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Abstract

Chandel and Sharma [13] have established generating relations, integral representations and recurrence
relations of hypergeometric functions of four variables, Also Majid and Younish [16] have established
certain generating functions of some quadruple hypergeometric series. In the present paper, we shall
derive self generating relations cum Taylor’s series and Maclaurine’s series expansions involving
hyergeometric functions of four variables.
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1 Introduction.

Exton ([4],[6].[7]) introduced twenty one quadruple hypergeometric functions. Sharma and Parihar
([2],[11]) introduced eighty three hypergeometric functions fo four variables but out of which nineteen had
already been included in the conjecture of Exton ([4],[6],[7]) in some different notations (see Remark of
Chandel and Kumar [9]). Also Chandel and Kumar [10] introduced seven more hypergeometric functions

of four variables suggested by hypergeometric
functions of three variables, Ha, Hg, Hc of Srivastava ([2],[3]).

Further, Chandel and Sharma ([12],[13]) introduced and studied following ten hypergeometric
functions of four variables suggested by hypergeometric

functions of three variables Ha, Hs, Hc of Srivastava ([2],[3]).
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Further, Chandel and Sharma ([12],[13]) introduced and studied following ten hypergeometric
functions of four variables suggested by hypergeometric functions of four variables suggested by
hypergeometric function of three
variables Ha, Hs Srivastava ([2],[3]), Ga, Gs of Pandey [1] and Gc of Srivastava [5].

(1.1) Ha®D(a, b, c,d; e, e',e"; x, v, z, 1)

(0]

(@m+n+p(b)m+q(c)p+q(d)nxmyrzrui= Y,

(e)m+p(e)n(e)q m!n! p! q!
mn,p,q,=0

(1.2) He®D(a, b, c, d; e1, ez, 3, e4; x, y, Z, U)

(0]

(@)mAn+q(D)m+p(c)p+q(d)nxmyrzrui= Y,

(el)m(e2)n(e3)p(ed)q m! n! p! q!
mn,p,q,=0

(1.3) Ga“1)(a, b, c, d; e, e’; x, y, z, u)

(Ontp+q—m(b)m+p(In(d)qxmyrzPui= 3

(e)n+p—m(e')q m!n! p! q!
m,n,p,q,=0

(1.4) Ga“2)(a, b, c,d; e, e';x,y, z, u)

(@)nt+p—m(b)m+p+q(c)ntq(d)gxmy™zPud
= v o
(e)n+p—m(e')q m! n!p!q!

mn,p,q,=0

(1.5) Ga“3)(a, b, c,d; e, e'; x,y, z, 1)

(@n+p—m(b)m+p(c)ntq(d)gxmyrzPui= Y,

(e)n+p—m(e')q m! n!p!q!
m,n,p,q,=0

(1.6) Gs“1)(a, b1, b2, b3, ba, ; e,¢e’; x, v, Z, 1)

oo
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(a)n+p—m+q(b1)m(b2)n(b3)p(b4)q xm yn zp uq

= ¥ o
(eyn+p—m m! n! p! q!

mn,p,q,=0

(1.7) Gs©“2)(a, b1, bz, b3, ba, ; e,e’; x, v, Z, 1)

o0
(a)n+p—m(b1)m+q(b2)n(b3)p(b4)q xm yn zp uq
= ¥ -
(e)n+p—m(e')q m!n!p!q!
m,n,p,q,=0

(1.8) Gs“3)(a, b1, bz, b3, ba, ; e,¢e’; x, v, Z, 1)

(00}
(a)n+p—m(b1)n+q(b2)m(b3)p(b4)q xm yn zp uq
= 3 -
(e)n+p—m(e')q m!n!p! q!
mn,p,q,=0

(1.9) Gc19(a, b, ¢, d; e, e’; x, y, z, u)

(@m+p+q(b)mtn(cIn—p(d)qxmy"zPui= 3

(e)n+p—m(e')q m! n! p!q!

mn,p,q,=0

(1.10) Gc2%(a, b, c,d; e, e'; x, y, z, u)

(@mtp+qb)mtp()n—p(d)gxmyrzPui= 3

(e)n+p—m(e')q m! n!p!q!

mn,p,q,=0

Recently Chandel and Sharma [13] have established generating relations, integral representations and
recurrence relations of above hypergeometric functions of four variables. Also Magid and Younish [16]

have established certain generating functions of some quadruple hypergeometric series.

In the present paper, we shall derive self generating relations cum Taylor’s series and

Maclaurine’s series expansions involving above hypergeometric functions of four variables.
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2 Generating Relations.

