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I. INTRODUCTION  

 

There are lot of exciting work has been done by several researchers on fixed point results and 

common fixed point results in different types of generalized metric spaces. In 1989, Bakhtin[12] 

introduced the notion of b-metric space as a generalization of metric space. After that many authors 

used the concept of b-metric space by different way and find some fixed point results. In recent year 

J. Choi et. al. [10] proposed the concept of bicomplex numbers and their elementary functions, which 

was generalization of complex numbers and proved some common fixed point theorems in 

connection with two weakly compatible mapping. Later on, In 2019, Jebril et. al.[13,14] 

demonstrated a variety of fixed point outcomes via mixed type contractions in bicomplex valued 

metric spaces . Datta  et. al. [8, 9] demonstrated some common FPT in bicomplex valued b-metric 

spaces in 2020 and 2021. After that several researchers established fixed point and common fixed 

point results under rational contractions for pair of mapping in bicomplex valued metric spaces, refer 

[1, 4, 8, 9, 10, 11, 13, 14]. In 1991, Prince [5] gave the concept of tricomplex metric spaces. Most 

recently, G. Mani et. al.  [20][22] studied the notion of tricomplex valued metric spaces and its 

properties and established some fixed point theorems and common fixed point theorems and its 

applications 

              In the present work, we generalize theorem (3.1) in tricomplex valued b-metric 

spaces using some analytical type contraction conditions for two pair of weakly compatible 

mappings using control functions. We quote some example to validate and strengthen our results.  
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II. Preliminaries: 

We denote the symbol  €0,€1, €2 and €3 as a set of real, complex and bicomplex and tricomplex 

numbers respectively. The set of bicomplex numbers defined as: 

 €2 = {𝑤: 𝑤 = 𝑎1 + 𝑎2𝑖1 + 𝑎3𝑖2 + 𝑎4𝑖1𝑖2, 𝑎1, 𝑎2, 𝑎3, 𝑎4 ∈  €0 } 

  i. e  €2 = {𝑤: 𝑤 = 𝑧1 + 𝑧2𝑖2  𝑧1, 𝑧2 ∈  €1 } 

Where  𝑧1 = 𝑎1 + 𝑎2𝑖1, 𝑧2 = 𝑎3 + 𝑎4𝑖1  and 𝑖1 , 𝑖2 are independent imaginary units such that 𝑖1
2 = −1 =

𝑖2
2.   In 1991, Price[5] defined the tricomplex numbers as follows:  

𝜇 = 𝑎1 + 𝑎2𝑖1 + 𝑎3𝑖2 + 𝑎4𝑗1 + 𝑎5𝑖3 + 𝑎6𝑗2 + 𝑎7𝑗3 + 𝑎8𝑖4  

where  𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5, 𝑎6, 𝑎7,𝑎8 ∈  €0  and independent units  

𝑖1, 𝑖2, 𝑖3, 𝑖4, 𝑗1, 𝑗2 𝑎𝑛𝑑  𝑗3 𝑎𝑟𝑒 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑖1
2 = 𝑖2

2 = −1, 𝑖4 = 𝑖1𝑗3 = 𝑖1𝑖2𝑖3 , 𝑗2 = 𝑖1𝑖3 = 𝑖3𝑖1 , 𝑗2
2 = 1, 𝑗1 =

 𝑖1𝑖2 = 𝑖2𝑖1  𝑎𝑛𝑑  𝑗1
2 = 1;   

The set of tricomplex numbers defined as: 

 €3 = {𝜇: 𝜇 = 𝑎1 + 𝑎2𝑖1 + 𝑎3𝑖2 + 𝑎4𝑗1 + 𝑎5𝑖3 + 𝑎6𝑗2 + 𝑎7𝑗3 + 𝑎8𝑖4:  

 , 𝑎1, 𝑎2, 𝑎3, 𝑎4,, , 𝑎5, 𝑎6, 𝑎7,𝑎8 ∈  €0 } 

  i. e  €3 = {𝜇: 𝜇 = 𝜃1 + 𝜃2𝑖3  𝜃1, 𝜃2 ∈  €2 } 

Where  𝜃1 = 𝑧1 + 𝑧2𝑖2, 𝜃2 = 𝑧3 + 𝑧4𝑖2  If ϑ =  𝜂1 + 𝑖3𝜂2 and  ω = ҟ1 + 𝑖3ҟ2 be any two tricomplex 

numbers then their sum is   

ϑ ±ω = (𝜂1 + 𝑖3𝜂2) ± (ҟ1 + 𝑖3ҟ2) = (𝜂1 + ҟ1) ± 𝑖3(𝜂2 + ҟ2) 

and product is 

ϑω = (𝜂1 + 𝑖3𝜂2)(ҟ1 + 𝑖3ҟ2) = (𝜂1𝜂2 − 𝜂2ҟ2) + 𝑖3((𝜂1ҟ2 + 𝜂2ҟ1). There are four idempotent 

elements in €3 : and they  are  0,1, 𝑒1 =
1+𝑗3

2
  𝑎𝑛𝑑  𝑒2 =

1−𝑗3

2
 .   Hence , 𝑒1  𝑎𝑛𝑑 𝑒2 are nontrivial  such 

that  𝑒1 + 𝑒2 = 1  𝑎𝑛𝑑 𝑒1𝑒2 = 0. Every tricomplex numbers 𝜃1 + 𝜃2𝑖3  can be uniquely expressed as a 

combination of  𝑒1  𝑎𝑛𝑑  𝑒2. 
𝜇 = 𝜃1 + 𝜃2𝑖3  = (𝜃1 − 𝜃2𝑖2)𝑒1 + (𝜃1 − 𝜃2𝑖2)𝑒2.  

The notation of 𝜇 represents the idempotent of the tricomplex numbers and the coefficients of the 

complex numbers   𝜇1 = (𝜃1 − 𝜃2𝑖2)  𝑎𝑛𝑑  𝜇2 = (𝜃1 + 𝜃2𝑖2)  are called idempotent components of 

bicomplex numbers of  𝜇. An element  𝜇 = 𝜃1 + 𝜃2𝑖3  ∈  €3 is invertible if there exists a numbers  ω

 in  €3   such that  𝜇ω = 1.  ω is called multiplicative inverse of  ϑ. An element having an inverse in  €3 

is called nonsingular and the element not having an inverse in €3 is said to be singular element of €3. 
An element  𝜇 = 𝜃1 + 𝜃2𝑖3  ∈  €3  is nonsingular if  |𝜃1

2 + 𝜃2
2| ≠ 0  and singular if |𝜃1

2 + 𝜃2
2| = 0 .The 

inverse of  ϑ  is defined as   𝜇−1 = 𝜔 =
𝜃1−𝑖3𝜃2 

𝜃1
2+𝜃2

2 .  

The norm ‖. ‖ of €3  is a positive real valued functions and ‖. ‖: €3 → €0
+ is defined by     

‖𝜇‖ = ‖ 𝜃1 + 𝑖3𝜃2‖ = (| 𝜃1|2 + | 𝜃2|2)1/2 = (
|𝜃1−𝜃2𝑖2  |2+|𝜃1+𝜃2𝑖2  |2

2
)

1/2

.  

‖𝜇‖ = (𝑎1
2 + 𝑎2

2 + 𝑎3
2 + 𝑎4

2 + 𝑎5
2 + 𝑎6

2 + 𝑎7
2 + 𝑎8

2)1/2 

Where,  𝜇 =  𝑎1 + 𝑎2𝑖1 + 𝑎3𝑖2 + 𝑎4𝑗1 + 𝑎5𝑖3 + 𝑎6𝑗2 + 𝑎7𝑗3 + 𝑎8 = 𝜃1 + 𝜃2𝑖3  ∈ €3 . Clearly €3   is a 

Banach space as the linear space 𝜇ωis complete. 

If   𝜇,ω ∈  €3 then  ‖𝜇ω‖ ≤ 2‖𝜇‖‖𝜔‖   hold instead of  ‖𝜇ω‖ ≤ ‖𝜇‖‖𝜔‖   and then €3 is not Banach 

algebra. The partial order relation  ≲𝑖3
 on  €3  was defined by G. Mani et. al. [10]. Let   €3   be the set of 

tricomplex numbers  𝜇 = 𝜃1 + 𝜃2𝑖3  𝑎𝑛𝑑  ω = ҟ1 + 𝑖3ҟ2  ∈   €3   then  𝜇 ≲𝑖3
ω  if   

𝜃1 ≲𝑖3
ҟ1   𝑎𝑛𝑑 𝜃2 ≲𝑖3

ḱ2,  if one of the following condition is satisfied  . 

(𝑖)  𝜃1 = ҟ1 , 𝜃2 = ҟ2   
(𝑖𝑖)  𝜃1 ≺𝑖2

ҟ1 , 𝜃2 = ҟ2   
(𝑖𝑖𝑖)  𝜃1 = ҟ1 , 𝜃2 ≺𝑖2

ҟ2    

(𝑖𝑣)  𝜃1 ≺𝑖2
ҟ1 , 𝜃2 ≺𝑖2

ҟ2      

In particular, we can write 𝜇 ⪱𝑖3
ω. if  𝜇 ≺𝑖3

ω  and  𝜇 ≠  ω.  i.e , one of (𝑖𝑖), (𝑖𝑖𝑖) 𝑎𝑛𝑑  (𝑖𝑣) is holds 

and  𝜇 ≺𝑖3
ω   if only (𝑖𝑣) holds. For any two tricomplex numbers  𝜇 ,ω ∈   €3 .the following 

conditions holds: 

(a) 𝜇 ≺𝑖3
ω  if ‖𝜇‖ ≤ ‖ω‖; 
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(b) ‖𝜇 +ω‖ ≤ ‖𝜇‖ + ‖ω‖; 

(c) ‖𝑎𝜇‖ = |𝑎|‖𝜇‖ , where 𝑎 ∈ €0
+ ; 

(d) ‖𝜇ω‖ ≤ 2|𝜇|‖ω‖ and equality holds only when at least one of 𝜇 and  ω is non-singular; 

(e) ‖𝜇−1‖ = ‖𝜇‖−1 if  𝜇 is non-singular; 

(f) ‖
𝜇

ω
‖ =

‖𝜇‖

‖ω‖
 if  ω is non-singular; 

Now we recall some basic definition which will be utilized in our paper: 

 

Definition 2.1[20]: Let 𝔎  be a nonempty set then the function 𝛤: 𝔎 × 𝔎 →  €3   satisfies the following 

conditions. if  

(i) 0 ≲𝑖3
𝛤(𝑧1, 𝑧2)  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑧1, 𝑧2 ∈ 𝔎, 𝑎𝑛𝑑 𝛤(𝑧1, 𝑧2) = 0 ⇔ 𝑧1 = 𝑧2; 

(ii) ₫(𝑧1, 𝑧2) = ₫(𝑧2, 𝑧1); 

(iii)𝛤(𝑧1, 𝑧2) ≲𝑖3
𝛤(𝑧1, 𝑧3) + 𝛤(𝑧3, 𝑧2)  for all 𝑧1, 𝑧2, 𝑧3 ∈ 𝔎; 

Then the pair (𝔎, ₫) is called 𝑇𝐶𝑉𝑀𝑆. 
 

