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Abstract: In this paper, we present the concept of a Multiplier on a Td-algebra and get a few properties of
Multipliers of Td-algebra.
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|. INTRODUCTION

Y.Imai and adequate.lseki[1, 2, 4,and 5] introduced instructions of summary algebras: BCK-algebras and
BCl-algebras.it is recognized that the magnificence of BCK-algebras is a proper subclass of the class of BCI-
algebras.Hu. Q. P and Lix [4]are introducedon right BCH-algebras. due to the fact then, several authors have
studied BH-algebras. mainly, Q. Zhang, E. H. Roh and H.S. Kim [8] brought on d-algebras. The belief of d-
algebra, every other generalization of the belief of BCK-algebra, was introduced byusing Negger[8].

They have got studied the houses of multipliers on them in addition to properties of
those algebraic systems using the belief of a multiplier on them. but the houses of multipliers on d-algebra,
an crucial magnificence of algebras containing the class of BCK-algebras, have not been investigated to this
point. So with this motivation, on this paper we recommended the idea about a multiplier on an Td-algebra
and acquire a few houses of multipliers about Td-algebra.

Il. Preliminaries

Definition 2.1[1, 2, 5] An algebra (X, *, 0) of type (2,0) is known as a BCK-algebra if it satisfies the
subsequent conditions:

1-((@=f)+(a=z))«(z+f)=0.((a=f)+(axz))«(z+)=0
2.(ax (@ )« f=0(ax(af))«f=0

3H¥H=UH¥H=U
gaxf=0F*a=0=2a=0Ffa+f=0,f*a=0=2a=§
5.0 ca=0for alla,f,z€X0+a=0for alla,f,z€X

Definition 2.2. [8] A nonempty set X with a consistent and a two fold operation * is called a d - polynomial
math in case it fulfills the taking after sayings.

1@+a=0a+a=10

2 0+xa=00=a=20
ga*f=0fxa=0=2a=ya«f=0fa=0=2a=yqrg @ FcXa,fcX
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Remark: 2.3. It's far obvious from above definitions that every BCK-algebra is a d-algebra. the
following suggests that converse isn't always authentic, in preferred.

Example 2.4. . let X= {0, I, m, n, p, q} be a hard and fast with the binary operation * described by using

S |—|—|o|o|o|3

QT (S (3O *
QT |5 |13 |— |90
Q|3 |5 (3|0~
S5 |—TO0|o0|o|S
llelleollolleollele]
[elleliellelle}le]ie]

Then (X, “0) =0)js BH-algebra.
A BH —algebra X is stated to be medial iflx(Lxm) =ml«(l«m) =myqlmEXIMEX.

Definition 2.5 Permit S be a nonempty subset of a d-algebra X, then S is referred to as sub algebra of X
ifa*feSa*fES¢rgfESAFES

Definition 2.6 allow X is a d-algebra and U,V are any non empty subsets of X. We outline a subset U*V of
X as follows. U*V={ao*p| a€eU,peV}

Definition: 2.7 let (X,*) be a d-algebra. Let t be the collection of subsets of X. t is said to be a topology on
X.If

1. X,0etX,0€et

2. Arbitrary union of members of tis in t
3. Finite intersection of members of T is in 1.

Definition 2.8 Allow (X,*) be a d-algebra and t a topology on X. Then X=(X,*,0,7) is kKnown as a topological
d-algebra, (it's miles denoted by way of Td-algebra) if the operation "*" is non-stop or equivalently for any a,
B € X and for any open set W of o*p there exist open units U and V respectively such that U*V is a subset
of .

I11. MULTIPLIERS ON Tpb- ALGEBRAS

Inside the sequel will denote Td-algebra with steady 0 and binary operation until otherwise specific . We
now show our outcomes.

Definition 3.1. A character map /% = X f: X = X satisfying flexy) =fl)«yflx=y) = flx) =y,
forall *V € XX,V € X s called a multiplier on X%

Example 3.2. Let X = {0.@ F}X = {0,@ B} \yith the binary operation ** defined by

*

p
0
B
0

™| oo
o || O] O
nloola

Then *X is a Td-algebra. Let [:X = Xf:X =X po defined by () ={0 ifx=011ifx =2
() ={0ifx=011ifx=2 Then [ isaexpand on %%,
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Remark 3.3: If ¥4 is a Td-algebra with binary operation **, then we outline a binary relation
== gpn 44 by * = VX = Vifand most effective if ¥ * YV =0x=y=0x, yEXx, yEX

Proposition 3.4. Allow XXjsa Td-algebra and f a multiplier on XX then
1 F(0)=0F(0)=0
o Fla)=a VaeXandF(a) = a Va € X and
3 fXSVYX<SYVyonFl@)<f VayeEXFla)sp VayeX

proof. 1. F(0) = F(0 = F(0)) = F(0) = F(0) =0+ 0= 0
F(O)=F(0«F(0))=F(0)«F(0)=0+0=10
Let @ EX.@ €X, Then 0 = F(0) = Fla = a)0 = F(0) = Fla * a)
=Fla)+*a so Fla)<a