Consider
N C))
__HAl1(a,b,c, d;e e, e";x,y,zu) dx

(0] (00]
(@m+n+p(b)m+q(c)p+q(d)n xm~1 yr 2z ws = Y ¥
()m+p(eNn(eMq (m—1!n!p!q
m=1n,p,q,=0
(0e]

(@Wm+n+p+1(b)m+q+1(c)p+q(d)nxmynzrui= Y,

(eym+p+1(en(eMq m!n!p!q!

mn,p,q,=0

ab (@+ Dmtnipb + Dmr1(c)p1q(d) ______ nxmynzpuq
= __ X e (e +
Dm+p(eHn(eMgm! n! p! q!

m,n,p,q,=0
Similarly, by induction, we can derive
(2.1) 0_9x»Ha¥D(a, b, c,d; e, €', e";x,y, z,u)
(0 0]
(a)r(b)r (a + rym+n+p(b + rym+q(c)ptq(dn xm yn zp uq = — )
—  __(e)r(eFT)mtp(e)n(eMgm! n! p! q!
mn,p,q,=0

(@r(b)r (4)
(e)rHal (a+ 1, b+1,c,d;e+1,¢e',e";x,v,2z,u)

Therefore further, by making an appeal to Taylor’s series expansion, we establish the following self
generating relations for #4¢41)

(2.2) HA®D(a, b, c, d; e, €', e"; x + t,y, z,u)

(00

(r(b)rtr (4)
=Y = _(e)r!Hal(a+r,b+rcdie+r,e,e";x,y 2z u)

r=0
Applying the same techniques, we derive the following results:

(2.3) Ha®D(a, b, c, d; e, €', e"; x, y + t, z, u)
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(erQObr)rHa(41)(a b,c,d+r;e,e +1,€";x,y,z,u)

(2.4) Ha“1D(a, b, c, d; e, e";x,y z+t,u)

N (@, (),

B (e r

r=0

: ”ﬁ?}(ﬂ'l' r,bct+r,d;e+r,e, e’ xy, zu)
' T

(2.5) Ha“D(a, b, c,d; e, e’,e"; x,y,z,u+t)
=Y (— ' bQer"Qcr)rtrrl Ha(A)(a,b+r,c+r,d;e, e, e" +1;x,y,z u),

(2.6) He“(a, b, c, d; e1, e2,e3,e4; x + t,y, z, u)

(0]
(ar(b)rtr (4)
=) = (er'Hl(a+r1r,b+r,c,d;ei+r1,eze36e4x,, 2,uU),

r=0

(2.7) Hs“D(a, b, c, d; e1, e2, e3,e4; x, y + t, z, u)

=Y(——  _aQer2Qdr)rtrrlHg(41)(a+71,b,c,d +1;e1,e2+T1,€3 €4 x,y, 7, U),
(2.8) Hs*1(a, b, c, d; e1, ez, e3,es;,x,y, Z + t, u)

=Y (—— _aQer3(Qcr)rtrrlHg(41)(a,b+1,c+1,d; e1,e2,e3+1,e4x,y,Z,u),

(29) H®(a, b, c, d; e

51 1,€2,e3,e4X,Y,Z U+ t)
(0]
=»(— _aQerd4(Qcr)rtrrlHe(41)(a+ 1, b,c+1,d; e1,e2,e3,ea+1;x,y, 2z, U),
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r=0

(2.10) Ga“D(a, b, c, d; e, e’; x, vy + t, z, u)
r(c)rGA(41)(a b,c+r,d;e—r,€’;x,y, 2 u),
(e)r

)
(2.11) {'m (a, b, c, d; e x,y,z+tu)

= (a).(b),
:Z%r! GPa+r,b+ redetre;xyzu,

r
r=0
(4]
(2.12) Gy, (a,b,c,d;e,e';x,y,z,u+t)
(0]
=Y(__  _aQer'Qdrnrtrr! Ga(41)(a+r1r,b,c,d+71;e,e +1;x,, z,u),
r=0
(4]
(2.13) G, (a,b,c,d;e,e';x,y+t 2z u)
(00}
=Y(_—__ _aQer(Qcr)rtrr! Ga(42)(a1+ 1, b,c+r,d;e+1,e;5x,v,2z 1),
r=0
(4]
(2.14) €, (a,b,c,d;e e';x,y,z+t,u)
o
=Y (— _aQerOb-)rtrr! Ga(42)(a+r,b+71,c,d;e+1,€’;x,y, z,u),
r=0
- (1)
(2.15) U, (a,b,c,d;e e';x,y,z,u+t)
T =y B)((ec))(d) tr Gag2ya b+ 1 c+ 1, d+ 15 e,
e +rxyzu),
r=0
o (1]
(2.16) G4, (a,b,c,d;e e;x,y+t zu)
(00}
=Y(——  _aQerQcr)rtrrl Ga(43)(a+1,b,c+r,d;e+1,e;5x,y,2,u),
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r=0

