 for every 1=0,1,2,

The sequence %,,,(f;y) meets the requirements, in other words (2.2). In light of this, theorem 1 gives us
m
statzlim, D" # Z(m),um_jz-(f) fl1=0.
A+w" S\ !

As such, it is (E, u) — summable statistically. But since(u,,) is not statistically convergent, we deduce that our
Theorem 1 still hold true for the operator defined by (2.12). While the earlier results in [8] and [10] are invalid
for the operators defined by (2.12).
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