2. Let @ f €Xa, fEX and x=fx=f Then
a+*y=0500=F(0)=Fla=f)=Fla)*f

a*y=0500=F(0)=Fla=f)=Fla)*fF thys Fla) = fF(a)=f

Proposition 3.5. Permit FF and 99 is expand on %<, formerly their composition 9% 4 is a expand on £,
Proof: Let @ B € X, f € X Next .
(FG(a=a)=F(Gla= ) = F(G(a) » HYFG (a «a) = F(Gla= ) = F(G(a) = )
F(Gla))« f = (FG)(a) * BF(G(a)) * f = (FG)(a) +
S0, F4FG be a expand on £

Definition  3.6. A Td-algebra XX s said to be positive  implicative  if
(x=y)sz=(x=*z)*(y=z) forallx,y,z€X(x+y)+z=(x*z2)*(y=z) forallx,y,z€X

Let M (XIM(X) denotes the collection of all multipliers on X. Obviously. 0:% = X008 = X gefined
by 0(X)=00(X)=0 for all yeEXxekX and XXX -X defined by Ix)y=xI{x)= X for all
reXxe X arein ﬂrf[ﬁjﬂrf[ﬁj So ﬂrf[ﬁjﬂrf[ﬁj is non-contempt.

Definition 3.7. Cause %% be a effective implicative Td-algebra and M(X)M(X) be the collection of all
multipliers on XX We characterize a binary operation “* on M (X)M(X) by. (F «G)(x) = Flx) = G(x)
(F+*G)x)=Fx)*G(x)gor X EXx EX g F.G € M(X).F,G € M(X).

Theorem 3.8. Let ¥ be a effective implicative Td-algebra. Then (M(a),=,0)(M(a).*,0) js a effective
implicative Td-algebra.

Proof: Let X be implicative Td-algebra . Let 9-F € M(X). G, F € M(X).
Then

(G=F)a=p)=(Gla=p) = (Fla=p))
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= (Gla) = f) = (F(a) = )
= (G(a) * B) + (Fla) * B)
=(G(e) = F(a)) = (G =+ F)(@) = B

SoG*FEMX)G+FeEMX) oF €MX)F €M) Then

(0+F)(a) = 0(a) * Fla) =0+ F(a) =0 = 0(a)
forall @ EX.@EX.gq0+F =00+F =04y o F € M(X).F € M(X).

Now for F € MIX)F € M(X) e have (F *F)a) =Fla) « Fla) =0 = 0(a)
(F+«Fa) = Fla) *Fla) =0 =0(a) tor g TEX- @ EX.goF+F =0F + F =0
Let G FEMX)GFEMX) pasuchthat F*G=0 and G+F=0F+G=0 and G*F =0
This implies (F *§)(@) = 0 and (G+F)(@) = 0(F = §)(@) = 0 and (G+F)(@) =0 for g X EX
ihitfé
Fla)+G(a) =0 and G(a)=+F(a) = 0F(a)+G(a) =0 and G(a)+F(a) =10

Which implies (@) = G(@)F(a) = G(a) for a1 @ € Xa € X Thys F = GF = G Hence M(X)M(X) j
Coehra
Now we show that it is a effective implicative. Let F-§ and h € M(X)F,G and h € M(X),
Then ((F = 6) = h)(a) = ((F= §) (@) * h(a) = (F(a) = G(a)) * hia)
(F+§) «h)(a) = ((F+§)(a)) * h(a) = (F(a) = G(a)) = hla)

= (Fla) = h(a)) = (G(a) = h(a)) = ((F = B)(@)) = ((G * W) ()

= (Fl@) * k(@) = (G(@) * h(e)) = ((F = h)(@)) = ((G * h)(a))
=((F+h) = (G+R)(@)=((F+h) «(G=M)(a)

Forall ¥ S ¥x € X
Thus M (X)M(X) s an implicative Td-algebra.

Theorem 3.9 . Let *¥ be a Td-algebra and FFa multiplier on XX Iffis 1-1 then T is the identity map on
XX

Proof : Let FF pe 1-1 . Let @ € Xa € X pep Fla = F(a)) = Fla) «Fla) = 0 = F(0)

Fla*Fla)) =F(a) *F(a) =0 =F(0)
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Suddenly @ * fla)=0a=f(a) =0, yhich @ = Fla)a = Fla). gjnee Fla) £ a. Fla) £ a. by pro
3.4(2)

for all @2, there fore ¥ (@) = aF(a) = @ HenceT F i the identity map.

Let /' be a multiplier on X% We define ke (f)ker (f) py

ker ker (F) ={a:a € X and Fla)= 0}.ker ker (F) ={a:a € X and Fla) = 0}.
Proposition 3.10. Commission XX pea Td-algebra and F Fa multiplier on XX Then

1) ker (F)ker (F) s a sub algebra of % and
2) If FFis 1-1, then ker ker (F) = {0Yker ker (F) = {0}

Proof: 1) Let @ f Eker ker (F) ., €ker ker (F). Then Fla)=0F(a)=0 ,4F(F)=0
F I:JS] = U. So

Fla«B)=Fla)«f =0+ =0F(a=f[)=F(a)«B =0+ =0 g a*f €ker ker (F),
a [ €ker ker (F), which implies €7 (F)ker(F) js a sub algebra of £~
2) Let f be one to one. Let @ €ker ker (F) @ €ker ker (F).gq Fla) =0 =F(0)
Fla)=0=F(0) Thys @ = 0a =0 gq ker ker (F) = {0}.ker ker (F) ={0}.
Definition 3.11. Let Td-algebra %~ is said commutative if & * (axp)=F+(B*a)V a.fEX.
a=(a=B)=F=(f+a)V aff €X.