Definition 2.2[20]: Let 𝔎  be a nonempty set and 𝑠 ≥ 1 be a given real number then the function 

𝛤: 𝔎 × 𝔎 →  €3   satisfies the following conditions. if  

(i) 0 ≲𝑖3
𝛤(𝑧1, 𝑧2)  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑧1, 𝑧2 ∈ 𝔎, 𝑎𝑛𝑑 𝛤(𝑧1, 𝑧2) = 0 ⇔ 𝑧1 = 𝑧2; 

(ii) 𝛤(𝑧1, 𝑧2) = 𝛤(𝑧2, 𝑧1); 

(iii)𝛤(𝑧1, 𝑧2) ≲𝑖3
𝑠[𝛤(𝑧1, 𝑧3) + 𝛤₫(𝑧3, 𝑧2)]  for all 𝑧1, 𝑧2, 𝑧3 ∈ 𝔎; 

Then the pair (𝔎, ₫) is called 𝑇𝐶𝑉𝑏𝑀𝑆. 
 

Definition 2.3[22]: Let (𝔎, ₫)  be a TCVbMS and {𝑧𝑛}  be a sequence in 𝔎 then  

(i) A sequence {𝑧𝑛} in  𝔎 is said to be convergent, {𝑧𝑛} convergence to 𝑧 If for any 0 <𝑖3
𝑐 ∈

 €3  then there exist 𝑛0 ∈ Ŋ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ₫(𝑧𝑛, 𝑧) <𝑖3
𝑐, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥ 𝑛0  and  we can denote this 

lim
𝑛→∞

𝑧𝑛 = 𝑧  𝑜𝑟 𝑧𝑛 → 𝑧  𝑎𝑠 𝑛 → ∞.  

(ii) A sequence {𝑧𝑛} in 𝑋 is said to be Cauchy sequence If for any 0 <𝑖3
𝑐 ∈  €3  , there 

exists  𝑛0 ∈ Ŋ, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑑(𝑧𝑛, 𝑧𝑛+𝑚) <𝑖3
𝑐 , where, 𝑚, 𝑛 ∈ Ŋ  𝑎𝑛𝑑 𝑛 > 𝑛0. 

(iii) If every Cauchy sequence is convergent in (𝔎, ₫) then (𝔎, ₫) is said to be a complete 

TCVMS. 

Lemma 2.4[20]: Let (𝔎, 𝒮) be a 𝑇𝐶𝑉𝑆𝑀𝑆 and let {𝑋𝑛} be a sequence in 𝔎 then {𝑥𝑛} is convergent and 

converges to 𝑥 if and only if ‖𝛤(𝑥𝑛, 𝑥)‖ → 0 𝑎𝑠 n→ ∞. 
Lemma 2.5[20]: Let (𝔎, 𝒮) be a tricomplex valued S-metric space and let {𝑥𝑛} be a sequence in 𝔎 then 

{𝑥𝑛} is a Cauchy sequence if and only if ‖𝛤(𝑥𝑛, 𝑥𝑛+𝑚)‖ → 0 𝑎𝑠 n→ ∞ , 𝑚 ∈ 𝒩. 

  Main Theorem. 
 

III.  MAIN RESULTS 

 

Recently R. Ramaswamy et. al.[6] proved the following fixed point theorem in a Complete tricomplex 

valued metric spaces for four maps as follows:  

Theorem 3.1: Let (𝔎, 𝜍) be a Complete TCVSMS and, , 𝑆: 𝔎 → 𝔎 . if their exist mapping 

𝑓, 𝖟, 𝜷, 𝜸: 𝔎 × 𝔎 × 𝔎 → 𝔎  such that for all   τ, η ∈  𝔎   satisfying the conditions: 

(a)    𝑓(𝑄𝑆τ, η, 𝑎) ≤ 𝑓(τ, η, 𝑎) 𝑎𝑛𝑑   𝑓(τ, 𝑄𝑆η, 𝑎) ≤ 𝑓(τ, η, 𝑎), 

   𝖟(𝑄𝑆τ, η, 𝑎) ≤ 𝖟(τ, η, 𝑎)  𝑎𝑛𝑑    𝖟(τ, 𝑄𝑆η, 𝑎) ≤ 𝖟(τ, η, 𝑎), 

   𝜷(𝑄𝑆τ, η, 𝑎) ≤ 𝜷(τ, η, 𝑎)  𝑎𝑛𝑑   𝜷(τ, 𝑄𝑆η, 𝑎) ≤ 𝜷(τ, η, 𝑎), 

   𝜸(𝑄𝑆τ, η, 𝑎) ≤ 𝜸(τ, η, 𝑎)  𝑎𝑛𝑑   𝜸(τ, 𝑄𝑆η, 𝑎) ≤ 𝜸(τ, η, 𝑎), 

 

(b) 𝜍(𝑆τ, 𝑄η) ≲𝑖3
𝑓(τ, η, 𝑎)𝜍(τ, η) + 𝖟(τ, η, 𝑎)

𝜍(τ,Sτ)𝜍(η,Sη)

1+𝜍(τ,η)
+ 𝜷(τ, η, 𝑎)

𝜍(η,Sτ)𝜍(τ,Sη)

1+𝜍(τ,η)
+

𝜸(τ, η, 𝑎) (
𝜍(τ,Sτ)𝜍(τ,Qη)+𝜍(η,Qη)𝜍(η,Sτ)

1+𝜍(τ,Qη)+𝜍(η,Sτ)
) 
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       𝑓𝑜𝑟 𝑎𝑙𝑙  τ, η ∈ 𝔎  𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝑋, 
(c) 𝑓(τ, η, 𝑎) + 𝖟(τ, η, 𝑎) + 𝜷(τ, η, 𝑎) + 𝜸(τ, η, 𝑎) < 1. 

Then 𝑆  𝑎𝑛𝑑 𝑄 have a unique common fixed point. 

 Inspired by above theorem, in this paper we generalize the theorem (3.1) in a tricomplex valued b-

metric space for four mapping satisfying more rational conditions using control functions 

Theorem 3.2: Let (𝔎, 𝛤) be a complete TCVbMS with the coefficient 𝑠 ≥ 1 and 𝐹, 𝐺, 𝑃, 𝑈: 𝔎 → 𝔎 

satisfying the conditions: 

(i)  𝐺(𝔎) ⊆ 𝑃(𝔎)  𝑎𝑛𝑑  𝐹(𝔎) ⊆ 𝑈(𝔎), 

(ii)   The pair (𝐹, 𝑃) 𝑎𝑛𝑑 (𝐺, 𝑈)  are weakly compatible, 

(iii)  𝑃(𝔎) 𝑜𝑟 𝑈(𝔎) is a complete subspace of 𝔎, 

(iv)   If there exist mapping 𝛼, 𝛽, 𝛾, 𝛿, 𝛺, 𝜗, 𝜉: 𝔎3 → [0,
1

𝑠
)  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙  𝜏, 𝜂 ∈ 𝔎; 

 

         𝛼(𝐹𝜏) ≤ 𝛼(𝜏);       𝛽(𝐹𝜏) ≤ 𝛽(𝜏),      𝛾(𝐹𝜏) ≤ 𝛾(𝜏),       
         𝛿(𝐹𝜏) ≤ 𝛿(𝜏), 𝛺(𝐹𝜏) ≤ 𝛺(𝜏),     𝜗(𝐹𝜏) ≤ 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝐹𝜏) ≤ 𝜉(𝜏)   

         𝛼(𝐺𝜏) ≤ 𝛼(𝜏);       𝛽(𝐺𝜏) ≤ 𝛽(𝜏),      𝛾(𝐺𝜏) ≤ 𝛾(𝜏),       
         𝛿(𝐺𝜏) ≤ 𝛿(𝜏), 𝛺(𝐺𝜏) ≤ 𝛺(𝜏),     𝜗(𝐺𝜏) ≤ 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝐺𝜏) ≤ 𝜉(𝜏)   
         𝛼(𝑃𝜏) ≤ 𝛼(𝜏);       𝛽(𝑃𝜏) ≤ 𝛽(𝜏),      𝛾(𝑃𝜏) ≤ 𝛾(𝜏),       

         𝛿(𝑃𝜏) ≤ 𝛿(𝜏), 𝛺(𝑃𝜏) ≤ 𝛺(𝜏),     𝜗(𝑃𝜏) ≤ 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝑃𝜏) ≤ 𝜉(𝜏)   
         𝛼(𝑈𝜏) ≤ 𝛼(𝜏);       𝛽(𝑈𝜏) ≤ 𝛽(𝜏),      𝛾(𝑈𝜏) ≤ 𝛾(𝜏),       

         𝛿(𝑈𝜏) ≤ 𝛿(𝜏), 𝛺(𝑈𝜏) ≤ 𝛺(𝜏),      𝜗(𝑈𝜏) ≤ 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝑈𝜏) ≤ 𝜉(𝜏)   
(v)   𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3

𝛼(𝜏)𝛤(𝑃𝜏, , 𝑈𝜂) + 𝛽(𝜏)𝛤(𝑃𝜏, 𝐹𝜏) 

+𝛾(𝜏)𝛤(𝑈𝜂, 𝐺𝜂) + 𝛿(𝜏)[𝛤(𝑈𝜂, 𝐹𝜏) + 𝛤(𝑃𝜏, 𝐺𝜂)] + 𝛺(𝜏) (
𝛤(𝑃𝜏, 𝐹𝜏)𝛤(𝑈𝜂, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
)

+ 𝜗(𝜏) (
𝛤(𝑈𝜂, 𝐹𝜏)𝛤(𝑃𝜏, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
) 

 

                                     +𝜉(𝜏) 𝑚𝑎𝑥{ 𝛤(𝑃𝜏, 𝐹𝜏), 𝛤(𝑃𝜏, 𝑈𝜂), 𝛤(𝑈𝜂, 𝐺𝜂), 𝛤(𝑈𝜂, 𝐹𝜏)} 

 

and   𝛼(𝜏) + 𝛽(𝜏) + 𝛾(𝜏) + 2𝑠𝛿(𝜏) + 𝛺(𝜏) + 𝜗(𝜏) + 𝜉(𝜏) < 1 

Then 𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈 have a unique common fixed point. 