(2.17) Ga“3)(a, b, ¢, d; e, e'; x, v,z + t, u)
— r(b)rGA(43)(a b+r,cd;e+re;xy, z,u),
(e)r

- (4]
(2.18) 6, (a,b,c,d;  esxy,zu+t)

e (0,
LT (@) r
r=0

rﬂj:} (a,b,c+r,d+r;e e +71;xy, 2z u),
] r

(2.19) Gg:"l(ﬂ. by, by, bs,

J‘IT"*; e, e;x,y+t zu

=Y (' a)(reQb2)rtrr! Ge(41)(a+ 1, b1, b2+ 1, b3, bs;e +1,¢e"; x,y, 2, 0),

(2.20) Gy (@, by, by, b, by, o o1, Y,z +t,u)

=Y (__ _a)@reQb2)rtrr! Gs(41)(a+ 1, b1, b2+ 1, b3, by; e + 1, €5 x,y, 2, u),

()
(221) Gy, " (@, by, by, by, by, o 1.y 3y 70 4+ 1)

=Y (— " _a)(re(NDbrd)rtrr! Ge(41)(a+ 1, b1, b2, b3, ba+ 158, + 15 %, Y, 7, 1),

(2.22) Gg'(a, by, by, by, b

I
te e, x,y+tzu

=Y (__ __a)@reQb2)rtrr! Gs(41)(a+ 1, b1, b2+ 1, b3, bs;e +1,e’;x,y, 2, 0),

(2.23) Gg,'(a,by, by, by, b

A
te e x,y,z+tu)

(0]

=Y(—— _a)(reQb3)rtrr! Ge(42)(a+ 1, b1, b2, b3+ 71, bs;e+1,e;x,y, 2,0,
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r=0

(2.24) Gp“2)(a, b1, bz, b3, bs; e, e';x,y, z,u + t)

(—— _ bDr(b4)rtr GB(42)(a, b1 + 1, b2, b3, ba+1;e,€" + 15 %, 9, 2, u), (e)r
r!
(4
(2.25) Ge, (a,b,c,d;e e';x+t,y, 2z u)
Z (a).(b ,t" (4) ) b
= ————G. (a+r.b+
r (e), ! @ r,c,d;e+r,e;xy zu),
r=0

(4]
(2.26) G (a,b,c,d;e e;x,y+t,zu)

(br(ortr (4)

— —(E:]r HG“:I (ﬂ.b +.r,.c+

r=0

!
xrdetre;xy zu),

(4)
(227 Ge, (a,b,c, ds e, ' %, 7, 2,u+ ©)

i(a}..(d 48 5
r = W—[GCI I:ﬂ'.+
0

=

r,b,c,d+r;ee +1;x,y, 2 u),

(4
(2.28} n{'z (a, b, C’ d; e, e,; X + t’ y' Z’ u)

(00]

(a)r(b)rtr (4)
=Y  _(e)yr!G2(a+r,b+r,c,de+re;xy zu),

r=0

o ()
(2.29) G, (a,b,c,d;e,e;x,y+t 2u)

(0]
(oyr(ortr (4)
=Y = _(e)r!Gcl(a+rbc+rdie+r,e;xy zu),
r=0
and
(2.30) &Y

€ (a,b,c,d;e e;x,y,z,u+t)

r,b,c,d+r1;ee +71;x,9, 2 u),

- Z —y 776 @+ (@r(dyrtr (4)
r=0

[JCRT24A3372 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 1635


http://www.ijcrt.org/

www.ijcrt.org © 2024 1JCRT | Volume 12, Issue 3 March 2024 | ISSN: 2320-2882

Similarly applying the same techniques we can derive self generating relations-cum-Taylor’s series
expansions for other hypergeometric functions of four variables due to Exton ([4],[6],[7]), Sharma-Parihar

([2],[11]) and QureshiQureshi Kalon; Srivastava [14] and Qureshi-Majid [19] also.