Proposition 3.12. Sanction X% be a commutative Td- algebra pleasurable @ =0 =aa=0=a a€X
a X |t FF

be as multiplier on X% 1f @ € Ker(Fla € Ker(F) gng B =@ .f = a,then B € ker (F)f € ker (F)

Proof: Let @ Ekerker (Fla €kerker (F) a0 F=af=a Then Fla)=0F(a)=0 4

B-0)=0

(B+a)=0
Now F(B) = F(+0) = F(B+ (B +a)) = Fla + (a+ B))

FB) =F(E+0)=F(B+(5 ) = F(ax (*p))
—F(@) (axf)=0+(axf)=0 —F(@)+ (@) =0+ (@) =0

go @ € ker (F)a € ker (F)

Theorem 3.13. Allow %% be a Td-algebra pleasant @ =0 =@ =0 =0 for gyery @ EXa EX | ot FF
be a multiplier
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on XX which is likewise an endomorphism on X% Then k7 (F)ker (F) s a Td-perfect of XX,

Proof: Manifestly, 0 €ker ker (F) 0 Eker ker (F) Therefore ke (F)Xer (F) s nonempty. let

a = [ Eker ker (F)a = €ker ker (F) gpg

B € ker (F)f € ker (F) Then F(B) = 0F(B) =0 plp Fla =) =0 Fla =) =0 ywhich implies
0=Fla)*F(B)=Fla)+*0=F(a) 0 =F(a)*F(f) =F(a) * 0 = F(a)

Thus & Eker ker (F) @ €ker ker (F).

Let @ Eker ker (F)a €ker ker (F) jqq B EXLEX Then Fla=f)=F(a)+=f=0+=0

Fla<f)=F(@)«f =0+ =0

So@* B Eker (Fla+ [ € ker (F) Hence ker (F)ker (F) is a Td-ideal of £ X.

Definition 3.14. Cause “*** be a Td-algebra and FFa multiplier on XX Then the set

Fix(F)={aw:a €X and Fla)=aFix(F)={w:a €X and Fla)=a} s called the set

of fixed factors of FF
Proposition 3.15. If XX isaTd- algebra and FFa multiplier on X. Then fix FFisasub algebra of X.

Proof: Because F(0) = 0F(0) = 0 g Fix(F)Fix(F) is non-empty. Allow @ £ € Fix(F).a, f € Fix(F).
Then

Fla)=a,F(B)=FFla)=a,F(B)=F thys Fla+*L)=Fla)+f =a=+f

Fla=f)=Fla)*B=a=+f goa=*f € Fix(F)a=p € Fix(F) Hence FIX(F)Fix(F) is a sub

algebra of XX
Definition 3.16.1f £ be Td- algebra and f a multiplier on X. f is referred to as idempotent if ffr=rrf

f°f = £-F°f can be denoted by means of fere

Theorem 3.17. let X be a wonderful implicative Td-algebra which satisfies & * 0 = @@ * 0 = & for every
aEXa e X |f

F1.F2F1.F7 s two idempotent multipliers on X% f F17F2 = F2°Fy, then Fy « F,

XX

Fi*Fy = Fo°Fy, then Fy 2 is an idempotent multiplier on X%

Proof: We know that, we get that fif:fifzisa multiplier on X. Now
((Fy* F2)(Fy + F))@) = (Fy « F2)((Fy x F@) = (Fy + F) (Fr@) = Fr (@)

= (F1(Fi(a) = Fo (@) = (F(Fy (@) * F2(@)))
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= (F1(Fr(a) = Fr (@) * (F(F1(a) * Fr(a)))

—((Fy(Fla) = Fala) = (ForFy)(a)Fyla))
((?13':?1]':51’] ':"5':2":'1’1’] ¥ [[5:23?:13[51’]?2&1’]]
= (?1':1’1’]?2&?]:] % (':(?13?2]'&’1’] *"?:z[ffj)

= (Fi@)Fy(a)) = ((F°F2) (@) = Fy ()
= (Fi(a) = Fy (@) = (F1 (F2()F2(@)))

= ((F1=F2)(@) * (F1(0)) = ((F1* F2)(a)) = O
= ((F1=F2)(@) = (F1(0)) = (F1* Fp)(@)) = 0

= (Fy=Fo)la). = (Fy = Fo)la).
1
Thus (Fi #*F)(Fr*Fo) = fi #Fo(Fy + F)((Fo=Fa) = fi *‘?E,Henceﬂ «Fofy +F, is idempotent.
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