Proof: let an arbitrary point  𝝉𝟎 ∈ 𝔎. We define a sequence {𝜂𝑛} 𝑖𝑛 𝔎. 
  Such that  𝜂2𝑛+1 = 𝑈𝜏2𝑛+1 =  𝐹𝜏2𝑛   and   𝜂2𝑛+2 = 𝑃𝜏2𝑛+2 = 𝐺𝜏2𝑛+1 , 𝑛 = 0,1,2 … then from inequality 

(𝑣) we have 

𝛤( 𝜂
2𝑛+1

,  𝜂
2𝑛+2

) = 𝛤(𝐹𝜏2𝑛 , 𝐺𝜏2𝑛+1 ) 

                                                            ≲𝑖3
𝛼(𝜏2𝑛)𝛤(𝑃𝜏2𝑛 , 𝑈𝜏2𝑛+1) + 𝛽(𝜏2𝑛)𝛤(𝑃𝜏2𝑛, 𝐹𝜏2𝑛) + 𝛾(𝜏2𝑛)𝛤(𝑈𝜏2𝑛+1, 𝐺𝜏2𝑛+1)

+ 𝛿(𝜏2𝑛)[𝛤(𝑈𝜏2𝑛+1, 𝐹𝜏2𝑛) + 𝛤(𝑃𝜏2𝑛 , 𝐺𝜏2𝑛+1)] + 𝛺(𝜏2𝑛𝑎) (
𝛤(𝑃𝜏2𝑛, 𝐹𝜏2𝑛)𝛤(𝑈𝜏2𝑛+1, 𝐺𝜏2𝑛+1)

1 + 𝛤(𝑃𝜏2𝑛, 𝑈𝜏2𝑛+1)
)

+ 𝜗(𝜏2𝑛) (
𝛤(𝑈𝜏2𝑛+1, 𝐹𝜏2𝑛)𝛤(𝑃𝜏2𝑛, 𝐺𝜏2𝑛+1)

1 + 𝛤(𝑃𝜏2𝑛, 𝑈𝜏2𝑛+1)
)                                            

+ 𝜉(𝜏2𝑛)𝑚𝑎𝑥{𝛤(𝑃𝜏2𝑛, 𝐹𝜏2𝑛), 𝛤(𝑃𝜏2𝑛, 𝑈𝜏2𝑛+1), 𝛤(𝑈𝜏2𝑛+1, 𝐺𝜏2𝑛+1), 𝛤(𝑈𝜏2𝑛+1, 𝐹𝜏2𝑛)} 

𝛤( 𝜂2𝑛+1,  𝜂2𝑛+2) ≲𝑖3
𝛼( 𝜂2𝑛)𝛤( 𝜂2𝑛 , 𝜂2𝑛+1)  + 𝛽( 𝜂2𝑛)𝛤( 𝜂2𝑛,  𝜂2𝑛+1) + 𝛾( 𝜂2𝑛)𝛤( 𝜂2𝑛+1,  𝜂2𝑛+2)

+ 𝛿( 𝜂2𝑛)[𝛤( 𝜂2𝑛+1,  𝜂2𝑛+1) + 𝛤( 𝜂2𝑛,  𝜂2𝑛+2)] + 𝛺( 𝜂2𝑛) (
𝛤( 𝜂2𝑛,  𝜂2𝑛+1)𝛤( 𝜂2𝑛+1,  𝜂2𝑛+2)

1 + 𝛤( 𝜂2𝑛,  𝜂2𝑛+1)
)

+ 𝜗( 𝜂2𝑛) (
𝛤( 𝜂2𝑛+1,  𝜂2𝑛+1)𝛤( 𝜂2𝑛,  𝜂2𝑛+2)

1 + 𝛤( 𝜂2𝑛,  𝜂2𝑛+1)
)

+ 𝜉( 𝜂2𝑛)𝑚𝑎𝑥{𝛤( 𝜂2𝑛,  𝜂2𝑛+1), 𝛤( 𝜂2𝑛,  𝜂2𝑛+1), 𝛤( 𝜂2𝑛+1,  𝜂2𝑛+2), 0} 

Case (a): if  𝑚𝑎𝑥{𝛤( 𝜂2𝑛,  𝜂2𝑛+1), 𝛤( 𝜂2𝑛,  𝜂2𝑛+1), 𝛤( 𝜂2𝑛+1,  𝜂2𝑛+2), 0} = 𝛤( 𝜂2𝑛,  𝜂2𝑛+1) and   

Put  Λ2n = Γ( η2n,  η2n+1)  then  

‖𝛬2𝑛+1‖ ≲𝑖3
𝛼( 𝜂2𝑛 )‖𝛬2𝑛‖ + 𝛽( 𝜂2𝑛)‖𝛬2𝑛‖ + 𝛾( 𝜂2𝑛)‖𝛬2𝑛+1‖ + 𝛿( 𝜂2𝑛)[0 + ‖𝛬2𝑛‖ + ‖𝛬2𝑛+1‖]

+ 𝛺( 𝜂2𝑛) ‖
𝛬2𝑛

1 + 𝛬2𝑛
‖ ‖𝛬2𝑛+1‖ + 𝜉( 𝜂2𝑛)‖𝛬2𝑛‖ 

‖𝛬2𝑛+1‖ ≲𝑖3
[𝛼( 𝜂2𝑛) + 𝛽( 𝜂2𝑛) + 𝛿( 𝜂2𝑛) + 𝜉( 𝜂2𝑛)]‖𝛬2𝑛‖ 

                                         +[𝛾( 𝜂2𝑛) + 𝛿( 𝜂2𝑛) + 𝛺( 𝜂2𝑛)]‖𝛬2𝑛+1‖ 

⇒ ‖𝛬2𝑛+1‖ ≲𝑖3
(𝛼 + 𝛽 + 𝛿 + 𝜉)( 𝜂2𝑛)‖𝛬2𝑛‖ + (𝛾 + 𝛿 + 𝛺)( 𝜂2𝑛)‖𝛬2𝑛+1‖ 
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⇒ {1 − (𝛾 + 𝛿 + 𝛺)}( 𝜂2𝑛)‖𝛬2𝑛+1‖ ≲𝑖3
(𝛼 + 𝛽 + 𝛿  + 𝜉)( 𝜂2𝑛)‖𝛬2𝑛‖ 

⇒ ‖𝛬2𝑛+1‖ ≲𝑖3

(𝛼 + 𝛽 + 𝛿 + 𝜉)( 𝜂2𝑛)

{1 − (𝛾 + 𝛿 + 𝛺)}( 𝜂2𝑛)
‖𝛬2𝑛‖ 

 𝑙𝑒𝑡  ₤ =
(𝛼+𝛽+𝛿+𝜉)( 𝜂2𝑛)

{1−(𝛾+𝛿+𝛺)}( 𝜂2𝑛)
 < 1  Thus 

⇒ ‖𝛬2𝑛+1‖ ≲𝑖3
₤‖𝛬2𝑛‖ 

Similarly it can be follow that  

⇒ ‖𝛬2𝑛+2‖ ≲𝑖3
₤′‖𝛬2𝑛‖ 

Where   ₤′ =
(𝛼+𝛾+𝛿+𝜉)( 𝜂2𝑛)

{1−(𝛽+𝛿+𝛺)}( 𝜂2𝑛)
 

Let   ћ = 𝑀𝑎𝑥{₤, ₤′} , then 0 ≤ ₤ < 1, 𝑠𝑖𝑛𝑐𝑒 ₤, ₤′ ∈ [0,1),  then for every 𝑛 ∈
𝒩  𝑏𝑦 𝑎𝑏𝑜𝑣𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦  𝑤𝑒 𝑔𝑒𝑡  ⇒ ‖𝛬2𝑛+2‖ ≲𝑖3

ћ‖𝛬2𝑛‖. 

Hence,     𝛬𝑛 ≤ ћ𝛬𝑛−1 ≤ ћ
2

𝛬𝑛−2 ≤ ⋯ . . ≤ ћ
𝑛

𝛬0 

That is   𝛤( 𝜂𝑛,  𝜂𝑛+1) = ћ
𝑛

𝛤( 𝜂0,  𝜂1)   

Case (b): if  𝑚𝑎𝑥{𝛤( 𝜂2𝑛,  𝜂2𝑛+1), 𝛤( 𝜂2𝑛,  𝜂2𝑛+1), 𝛤( 𝜂2𝑛+1,  𝜂2𝑛+2), 0} = 𝛤( 𝜂2𝑛+1,  𝜂2𝑛+2) and   

Put  Λ2n = Γ( η2n,  η2n+1)  then  
‖𝛬2𝑛+1‖ ≲𝑖3

𝛼( 𝜂2𝑛 )‖𝛬2𝑛‖ + 𝛽( 𝜂2𝑛)‖𝛬2𝑛‖ + 𝛾( 𝜂2𝑛)‖𝛬2𝑛+1‖ + 𝛿( 𝜂2𝑛)[0 + ‖𝛬2𝑛‖ + ‖𝛬2𝑛+1‖]

+ 𝛺( 𝜂2𝑛) ‖
𝛬2𝑛

1 + 𝛬2𝑛
‖ ‖𝛬2𝑛+1‖ + 𝜉( 𝜂2𝑛)‖𝛬2𝑛+1‖ 

‖𝛬2𝑛+1‖ ≲𝑖3
[𝛼( 𝜂2𝑛) + 𝛽( 𝜂2𝑛) + 𝛿( 𝜂2𝑛)]‖𝛬2𝑛‖ 

                                         +[𝛾( 𝜂2𝑛) + 𝛿( 𝜂2𝑛) + 𝛺( 𝜂2𝑛)]‖𝛬2𝑛+1‖ 

⇒ ‖𝛬2𝑛+1‖ ≲𝑖3
(𝛼 + 𝛽 + 𝛿)( 𝜂2𝑛)‖𝛬2𝑛‖ + (𝛾 + 𝛿 + 𝛺 + 𝜉)( 𝜂2𝑛)‖𝛬2𝑛+1‖ 

⇒ {1 − (𝛾 + 𝛿 + 𝛺 + 𝜉)}( 𝜂2𝑛)‖𝛬2𝑛+1‖ ≲𝑖3
(𝛼 + 𝛽 + 𝛿  )( 𝜂2𝑛)‖𝛬2𝑛‖ 

⇒ ‖𝛬2𝑛+1‖ ≲𝑖3

(𝛼 + 𝛽 + 𝛿)( 𝜂2𝑛)

{1 − (𝛾 + 𝛿 + 𝛺 + 𝜉)}( 𝜂2𝑛)
‖𝛬2𝑛‖ 

 𝑙𝑒𝑡  ₤ =
(𝛼+𝛽+𝛿)( 𝜂2𝑛)

{1−(𝛾+𝛿+𝛺+𝜉)}( 𝜂2𝑛)
 < 1  Thus 

⇒ ‖𝛬2𝑛+1‖ ≲𝑖3
ʓ‖𝛬2𝑛‖ 

Similarly it can be follow that  

⇒ ‖𝛬2𝑛+2‖ ≲𝑖3
ʓ′‖𝛬2𝑛‖ 

Where   ʓ′ =
(𝛼+𝛾+𝛿+𝜉)( 𝜂2𝑛)

{1−(𝛽+𝛿+𝛺)}( 𝜂2𝑛)
 

Let   ћ = 𝑀𝑎𝑥{ʓ, ʓ′} , then 0 ≤ ʓ < 1, 𝑠𝑖𝑛𝑐𝑒 ʓ, ʓ′ ∈ [0,1),  then for every 𝑛 ∈
𝒩  𝑏𝑦 𝑎𝑏𝑜𝑣𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦  𝑤𝑒 𝑔𝑒𝑡  ⇒ ‖𝛬2𝑛+2‖ ≲𝑖3

ћ‖𝛬2𝑛‖. 