3. Marclaurine’s Series Expansions.

Replacing t by x and x by 0, in (2.2), we derive the following Maclaurine’s series expansion:

(3.1) Ha¥D(a,b,c d;e e, e";x,y,zu)

oo

(a)r(b)rxT
=Y___ H(a+rb+rcde+re,e";0,y, zu)(e)r!
r=0
Replacing t by y and y by 0 in (2.3), we obtain

(3.2) Ha¥D(a,b,c, d;e e, e";x,y,zu)

:Z rhr}’_H?(ﬂ_}_ @O

r r,bc,d+r;e,e +1,e"x,0,2z u)
(el)r !
=0
Replacing z by zero and t by z in (2.4), we get

(3.3) HaUD(a,b,c,d;e e, e";x,y, zu)

(00
d
_ Z SO OLO)
A r,bc+r,d;e+re,e";xy,0,u)
(e)r !
r=0
Replacing u by 0 and t by u in (2.5), we establish

(3.4) HaGD(a,b,c d;e e, e";x,y,zu)

=Y(_—_  _ bQer"Qcrrwrr' Ha(r1)(a,b+1r,c+r1,d;e,e',e" +1;x,y,z0).

Replacing x by 0 and t by x in (2.6), we arrive at

(3.5) H®(a,b,cd;e
Bl 1,€2€3 €4 X,Y,27,U)
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(—— aQer1(Obr)yrxrr! He(41))(a+1r,b+1,c,d; e1+1,e2,e3,e4 0,y, z, u).

Replacing y by 0 and t by y in (2.7), we derive

(3.6) HB(“D(a, b, c, d;e1, ez e3e4x,Y,2U)

=Y (— _aQer20)dr)ryrir He(41)(a+1,b,c,d + 1;e1,e2+ 71,3, e4 x,0, z, u).

Replacing z by 0 and t by z in (2.8), we obtain

(3.7) HeUD(a, b,c, d;e1, ez e3 esx,y,2u)

(0]

=z—r - rzr—H{”{a,b+r.c+ B O

(e3)r ! B1 r,d; e1, ez e3+
r,es x,y,0,u).
r=0
Replacing u by 0 and t by u in (2.9), we have
(3.8) HB(“1(a, b, c, d;e1, ez e3 e4x,y,2,U)
(0]
= r
— Z—r - ru_HH:l(a + (@) O)
r (e4)r ! B1 r,b,c+r1,d; el ez es3 estr;
x, v,z 0).
r=0
Replacing y by 0 and t by y in (2.10), we establish
()
(3.9) b, (a,b,c,d;e e';x,y, z,u)
(0]
(@r(@ryr (4)
=Y = (e)r'Gal(a+r,bc+rd;e+re;x0,zu).
r=0

Replacing z by 0 and t by z in (2.10), we arrive at

(4]
{3 1 U} {'_‘,-11 (a’ b' C, d' e, e,; X, yr Z, u)
(0]

(o)yr(b)rzr (4)

[JCRT24A3372 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 1637


http://www.ijcrt.org/

www.ijcrt.org © 2024 1JCRT | Volume 12, Issue 3 March 2024 | ISSN: 2320-2882

=Y = _(e)r'Gal(a+r,b+r,c,d;e+re’;xy 0 u).

Repalcing u by 0 and t by u in (2.10), we obtain

.4
(3.11) G, (a,b,c,d;e e';x,y, z,u)
(0e]
(or(drur (4)
=Y _(e'ywr!Gal(a+r1,bc,d+r;e,e +71;%,9,20).
r=0

Replacing y by 0 and t by y in (2.13), we derive

(4)
(B12) 6o a, b, ¢, ds e, s %, y, 7, 0)

(0]

o Z Y @y @@
T
(e)r !

A2 r,bc+r,d;e+r,e’;x0,zu).
r=0
Replacing t by z and z by 0 in (2.14), we get
(3.13) G

Az (a,b,c,d; e e’;x,y,z,u)

=Y (——  _ aQer(QObr)rzrr! Ga(42)(a+r,b+r1,c,d;e+1,e’;x,y,0u).

Replacing u by 0 and t by u in (2.15), we obtain

(4]
B304 G2, 0, b, ¢, ds e, €' %, y, 2,0)

_ Z @)y » "I:—rr}[‘”(a, btrct D
(eHr !