Hence,     𝛬𝑛 ≤ ћ𝛬𝑛−1 ≤ ћ
2

𝛬𝑛−2 ≤ ⋯ . . ≤ ћ
𝑛

𝛬0 

That is   𝛤( 𝜂𝑛,  𝜂𝑛+1) = ћ
𝑛

𝛤( 𝜂0,  𝜂1)   

If   𝑚 > 𝑛 𝑡ℎ𝑒𝑛  
‖𝛤( 𝜂𝑛,  𝜂𝑚)‖ ≲𝑖3

𝑠[‖𝛤( 𝜂𝑛,  𝜂𝑛+1)‖ + ‖𝛤( 𝜂𝑛+1,  𝜂𝑚)‖] 

                           ≲𝑖3
𝑠‖𝛤( 𝜂𝑛,  𝜂𝑛+1)‖ + 𝑠2[‖𝛤( 𝜂𝑛+1,  𝜂𝑛+2)‖ + ‖𝛤( 𝜂𝑛+2,  𝜂𝑚)‖] 

                           ≲𝑖3
𝑠‖𝛤( 𝜂𝑛,  𝜂𝑛+1)‖ + 𝑠2‖𝛤( 𝜂𝑛+1,  𝜂𝑛+2)‖ + 𝑠3‖𝛤( 𝜂𝑛+2,  𝜂𝑛+3)‖ + ⋯ … … …. 

                        ≲𝑖3
𝑠ћ𝑛‖𝛤( 𝜂

0
,  𝜂

1
)‖ + 𝑠2ћ𝑛+1‖𝛤( 𝜂

0
,  𝜂

1
)‖ + 𝑠3ћ𝑛+2‖𝛤( 𝜂

0
,  𝜂

1
)‖ + ⋯ … … …. 

                         ≲𝑖3
𝑠ћ𝑛(1 + 𝑠ћ + 𝑠2ћ2 + 𝑠3ћ3 + ⋯ … … … . . )‖𝛤( 𝜂

0
,  𝜂

1
)‖ 

                           ≲𝑖3

𝑠ћ
𝑛

1−𝑠ћ
‖𝛤( 𝜂0,  𝜂1)‖ → 0  𝑎𝑠 𝑚, 𝑛 → ∞. 

Hence  {𝜂𝑛}  is a Cauchy sequence in 𝔎. 
𝑃(𝔎) is a complete subspace of 𝔎, Since  𝜂2𝑛+2 = 𝑃 𝜏2𝑛+2 ∈ 𝑃(𝔎)  and {𝜂𝑛}  is a Cauchy sequence  , there 

exists  𝜎 ∈ 𝑃(𝔎)  such that  𝜂2𝑛+2 → 𝜎  𝑎𝑠 𝑛 → ∞. Then there exists 𝑢 ∈ 𝔎  such that 𝑃𝑢 = 𝜎.   thus 

lim
𝑛→∞

𝐹 𝜏2𝑛 = lim
𝑛→∞

𝑈 𝜏2𝑛+1 = lim
𝑛→∞

𝐺 𝜏2𝑛+1 = lim
𝑛→∞

𝑃 𝜏2𝑛+2 = 𝜎. 

Now consider by inequality (𝑣) 

𝛤(𝐹𝑢, 𝐺 𝜏2𝑛+1) ≲𝑖3
𝛼(𝑃𝑢)𝛤(𝑃𝑢, 𝑈 𝜏2𝑛+1) + 𝛽(𝑃𝑢)𝛤(𝑃𝑢, 𝐹𝑢) + 𝛾(𝑃𝑢)𝛤(𝑈 𝜏2𝑛+1, 𝐺 𝜏2𝑛+1)

+ 𝛿(𝑃𝑢)[𝛤(𝑈 𝜏2𝑛+1, 𝐹𝑢) + 𝛤(𝑃𝑢, 𝐺 𝜏2𝑛+1)]

+ 𝛺(𝑃𝑢) (
𝛤(𝑃𝑢, 𝐹𝑢)𝛤(𝑈 𝜏2𝑛+1, 𝐺 𝜏2𝑛+1)

1 + 𝛤(𝑃𝑢, 𝑈 𝜏2𝑛+1)
)

+ 𝜗(𝑃𝑢) (
𝛤(𝑈 𝜏2𝑛+1, 𝐹𝑢)𝛤(𝑃𝑢, 𝐺 𝜏2𝑛+1)

1 + 𝛤(𝑃𝑢, 𝑈 𝜏2𝑛+1)
)

+ 𝜉(𝑃𝑢)𝑚𝑎𝑥{𝛤(𝑃𝑢, 𝐹𝑢), 𝛤(𝑃𝑢, 𝑈 𝜏2𝑛+1), 𝛤(𝑈 𝜏2𝑛+1, 𝐺 𝜏2𝑛+1), 𝛤(𝑈 𝜏2𝑛+1, 𝐹𝑢)} 
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lim
𝑛→∞

‖𝛤(𝐹𝑢, 𝐺 𝜏2𝑛+1)‖ ≲𝑖3
lim

𝑛→∞
{𝛼(𝑃𝑢)‖𝛤(𝑃𝑢, 𝑈 𝜏2𝑛+1)‖ + 𝛽(𝑃𝑢)‖𝛤(𝑃𝑢, 𝐹𝑢)‖

+ 𝛾(𝑃𝑢)‖𝛤(𝑈 𝜏2𝑛+1, 𝐺 𝜏2𝑛+1)‖ + 𝛿(𝑃𝑢)[‖𝛤(𝑈 𝜏2𝑛+1, 𝐹𝑢)‖ + ‖𝛤(𝑃𝑢, 𝐺 𝜏2𝑛+1)‖]

+ 𝛺(𝑃𝑢) (
‖𝛤(𝑃𝑢, 𝐹𝑢)‖‖𝛤(𝑈 𝜏2𝑛+1, 𝐺 𝜏2𝑛+1)‖

‖1 + 𝛤(𝑃𝑢, 𝑈 𝜏2𝑛+1)‖
) + 𝜗(𝑃𝑢) (

‖𝛤(𝑈 𝜏2𝑛+1, 𝐹𝑢)‖‖𝛤(𝑃𝑢, 𝐺 𝜏2𝑛+1)‖

‖1 + 𝛤(𝑃𝑢, 𝑈 𝜏2𝑛+1)‖
)

+ 𝜉(𝑃𝑢)𝑚𝑎𝑥{‖𝛤(𝑃𝑢, 𝐹𝑢)‖, ‖𝛤(𝑃𝑢, 𝑈 𝜏2𝑛+1)‖, ‖𝛤(𝑈 𝜏2𝑛+1, 𝐺 𝜏2𝑛+1)‖, ‖𝛤(𝑈 𝜏2𝑛+1, 𝐹𝑢)‖}} 

‖𝛤(𝐹𝑢, 𝜎)‖ ≲𝑖3
{𝛼(𝜎)‖𝛤(𝜎, 𝜎)‖ + 𝛽(𝜎)‖𝛤(𝜎, 𝐹𝑢)‖ + 𝛾(𝜎)‖𝛤(𝜎, 𝜎)‖ + 𝛿(𝜎)[‖𝛤(𝜎, 𝐹𝑢)‖ + ‖𝛤(𝜎, 𝜎)‖]

+ 𝛺(𝜎) (
2‖𝛤(𝜎, 𝐹𝑢)‖‖𝛤(𝜎, 𝜎)‖

‖1 + 𝛤(𝜎, 𝜎)‖
) + 𝜗(𝜎) (

2‖𝛤(𝜎, 𝐹𝑢)‖‖𝛤(𝜎, 𝜎)‖

‖1 + 𝛤(𝜎, 𝜎)‖
)

+ 𝜉(𝜎)𝑚𝑎𝑥{‖𝛤(𝜎, 𝐹𝑢)‖, ‖𝛤(𝜎, 𝜎)‖, ‖𝛤(𝜎, 𝜎)‖, ‖𝛤(𝜎, 𝐹𝑢)‖}} 

⇒ ‖𝛤(𝐹𝑢, 𝜎)‖ ≲𝑖3
𝛽(𝜎)‖𝛤(𝜎, 𝐹𝑢)‖ + 𝛿(𝜎)‖𝛤(𝜎, 𝐹𝑢)‖ + 𝜉(𝜎)‖𝛤(𝜎, 𝐹𝑢)‖ 

⇒ ‖𝛤(𝜎, 𝐹𝑢)‖ ≲𝑖3
(𝛽 + 𝛿 + 𝜉)(𝜎)‖𝛤(𝜎, 𝐹𝑢)‖ 

⇒ ((1 − (𝛽 + 𝛿 + 𝜉))(𝜎)‖𝛤(𝜎, 𝐹𝑢)‖ ≲𝑖3
0 

⇒ ‖𝛤(𝜎, 𝐹𝑢)‖ ≲𝑖3
0. Therefore  𝐹𝑢 = 𝜎. 

Thus     𝑃𝑢 = 𝐹𝑢 = 𝜎 

 Since  𝐹(𝔎) ⊆ 𝑈(𝔎)    then there exists 𝑣 ∈ 𝔎  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝐹𝑢 = 𝑈𝑣.   
Thus    𝑃𝑢 = 𝐹𝑢 = 𝑈𝑣 = 𝜎. 
Now by inequality (𝑣) 

𝛤(𝐹𝑢, 𝐺𝑣) ≲𝑖3
𝛼(𝑃𝑢)𝛤(𝑃𝑢, 𝑈𝑣) + 𝛽(𝑃𝑢)𝛤(𝑃𝑢, 𝐹𝑢) + 𝛾(𝑃𝑢)𝛤(𝑈𝑣, 𝐺𝑣) + 𝛿(𝑃𝑢)[𝛤(𝑈𝑣, 𝐹𝑢) 

+𝛤(𝑃𝑢, 𝐺𝑣)] + 𝛺(𝑃𝑢) (
𝛤(𝑃𝑢, 𝐹𝑢)𝛤(𝑈𝑣, 𝐺𝑣)

1 + 𝛤(𝑃𝑢, 𝑈𝑣)
) + 𝜗(𝑃𝑢) (

𝛤(𝑈𝑣, 𝐹𝑢)𝛤(𝑃𝑢, 𝐺𝑣)

1 + 𝛤(𝑃𝑢, 𝑈𝑣)
) 

+𝜉(𝑃𝑢)𝑚𝑎𝑥{𝛤(𝑃𝑢, 𝐹𝑢), 𝛤(𝑃𝑢, 𝑈𝑣), 𝛤(𝑈𝑣, 𝐺𝑣), 𝛤(𝑈𝑣, 𝐹𝑢)} 

⇒ ‖𝛤(𝜎, 𝐺𝑣)‖ ≲𝑖3
𝛼(𝜎)‖𝛤(𝜎, 𝜎)‖ + 𝛽(𝜎)‖𝛤(𝜎, 𝜎)‖ 

+𝛾(𝜎)‖𝛤(𝜎, 𝐺𝑣)‖ + 𝛿(𝜎)[‖𝛤(𝜎, 𝜎)‖ + ‖𝛤(𝜎, 𝐺𝑣)‖] + 𝛺(𝜎) (
2‖𝛤(𝜎, 𝜎)‖‖𝛤(𝜎, 𝐺𝑣)‖

‖1 + 𝛤(𝜎, 𝜎)‖
)

+ 𝜗(𝜎) (
2‖𝛤(𝜎, 𝜎)‖‖𝛤(𝜎, 𝐺𝑣)‖

‖1 + 𝛤(𝜎, 𝜎)‖
) 

+𝜉(𝜎)𝑚𝑎𝑥{‖𝛤(𝜎, 𝜎)‖, ‖𝛤(𝜎, 𝜎)‖, ‖𝛤(𝜎, 𝐺𝑣)‖, ‖𝛤(𝜎, 𝜎)‖} 

⇒ ‖𝛤(𝜎, 𝐺𝑣)‖ ≲𝑖3
𝛾(𝜎)‖𝛤(𝜎, 𝐺𝑣)‖ + 𝛿(𝜎)‖𝛤(𝜎, 𝐺𝑣)‖ + 𝜉(𝜎)‖𝛤(𝜎, 𝐺𝑣)‖ 

⇒ ‖𝛤(𝜎, 𝐺𝑣)‖ ≲𝑖3
(𝛾 + 𝛿 + 𝜉)(𝜎)‖𝛤(𝜎, 𝐺𝑣)‖ 

⇒ ((1 − (𝛾 + 𝛿 + 𝜉))(𝜎)‖𝛤(𝜎, 𝐺𝑣)‖ ≲𝑖3
0 

⇒ ‖𝛤(𝜎, 𝐺𝑣)‖ ≲𝑖3
0. Therefore  𝐺𝑣 = 𝜎. 

Hence    𝑃𝑢 = 𝐹𝑢 = 𝑈𝑣 = 𝐺𝑣 = 𝜎. 
Since the pair (𝐹, 𝑃)  𝑎𝑛𝑑 (𝐺, 𝑈) are weakly compatible, then    
𝑃𝜎 = 𝑃𝐹𝑢 = 𝐹𝑃𝑢 = 𝐹𝜎  and  𝑈𝜎 = 𝑈𝐺𝑣 = 𝐺𝑈𝑣 = 𝐺𝜎    

Now by inequality (𝑣) 

𝛤(𝐹𝜎, 𝐺𝑣) ≲𝑖3
𝛼(𝑃𝜎)𝛤(𝑃𝜎, 𝑈𝑣) + 𝛽(𝑃𝜎)𝛤(𝑃𝜎, 𝐹𝜎) 

+𝛾(𝑃𝜎)𝛤(𝑈𝑣, 𝐺𝑣) + 𝛿(𝑃𝜎)[𝛤(𝑈𝑣, 𝐹𝜎) + 𝛤(𝑃𝜎, 𝐺𝑣)] + 𝛺(𝑃𝜎) (
𝛤(𝑃𝜎, 𝐹𝜎)𝛤(𝑈𝑣, 𝐺𝑣)

1 + 𝛤(𝑃𝜎, 𝑈𝑣)
)

+ 𝜗(𝑃𝜎) (
𝛤(𝑈𝑣, 𝐹𝜎)𝛤(𝑃𝜎, 𝐺𝑣)

1 + 𝛤(𝑃𝜎, 𝑈𝑣)
) 

+𝜉(𝑃𝜎)𝑚𝑎𝑥{𝛤(𝑃𝜎, 𝐹𝜎), 𝛤(𝑃𝜎, 𝑈𝑣), 𝛤(𝑈𝑣, 𝐺𝑣), 𝛤(𝑈𝑣, 𝐹𝜎)} 

⇒ ‖𝛤(𝐹𝜎, 𝜎)‖ ≲𝑖3
𝛼(𝐹𝜎)‖𝛤(𝐹𝜎, 𝜎)‖ + 𝛽(𝐹𝜎)‖𝛤(𝐹𝜎, 𝐹𝜎)‖ 

+𝛾(𝐹𝜎)‖𝛤(𝜎, 𝜎)‖ + 𝛿(𝐹𝜎)[‖𝛤(𝜎, 𝐹𝜎)‖ + ‖𝛤(𝐹𝜎, 𝜎)‖] + 𝛺(𝐹𝜎) (
2𝛤‖𝐹𝜎, 𝐹𝜎‖‖𝛤(𝜎, 𝜎)‖

‖1 + 𝛤(𝐹𝜎, 𝜎)‖
)

+ 𝜗(𝐹𝜎) (
2‖𝛤(𝜎, 𝐹𝜎)‖‖𝛤(𝐹𝜎, 𝜎)‖

‖1 + 𝛤(𝐹𝜎, 𝜎)‖
) 

+𝜉(𝐹𝜎)𝑚𝑎𝑥{‖𝛤(𝐹𝜎, 𝐹𝜎)‖, ‖𝛤(𝐹𝜎, 𝜎)‖, ‖𝛤(𝜎, 𝜎)‖, ‖𝛤(𝜎, 𝐹𝜎)‖} 

⇒ ‖𝛤(𝐹𝜎, 𝜎)‖ ≲𝑖3
𝛼(𝐹𝜎)‖𝛤(𝐹𝜎, 𝜎)‖ 
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+𝛿(𝐹𝜎)[‖𝛤(𝜎, 𝐹𝜎)‖ + ‖𝛤(𝐹𝜎, 𝜎)‖] + 𝜗(𝐹𝜎) (
2‖𝛤(𝜎, 𝐹𝜎)‖‖𝛤(𝐹𝜎, 𝜎)‖

‖1 + 𝛤(𝐹𝜎, 𝜎)‖
) + 𝜉(𝐹𝜎)‖𝛤(𝐹𝜎, 𝜎)‖ 

⇒ ‖𝛤(𝐹𝜎, 𝜎)‖ ≲𝑖3
𝛼(𝐹𝜎)‖𝛤(𝐹𝜎, 𝜎)‖ 

+2𝛿(𝐹𝜎)‖𝛤(𝐹𝜎, 𝜎)‖ + 2𝜗(𝐹𝜎)‖𝛤(𝐹𝜎, 𝜎)‖ (‖
𝛤(𝐹𝜎, 𝜎)

1 + 𝛤(𝐹𝜎, 𝜎)
‖) + +𝜉(𝐹𝜎)‖𝛤(𝐹𝜎, 𝜎)‖ 

⇒ ‖𝛤(𝐹𝜎, 𝜎)‖ ≲𝑖3
(𝛼 + 2𝛿 + 2𝜗)(𝐹𝜎)‖𝛤(𝐹𝜎, 𝜎)‖ 

⇒ ((1 − (𝛼 + 2𝛿 + 2𝜗))(𝐹𝜎)‖𝛤(𝐹𝜎, 𝜎)‖ ≲𝑖3
0 

⇒ ‖𝛤(𝐹𝜎, 𝜎)‖ ≲𝑖3
0. Therefore  𝐹𝜎 = 𝜎. 

Thus     𝐹𝜎 = 𝑃𝜎 = 𝜎.                              ……………………….(a) 
and  

‖𝛤(𝜎, 𝐺𝜎)‖ ≲𝑖3
𝛼(𝜎)‖𝛤(𝜎, 𝜎)‖ + 𝛽(𝜎)‖𝛤(𝜎, 𝜎)‖ 

 +𝛾(𝜎)‖𝛤(𝜎, 𝐺𝜎)‖ + 𝛿(𝜎)[‖𝛤(𝜎, 𝜎)‖ + ‖𝛤(𝜎, 𝐺𝜎)‖] + 𝛺(𝜎) (
2‖𝛤(𝜎, 𝜎)‖‖𝛤(𝜎, 𝐺𝜎)‖

‖1 + 𝛤(𝜎, 𝜎)‖
)

+ 𝜗(𝜎) (
2‖𝛤(𝜎, 𝜎)‖‖𝛤(𝜎, 𝐺𝜎)‖

‖1 + 𝛤(𝜎, 𝜎)‖
) 

+𝜉(𝜎)‖𝛤(𝜎, 𝜎)‖, ‖𝛤(𝜎, 𝑈𝜎)‖, ‖𝛤(𝜎, 𝐺𝜎)‖, ‖𝛤(𝜎, 𝜎)‖ 

⇒ ‖𝛤(𝜎, 𝐺𝜎)‖ ≲𝑖3
𝛾(𝜎)‖𝛤(𝜎, 𝐺𝜎)‖ +  𝛿(𝜎)‖𝛤(𝜎, 𝐺𝜎)‖ + 𝜉(𝜎)‖𝛤(𝜎, 𝐺𝜎)‖ 

⇒ ‖𝛤(𝜎, 𝐺𝜎)‖ ≲𝑖3
(𝛾 + 𝛿 + 𝜉)(𝜎)‖𝛤(𝜎, 𝐺𝜎)‖ 

⇒ ((1 − (𝛾 + 𝛿 + 𝜉))(𝜎)‖𝛤(𝜎, 𝐺𝜎)‖ ≲𝑖3
0 

⇒ ‖𝛤(𝜎, 𝐺𝜎)‖ ≲𝑖3
0. Therefore  𝐺𝜎 = 𝜎. 

Thus     𝐺𝜎 = 𝑈𝜎 = 𝜎.                            ……………………….(b) 

From equation (𝑎)  and (𝑏) we get  

𝐹𝜎 = 𝑃𝜎 = 𝐺𝜎 = 𝑈𝜎 = 𝜎. 

Hence 𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈 have a unique common fixed point. 