A2 r,d+r;e e +r;xy,20).
r=0
Replacing y by 0 and t by y, in (2.16), we establish

(1)
f315} Lﬂa (Cl, b,cd;e, e’; X, Y, Z, u)

(00}
=Y (—— _aQer(Qcr)ryrr' Ga(43)(a+r,b,c+r,d;e+r1,€;x0, z,u).

r=0
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Replacing z by 0 and t by z, in (2.17), we arrive at
(3.16) Ga“3)(a,b,c, d;e, e’;x,y,z,u)
(——  _ayr(b)rzr GA(43)(a+r,b+r,c, d;e+r,¢€’;x,v,0,u).

(e)yr 1!

Replacing u by 0 and t by u in (2.18), we have

(4]
(3.17) G4, (a,b,c,d;e e;x, v,z u)
(0/e]
=Y _ cQer'Qdrnrurr! Ga(43)(a,b,c+r,d+r1;e,¢ +71;x,9,20).
r=0

Replacing y by 0 and t by y in (2.19), we derive

(3.18) Gf-,-fj(ﬁr bla bza It’R" b,,; e e;xy zu)

(00
b r
=N —2rY c@Wig 41 b, by +1,b, biie+ (DG
r B1 r,e';x, 0,z u).
(e)r !
r=0
Replacing z by 0 and t by z in (2.20), we derive
(3.19) G (a, by, by, bs, by, .
‘ B\ TSRS o, o X, Vrzer)
(00
by 2"
= Z —2 " ¢"Wa+r,by,by +1,by, by e+ (@)
T B1 r,e’;x,y,0,u).
(e)r !
r=0
Replacing t by u and u by 0 in (2.21), we get
(3.20) GV (a, by, by, bs, by,
— By VL E2 TR T e el x, Y, Z,Uu)
(00}
=Y ( a)(re()br4)r urr! Ge(41)(a + 1, b1, b2, b3, ba+1;e,€ +1; %, Y, 2, 0).
r=0

Replacing y by 0 and t by y, in (2.22) we have

(3.21) G4 (a, by, by, bs, b

Yeexy zu)

oo
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(@rb2)ryr (4)
=Y _ (e)r!Ge2(a+r1, b1, b2+ 1 b3, by;e+r1,€;5x,0,2zu).

r=0
Replacing z by 0 and t by z, in (2.23), we obtain

{3-22} G;‘:](a' b'li bl‘ b:i‘ b'q', e, el; XY Z u)

(0/e]
(@rb3)rzr (4)
=y (e)r'Ge2(a+1,b1,bz,bs+1, bse+re;xy 0,u).

r=0
Replacing u by 0 and t by u, in (2.24), we derive

(3.23) Gy (@, by, by, bs, bi. ¢, ¢ x, v, 2, )

(0]
bDrb4)rur (4)
=y = (e")r' G2 (a,b1+ 1, b2, b3, bat+r1;e,€ +71;%,7,20).

r=0
Replacing x by 0 and t by x, in (2.25), we establish

(4]
{3.24} {;CI (a, b, c, d; e, el; X, y, Z, u)

(0]
(a)r(b)r xr (4)
=Y _(e)r'Gcl(a+r,b+rcde+re;0,y, z,u).

r=0
Replacing y by 0 and t by y, in (2.26), we get

3 "'{."1'.]
{3/..5} {'G a’ b, C, d’ e, e’; x, ) Z; u
y

Z [b)r(c r}‘rr (4) )
r =
0

r=

W—' Scj {ﬂ. b+ r.c+

r,d;e+r,e’;x,0,zu).

Replacing u by 0 and t by u, in (2.27), we arrive at

)
{32[‘} {'G (a’ b, C, d’ e, e’; _X, y, Z; u)

itamd T
r — W_!ch ((l‘l‘
r=0

r,b,c,d+r;e,e' +71;x,9,20).
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Replacing x by 0 and t by X, in (2.28), we obtain

(1)
(3.27) {'G_- (a,b,c,d;e e';x,y, 2z,u)
Z (@)r(b rx" 4y )
= e ———— 3 (ﬂ +
d (e), | 2 rb+r,cde+re’;0,y,zu).
r=0

Replacing y by O and t by y, in (2.29), we have

(3.28) G, (a,b,c,d;e e;x, v,z u)

_ _ - (@), (0), x"
a {E.}?' ! r;r:l {a +Z r v

r,b,c+r d;e+re’;x0,zu).
r=0

Replacing u by 0 and t by u in (2.30), we derrive
(3.29) G

A
i (a,b,c,d;e e;x,y,2z,u)

(00}
=Z*_GC (a+ (A)r(d)rur (4)
(eem 7! r,b,c,d+r;ee +7;x,20).
r=0
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