Uniqueness:  

Suppose that   ᵹ′ ∈ 𝔎 be another common fixed point such that   
             Fᵹ′ = Pᵹ′ = ᵹ′ = Gᵹ′ = Uᵹ′   then by inequality (𝑣) 

𝛤(𝐹𝜎, 𝐺ᵹ′) ≲𝑖3
𝛼(𝑃𝜎)𝛤(𝑃𝜎, 𝑈ᵹ′) + 𝛽(𝑃𝜎)𝒮(𝑃𝜎, 𝐹𝜎) 

+𝛾(𝑃𝜎)𝛤(𝑈ᵹ′, 𝐺ᵹ′) + 𝛿(𝑃𝜎)[𝒮(𝑈ᵹ′, 𝐹𝜎) + 𝛤(𝑃𝜎, 𝐺ᵹ′)] + 𝛺(𝑃𝜎) (
𝛤(𝑃𝜎, 𝐹𝜎)𝛤(𝑈ᵹ′, 𝐺ᵹ′)

1 + 𝛤(𝑃𝜎, 𝑈ᵹ′)
)

+ 𝜗(𝑃𝜎) (
𝛤(𝑈ᵹ′, 𝐹𝜎)𝛤(𝑃𝜎, 𝐺ᵹ′)

1 + 𝛤(𝑃𝜎, 𝑈ᵹ′)
) 

+𝜉(𝑃𝜎)𝑚𝑎𝑥{𝛤(𝑃𝜎, 𝐹𝜎), 𝒮(𝑃𝜎, 𝑈ᵹ′), 𝛤(𝑈ᵹ′, 𝐺ᵹ′), 𝛤(𝑈ᵹ′, 𝐹𝜎)} 
⇒ 𝛤(𝜎, ᵹ′) ≲𝑖3

𝛼(𝜎)𝛤(𝜎, ᵹ′) + 𝛽(𝜎)𝛤(𝜎, 𝜎) 

+𝛾(𝜎)𝛤(ᵹ′, ᵹ′) + 𝛿(𝜎)[𝒮(ᵹ′, 𝑧) + 𝛤(𝜎, ᵹ′)] + 𝛺(𝜎) (
𝛤(𝜎, 𝜎)𝛤(ᵹ′, ᵹ′)

1 + 𝛤(𝜎, ᵹ′)
)

+ 𝜗(𝜎) (
𝛤(ᵹ′, 𝜎)𝛤(𝜎, ᵹ′)

1 + 𝛤(𝜎, ᵹ′)
) 

+𝜉(𝜎)𝑚𝑎𝑥{𝛤(𝜎, 𝜎), 𝛤(𝜎, ᵹ′), 𝛤(ᵹ′, ᵹ′), 𝛤(ᵹ′, 𝜎)} 
⇒ 𝛤(𝜎, ᵹ′) ≲𝑖3

𝛼(𝜎)𝛤(𝜎, ᵹ′) + 𝛿(𝜎)[𝛤(ᵹ′, 𝜎) + 𝛤(𝜎, ᵹ′)] 

+𝜗(𝜎) (
𝛤(ᵹ′, 𝜎)𝛤(𝜎, ᵹ′)

1 + 𝛤(𝜎, ᵹ′)
) + 𝜉(𝜎)𝛤(𝜎, ᵹ′) 

⇒ ‖𝛤(𝜎, ᵹ′ )‖ ≲𝑖3
𝛼(𝜎)‖𝛤(𝜎, ᵹ′)‖ + 2𝛿(𝜎)𝛤(𝜎, ᵹ′) 

+𝜗(𝜎)‖𝜎(ᵹ′, 𝜎)‖ (‖
𝛤(𝜎, ᵹ′)

1 + 𝛤(𝜎, ᵹ′)
‖) + 𝜉(𝜎)𝛤(𝜎, ᵹ′) 

⇒ ‖𝒮(𝜎, ᵹ′ )‖ ≲𝑖3
𝛼(𝜎)‖𝛤(𝜎, ᵹ′)‖ + 2𝛿(𝜎)‖𝛤(𝜎, ᵹ′ )‖ + 𝜗(𝜎)‖𝛤(𝜎, ᵹ′)‖ + 𝜉(𝜎)𝛤(𝜎, ᵹ′) 

⇒ ‖𝛤(𝜎, ᵹ′)‖ ≲𝑖3
(𝛼 + 2𝛿 + 𝜗 + 𝜉)(𝜎)‖𝛤(𝜎, ᵹ′)‖ 

⇒ ((1 − (𝛼 + 2𝛿 + 𝜗 + 𝜉))(𝜎)‖𝛤(𝜎, ᵹ′)‖ ≲𝑖3
0 

⇒ ‖𝛤(𝜎, ᵹ′)‖ ≲𝑖3
0. Therefore  𝜎 = ᵹ′. 

Hence 𝜎  is the unique common fixed point of  𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈 . Similarly prove of theorem can follows if 

 𝑈(𝔎) is a complete subspace of 𝔎. 
Example 3.3: Let  𝔎 = [0,1]  and  𝛤: 𝔎3 →  €3  be defined by 𝛤(𝜏, 𝜂) = |𝜏 − 𝜂|2 + 𝑖3|𝜏 − 𝜂|2. then 

(𝔎, 𝒮)  is a TCVbMS with  𝑠 ≥ 1.  Let 𝐹, 𝐺, 𝑃, 𝑈: 𝔎 → 𝔎 be a self maps given by 
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 𝐹(𝜏) =
𝜏

2
, 𝐺(𝜏) =

𝜏

8
 , 𝑃(𝜏) =

𝜏

4
, 𝑈(𝜏) =

𝜏

5
  𝑓𝑜𝑟 𝑎𝑙𝑙 𝜏 ∈ 𝔎  , we define the function  

𝛼, 𝛽, 𝛾, 𝛿, 𝛺, 𝜗, 𝜉: 𝔎3 → [0,
1

𝑠
)   𝑏𝑦 

𝛼(𝜏) =
𝜏

20
 , 𝛽(𝜏) =

𝜏

10
, 𝛾(𝜏) =

𝜏2

10
,   

𝛿(𝜏) =
𝜏3

10
, 𝛺(𝜏) =

𝜏3

5
,    𝜗(𝜏) =

𝜏2

11
, 𝜉(𝜏) =

𝜏

11
 

then  𝛼(𝜏) + 𝛽(𝜏) + 𝛾(𝜏) + 2𝛿(𝜏) + 𝛺(𝜏) + 𝜗(𝜏) + 𝜉(𝜏) < 1 

             ≤
𝜏

20
+

𝜏

10
+

𝜏2

10
+

2𝜏3

10
+

𝜏3

5
+

𝜏2

11
+

𝜏

11
 

             ≤
1

20
+

1

10
+

1

10
+

1

5
+

1

5
+

1

11
+

1

11
  

              = .8318 < 1. 

Clearly,     𝛼(𝜏) + 𝛽(𝜏) + 𝛾(𝜏) + 2𝑠𝛿(𝜏) + 𝛺(𝜏) + 𝜗(𝜏) + 𝜉(𝜏) < 1.   for all  𝜏, 𝜂 ∈ 𝔎.  
Now also,  

𝛼(𝐹𝜏) ≤ 𝛼(𝜏) = 𝛼 (
𝜏

2
) =

𝜏

40
≤

𝜏

20
= 𝛼(𝜏);       𝛽(𝐹𝜏) ≤ 𝛽(𝜏) = 𝛽 (

𝜏

2
) =

𝜏

20
≤

𝜏

10
= 𝛽(𝜏),     

𝛾(𝐹𝜏) ≤ 𝛾(𝜏) = 𝛾 (
𝜏

2
) =

𝜏2

20
≤

𝜏2

10
= 𝛾(𝜏),      𝛿(𝐹𝜏) ≤ 𝛿(𝜏) = 𝛿 (

𝜏

2
) =

𝜏3

20
≤

𝜏3

10
= 𝛿(𝜏),             𝛺(𝐹𝜏) ≤

𝛺(𝜏) = 𝛺 (
𝜏

2
) =

𝜏3

10
≤

𝜏3

5
= 𝛺(𝜏),      𝜗(𝐹𝜏) ≤ 𝜗(𝜏) = 𝜗 (

𝜏

2
) =

𝜏2

22
≤

𝜏2

11
= 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝐹𝜏) = 𝜉 (

𝜏

2
) =

𝜏

22
≤

𝜏

11
= 𝜉(𝜏)   

Similarly we can show all the following conditions: 

𝛼(𝐺𝜏) ≤ 𝛼(𝜏);       𝛽(𝐺𝜏) ≤ 𝛽(𝜏),      𝛾(𝐺𝜏) ≤ 𝛾(𝜏),        𝛿(𝐺𝜏) ≤ 𝛿(𝜏), 𝛺(𝐺𝜏) ≤ 𝛺(𝜏),     𝜗(𝐺𝜏) ≤ 𝜗(𝜏),
𝑎𝑛𝑑    𝜉(𝐺𝜏) ≤ 𝜉(𝜏)   𝛼(𝑃𝜏) ≤ 𝛼(𝜏);       𝛽(𝑃𝜏) ≤ 𝛽(𝜏),      𝛾(𝑃𝜏) ≤ 𝛾(𝜏),       𝛿(𝑃𝜏) ≤ 𝛿(𝜏) =, 𝛺(𝑃𝜏) ≤

𝛺(𝜏),     𝜗(𝑃𝜏) ≤ 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝑃𝜏) ≤ 𝜉(𝜏)   
𝛼(𝑈𝜏) ≤ 𝛼(𝜏);       𝛽(𝑈𝜏) ≤ 𝛽(𝜏),      𝛾(𝑈𝜏) ≤ 𝛾(𝜏),       

 𝛿(𝑈𝜏) ≤ 𝛿(𝜏), 𝛺(𝑈𝜏) ≤ 𝛺(𝜏),      𝜗(𝑈𝜏) ≤ 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝑈𝜏) ≤ 𝜉(𝜏)   
Now, for verifying inequality (V), one needs to note that 

0 ≲𝑖3
{

𝛤(𝑃𝜏, 𝑈𝜂), 𝛤(𝑃𝜏, 𝐹𝜏), 𝛤(𝑈𝜂, 𝐺𝜂), [𝛤(𝑈𝜂, 𝐹𝜏) + 𝛤(𝑃𝜏, 𝐺𝜂)],

𝛤(𝑃𝜏, 𝐹𝜏)𝛤(𝑈𝜂, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
,
𝛤(𝑈𝜂, 𝐹𝜏)𝛤(𝑃𝜏, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
, 𝑚𝑎𝑥{ 𝛤(𝑃𝜏, 𝐹𝜏), 𝛤(𝑃𝜏, 𝑈𝜂), 𝛤(𝑈𝜂, 𝐺𝜂), 𝛤(𝑈𝜂, 𝐹𝜏)}

}  

Now, it is sufficient to show that      𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3
𝛼(𝜏)𝛤(𝑃𝜏, , 𝑈𝜂) 

Now consider  

𝛤(𝐹𝜏, 𝐺𝜂) = |𝐹𝜏 − 𝐺𝜂|2 + 𝑖3|𝐹𝜏 − 𝐺𝜂|2

= |
𝜏

2
−

𝜂

8
|

2

+ 𝑖3 |
𝜏

2
−

𝜂

8
|

2

≲𝑖3

𝜏

20
{|𝐹𝜏 − 𝐺𝜂|2 + 𝑖3|𝐹𝜏 − 𝐺𝜂|2} = 𝛼(𝜏)𝛤(𝑃𝜏, 𝑈𝜂) 

 i.e,   𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3
𝛼(𝜏)𝛤(𝑃𝜏, 𝑈𝜂) , Thus all the conditions of above theorem are satisfied and 

𝜏 = 0  is the fixed point of  𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈. 

Example 3.4: Let  𝔎 = [0,1]  and  𝛤: 𝔎3 →  €3  be defined by 𝛤(𝜏, 𝜂) = |𝜏 − 𝜂|2𝑒𝑖3
𝜋

6 . then (𝔎, 𝒮)  is a 

TCVbMS with  𝑠 ≥ 1.  Let 𝐹, 𝐺, 𝑃, 𝑈: 𝔎 → 𝔎 be a self maps given by 

 𝐹(𝜏) =
𝜏

7
, 𝐺(𝜏) =

𝜏

8
 , 𝑃(𝜏) =

𝜏

6
, 𝑈(𝜏) =

𝜏

5
  𝑓𝑜𝑟 𝑎𝑙𝑙 𝜏 ∈ 𝔎   By  𝛼, 𝛽, 𝛾, 𝛿, 𝛺, 𝜗, 𝜉: 𝔎3 → [0,

1

𝑠
) 

Clearly,     𝛼(𝜏) + 𝛽(𝜏) + 𝛾(𝜏) + 2𝑠𝛿(𝜏) + 𝛺(𝜏) + 𝜗(𝜏) + 𝜉(𝜏) < 1.   for all  𝜏, 𝜂 ∈ 𝔎.  
Now also,  

𝛼(𝐹𝜏) ≤ 𝛼(𝜏) = 𝛼 (
𝜏

7
) =

𝜏

140
≤

𝜏

20
= 𝛼(𝜏);       𝛽(𝐹𝜏) ≤ 𝛽(𝜏) = 𝛽 (

𝜏

7
) =

𝜏

70
≤

𝜏

10
= 𝛽(𝜏),     

𝛾(𝐹𝜏) ≤ 𝛾(𝜏) = 𝛾 (
𝜏

7
) =

𝜏2

70
≤

𝜏2

10
= 𝛾(𝜏),      𝛿(𝐹𝜏) ≤ 𝛿(𝜏) = 𝛿 (

𝜏

7
) =

𝜏3

70
≤

𝜏3

10
= 𝛿(𝜏),             𝛺(𝐹𝜏) ≤

𝛺(𝜏) = 𝛺 (
𝜏

7
) =

𝜏3

70
≤

𝜏3

5
= 𝛺(𝜏),      𝜗(𝐹𝜏) ≤ 𝜗(𝜏) = 𝜗 (

𝜏

7
) =

𝜏2

77
≤

𝜏2

11
= 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝐹𝜏) = 𝜉 (

𝜏

7
) =

𝜏

77
≤

𝜏

11
= 𝜉(𝜏)   

Similarly we can show all the following conditions: 

𝛼(𝐺𝜏) ≤ 𝛼(𝜏);       𝛽(𝐺𝜏) ≤ 𝛽(𝜏),      𝛾(𝐺𝜏) ≤ 𝛾(𝜏),        𝛿(𝐺𝜏) ≤ 𝛿(𝜏), 𝛺(𝐺𝜏) ≤ 𝛺(𝜏),     𝜗(𝐺𝜏) ≤ 𝜗(𝜏),
𝑎𝑛𝑑    𝜉(𝐺𝜏) ≤ 𝜉(𝜏)   𝛼(𝑃𝜏) ≤ 𝛼(𝜏);       𝛽(𝑃𝜏) ≤ 𝛽(𝜏),      𝛾(𝑃𝜏) ≤ 𝛾(𝜏),       𝛿(𝑃𝜏) ≤ 𝛿(𝜏) =, 𝛺(𝑃𝜏) ≤

𝛺(𝜏),     𝜗(𝑃𝜏) ≤ 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝑃𝜏) ≤ 𝜉(𝜏)   
𝛼(𝑈𝜏) ≤ 𝛼(𝜏);       𝛽(𝑈𝜏) ≤ 𝛽(𝜏),      𝛾(𝑈𝜏) ≤ 𝛾(𝜏),       

 𝛿(𝑈𝜏) ≤ 𝛿(𝜏), 𝛺(𝑈𝜏) ≤ 𝛺(𝜏),      𝜗(𝑈𝜏) ≤ 𝜗(𝜏), 𝑎𝑛𝑑    𝜉(𝑈𝜏) ≤ 𝜉(𝜏)   
Now, for verifying inequality (V), one needs to note that 
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0 ≲𝑖3
{

𝛤(𝑃𝜏, 𝑈𝜂), 𝛤(𝑃𝜏, 𝐹𝜏), 𝛤(𝑈𝜂, 𝐺𝜂), [𝛤(𝑈𝜂, 𝐹𝜏) + 𝛤(𝑃𝜏, 𝐺𝜂)],

𝛤(𝑃𝜏, 𝐹𝜏)𝛤(𝑈𝜂, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
,
𝛤(𝑈𝜂, 𝐹𝜏)𝛤(𝑃𝜏, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
, 𝑚𝑎𝑥{ 𝛤(𝑃𝜏, 𝐹𝜏), 𝛤(𝑃𝜏, 𝑈𝜂), 𝛤(𝑈𝜂, 𝐺𝜂), 𝛤(𝑈𝜂, 𝐹𝜏)}

}  

Now, it is sufficient to show that      𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3
𝛼(𝜏)𝛤(𝑃𝜏, , 𝑈𝜂) 

Now consider  

𝛤(𝐹𝜏, 𝐺𝜂) = 𝛤 (
𝜏

7
,
𝜂

8
) 

= |
𝜏

7
−

𝜂

8
|

2

𝑒𝑖3
𝜋

6 ≲𝑖3

𝜏

7
{|

𝜏

7
−

𝜂

8
|

2

𝑒𝑖3
𝜋

6} = 𝛼(𝜏)𝛤(𝑃𝜏, 𝑈𝜂) 

 i.e,   𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3
𝛼(𝜏)𝛤(𝑃𝜏, 𝑈𝜂) , Thus all the conditions of above theorem are satisfied and 

𝜏 = 0  is the fixed point of  𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈. 
By setting   𝜉 = 0 in theorem (3.3) then we have obtain following: 

Corollary 3.5: Let (𝔎, 𝒮) be a TCVbMS and 𝐹, 𝐺, 𝑃, 𝑈: 𝔎 → 𝔎 satisfying the conditions: 

(i)  𝐺(𝔎) ⊆ 𝑃(𝔎)  𝑎𝑛𝑑  𝐹(𝔎) ⊆ 𝑈(𝔎), 

(ii)   The pair (𝐹, 𝑃) 𝑎𝑛𝑑 (𝐺, 𝑈)  are weakly compatible, 

(iii)  𝑃(𝔎) 𝑜𝑟 𝑈(𝔎) is a complete subspace of 𝔎, 

(iv)   If there exist mapping 𝛼, 𝛽, 𝛾, 𝛿, 𝛺, 𝜗, 𝜉: 𝔎3 → [0,1) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

         𝛼(𝐹𝜏) ≤ 𝛼(𝜏);       𝛽(𝐹𝜏) ≤ 𝛽(𝜏),      𝛾(𝐹𝜏) ≤ 𝛾(𝜏),       
         𝛿(𝐹𝜏) ≤ 𝛿(𝜏), 𝛺(𝐹𝜏) ≤ 𝛺(𝜏) 

         𝛼(𝐺𝜏) ≤ 𝛼(𝜏);       𝛽(𝐺𝜏) ≤ 𝛽(𝜏),      𝛾(𝐺𝜏) ≤ 𝛾(𝜏),       
         𝛿(𝐺𝜏) ≤ 𝛿(𝜏), 𝛺(𝐺𝜏) ≤ 𝛺(𝜏) 

         𝛼(𝑃𝜏) ≤ 𝛼(𝜏);       𝛽(𝑃𝜏) ≤ 𝛽(𝜏),      𝛾(𝑃𝜏) ≤ 𝛾(𝜏),       
         𝛿(𝑃𝜏) ≤ 𝛿(𝜏), 𝛺(𝑃𝜏) ≤ 𝛺(𝜏),     𝜗(𝑃𝜏) ≤ 𝜗(𝜏),     

         𝛼(𝑈𝜏) ≤ 𝛼(𝜏);       𝛽(𝑈𝜏) ≤ 𝛽(𝜏),      𝛾(𝑈𝜏) ≤ 𝛾(𝜏),       
         𝛿(𝑈𝜏) ≤ 𝛿(𝜏), 𝛺(𝑈𝜏) ≤ 𝛺(𝜏),      𝜗(𝑈𝜏) ≤ 𝜗(𝜏),     

          𝑓𝑜𝑟 𝑎𝑙𝑙 𝜏, 𝜂 ∈ 𝔎  𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝔎,   
(v) 𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3

𝛼(𝑃𝜏)𝛤(𝑃𝜏, 𝑈𝜂) + 𝛽(𝑃𝜏)𝛤(𝑃𝜏, 𝐹𝜏) 

+𝛾(𝑃𝜏)𝛤(𝑈𝜂, 𝐺𝜂) + 𝛿(𝑃𝜏)[𝛤(𝑈𝜂, 𝐹𝜏) + 𝛤(𝑃𝜏, 𝐺𝜂)] + 𝛺(𝑃𝜏) (
𝛤(𝑃𝜏, 𝐹𝜏)𝛤(𝑈𝜂, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
)

+ 𝜗(𝑃𝜏) (
𝛤(𝑈𝜂, 𝐹𝜏)𝛤(𝑃𝜏, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
) 

𝑓𝑜𝑟 𝑎𝑙𝑙  𝜏, 𝜂 ∈ 𝔎  , 
And  𝛼(𝜏) + 𝛽(𝜏) + 𝛾(𝜏) + 3𝑠𝛿(𝜏) + 𝛺(𝜏) + 𝜗(𝜏) < 1 

Then 𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈 have a unique common fixed point. 

 By setting  𝜗, 𝜉 = 0 in theorem (3.3) then we have obtain following: 

 

Corollary 3.6: Let (𝔎, 𝒮) be a TCVbMS and 𝐹, 𝐺, 𝑃, 𝑈: 𝔎 → 𝔎 satisfying the conditions: 

(i)  𝐺(𝔎) ⊆ 𝑃(𝔎)  𝑎𝑛𝑑  𝐹(𝔎) ⊆ 𝑈(𝔎), 

(ii)   The pair (𝐹, 𝑃) 𝑎𝑛𝑑 (𝐺, 𝑈)  are weakly compatible, 

(iii)   𝑃(𝔎) 𝑜𝑟 𝑈(𝔎) is a complete subspace of 𝔎, 

(iv)   If there exist mapping 𝛼, 𝛽, 𝛾, 𝛿, 𝛺, 𝜗, 𝜉: 𝔎3 → [0,1) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

      𝛼(𝐹𝜏) ≤ 𝛼(𝜏);       𝛽(𝐹𝜏) ≤ 𝛽(𝜏),      𝛾(𝐹𝜏) ≤ 𝛾(𝜏), 𝛿(𝐹𝜏) ≤ 𝛿(𝜏), 𝛺(𝐺𝜏) ≤ 𝛺(𝜏)                
       𝛼(𝐺𝜏) ≤ 𝛼(𝜏);       𝛽(𝐺𝜏) ≤ 𝛽(𝜏),      𝛾(𝐺𝜏) ≤ 𝛾(𝜏), 𝛿(𝐺𝜏) ≤ 𝛿(𝜏), 𝛺(𝐺𝜏) ≤ 𝛺(𝜏)      
       𝛼(𝑃𝜏) ≤ 𝛼(𝜏);       𝛽(𝑃𝜏) ≤ 𝛽(𝜏),      𝛾(𝑃𝜏) ≤ 𝛾(𝜏), 𝛿(𝑃𝜏) ≤ 𝛿(𝜏), 𝛺(𝑃𝜏) ≤ 𝛺(𝜏)      
       𝛼(𝑈𝜏) ≤ 𝛼(𝜏);       𝛽(𝑈𝜏) ≤ 𝛽(𝜏),      𝛾(𝑈𝜏) ≤ 𝛾(𝜏), 𝛿(𝑈𝜏) ≤ 𝛿(𝜏), 𝛺(𝑈𝜏) ≤ 𝛺(𝜏)      

𝑓𝑜𝑟 𝑎𝑙𝑙 𝜏, 𝜂 ∈ 𝔎  𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝔎, 
             (v)       (𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3

𝛼(𝑃𝜏)𝛤(𝑃𝜏, 𝑈𝜂) + 𝛽(𝑃𝜏)𝛤(𝑃𝜏, 𝐹𝜏) 

+𝛾(𝑃𝜏)𝛤(𝑈𝜂, 𝐺𝜂) + 𝛿(𝑃𝜏)[𝛤(𝑈𝜂, 𝐹𝜏) + 𝛤(𝑃𝜏, 𝐺𝜂)] + 𝛺(𝑃𝜏) (
𝛤(𝑃𝜏, 𝐹𝜏)𝛤(𝑈𝜂, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
)

+ 𝜗(𝑃𝜏) (
𝛤(𝑈𝜂, 𝐹𝜏)𝛤(𝑃𝜏, 𝐺𝜂)

1 + 𝛤(𝑃𝜏, 𝑈𝜂)
) 

𝑓𝑜𝑟 𝑎𝑙𝑙  𝜏, 𝜂 ∈ 𝔎  , 
And  𝛼(𝜏) + 𝛽(𝜏) + 𝛾(𝜏) + 3𝑠𝛿(𝜏) + 𝛺(𝜏) + 𝜗(𝜏) < 1 

Then 𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈 have a unique common fixed point. 

By setting  Ω, 𝜗, 𝜉 = 0 in theorem (3.3) then we have obtain following: 
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Corollary 3.7: Let (𝔎, 𝒮) be a TCVbMS and 𝐹, 𝐺, 𝑃, 𝑈: 𝔎 → 𝔎 satisfying the conditions: 

(i) 𝐺(𝔎) ⊆ 𝑃(𝔎)  𝑎𝑛𝑑  𝐹(𝔎) ⊆ 𝑈(𝔎), 
(ii)  The pair (𝐹, 𝑃) 𝑎𝑛𝑑 (𝐺, 𝑈)  are weakly compatible, 

(iii)  𝑃(𝔎) 𝑜𝑟 𝑈(𝔎) is a complete subspace of 𝔎, 
(iv)  If there exist mapping 𝛼, 𝛽, 𝛾, 𝛿, 𝛺, 𝜗, 𝜉: 𝔎3 → [0,1) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

      𝛼(𝐹𝜏) ≤ 𝛼(𝜏);       𝛽(𝐹𝜏) ≤ 𝛽(𝜏),      𝛾(𝐹𝜏) ≤ 𝛾(𝜏) , 𝛿(𝐹𝜏) ≤ 𝛿(𝜏)               
       𝛼(𝐺𝜏) ≤ 𝛼(𝜏);       𝛽(𝐺𝜏) ≤ 𝛽(𝜏),      𝛾(𝐺𝜏) ≤ 𝛾(𝜏), 𝛿(𝐺𝜏) ≤ 𝛿(𝜏)      
       𝛼(𝑃𝜏) ≤ 𝛼(𝜏);       𝛽(𝑃𝜏) ≤ 𝛽(𝜏),      𝛾(𝑃𝜏) ≤ 𝛾(𝜏) , 𝛿(𝑃𝜏) ≤ 𝛿(𝜏)     
       𝛼(𝑈𝜏) ≤ 𝛼(𝜏);       𝛽(𝑈𝜏) ≤ 𝛽(𝜏),      𝛾(𝑈𝜏) ≤ 𝛾(𝜏) , 𝛿(𝑈𝜏) ≤ 𝛿(𝜏)     

(v) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜏, 𝜂 ∈ 𝔎  𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈

𝔎, 𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3
𝛼(𝑃𝜏)𝛤(𝑃𝜏, 𝑈𝜂) + 𝛽(𝑃𝜏)𝛤(𝑃𝜏, 𝐹𝜏) 

+𝛾(𝑃𝜏)𝛤(𝑈𝜂, 𝐺𝜂) + 𝛿(𝑃𝜏)[𝛤(𝑈𝜂, 𝐹𝜏) + 𝛤(𝑃𝜏, 𝐺𝜂)] 
𝑓𝑜𝑟 𝑎𝑙𝑙  𝜏, 𝜂 ∈ 𝔎  , 

And  𝛼(𝜏) + 𝛽(𝜏) + 𝛾(𝜏) + 3𝑠𝛿(𝜏) < 1 

Then 𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈 have a unique common fixed point. 

By setting  δ, Ω, 𝜗, 𝜉 = 0 in theorem (3.3) then we have obtain following: 

Corollary 3.8: Let (𝔎, 𝒮) be a TCVbMS and 𝐹, 𝐺, 𝑃, 𝑈: 𝔎 → 𝔎 satisfying the conditions: 

(i) 𝐺(𝔎) ⊆ 𝑃(𝔎)  𝑎𝑛𝑑  𝐹(𝔎) ⊆ 𝑈(𝔎), 
(ii)  The pair (𝐹, 𝑃) 𝑎𝑛𝑑 (𝐺, 𝑈)  are weakly compatible, 

(iii)  𝑃(𝔎) 𝑜𝑟 𝑈(𝔎) is a complete subspace of 𝔎, 
(iv)  If there exist mapping 𝛼, 𝛽, 𝛾, 𝛿, 𝛺, 𝜗, 𝜉: 𝔎3 → [0,1) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

      𝛼(𝐹𝜏) ≤ 𝛼(𝜏);       𝛽(𝐹𝜏) ≤ 𝛽(𝜏),      𝛾(𝐹𝜏) ≤ 𝛾(𝜏)  
       𝛼(𝐺𝜏) ≤ 𝛼(𝜏);       𝛽(𝐺𝜏) ≤ 𝛽(𝜏),      𝛾(𝐺𝜏) ≤ 𝛾(𝜏) 

       𝛼(𝑃𝜏) ≤ 𝛼(𝜏);       𝛽(𝑃𝜏) ≤ 𝛽(𝜏),      𝛾(𝑃𝜏) ≤ 𝛾(𝜏)      
       𝛼(𝑈𝜏) ≤ 𝛼(𝜏);       𝛽(𝑈𝜏) ≤ 𝛽(𝜏),      𝛾(𝑈𝜏) ≤ 𝛾(𝜏)      

  𝑓𝑜𝑟 𝑎𝑙𝑙 𝜏, 𝜂 ∈ 𝔎  𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝔎,  
(vi)   𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3

𝛼(𝑃𝜏)𝛤(𝑃𝜏, 𝑈𝜂) + 𝛽(𝑃𝜏)𝛤(𝑃𝜏, 𝐹𝜏) + 𝛾(𝑃𝜏)𝛤(𝑈𝜂, 𝐺𝜂) 

 

𝑓𝑜𝑟 𝑎𝑙𝑙  𝜏, 𝜂 ∈ 𝔎  , 
And  𝛼(𝜏) + 𝛽(𝜏) + 𝛾(𝜏) < 1 

Then 𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈 have a unique common fixed point. 

 By setting  γ, δ, Ω, 𝜗, 𝜉 = 0 in theorem (3.3) then we have obtain following: 

Corollary 3.9: Let (𝔎, 𝒮) be a TCVbMS and 𝐹, 𝐺, 𝑃, 𝑈: 𝔎 → 𝔎 satisfying the conditions: 

(i) 𝐺(𝔎) ⊆ 𝑃(𝔎)  𝑎𝑛𝑑  𝐹(𝔎) ⊆ 𝑈(𝔎), 
(ii)  The pair (𝐹, 𝑃) 𝑎𝑛𝑑 (𝐺, 𝑈)  are weakly compatible, 

(iii)  𝑃(𝔎) 𝑜𝑟 𝑈(𝔎) is a complete subspace of 𝔎, 
(iv)  If there exist mapping 𝛼, 𝛽, 𝛾, 𝛿, 𝛺, 𝜗, 𝜉: 𝔎3 → [0,1) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

      𝛼(𝐹𝜏) ≤ 𝛼(𝜏);       𝛽(𝐹𝜏) ≤ 𝛽(𝜏) 
       𝛼(𝐺𝜏) ≤ 𝛼(𝜏);       𝛽(𝐺𝜏) ≤ 𝛽(𝜏) 

       𝛼(𝑃𝜏) ≤ 𝛼(𝜏);       𝛽(𝑃𝜏) ≤ 𝛽(𝜏) 

 𝛼(𝑈𝜏) ≤ 𝛼(𝜏);       𝛽(𝑈𝜏) ≤ 𝛽(𝜏) 𝑜𝑟 𝑎𝑙𝑙 𝜏, 𝜂 ∈ 𝔎  𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝔎 

(v)  𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3
𝛼(𝑃𝜏)𝛤(𝑃𝜏, 𝑈𝜂) + 𝛽(𝑃𝜏)𝛤(𝑃𝜏, 𝐹𝜏) 

𝑓𝑜𝑟 𝑎𝑙𝑙  𝜏, 𝜂 ∈ 𝔎  , 
And  𝛼(𝜏) + 𝛽(𝜏) < 1 

By setting 𝛽, γ, δ, Ω, 𝜗, 𝜉 = 0 in theorem (3.3) then we have obtain following: 

Corollary 3.10: Let (𝔎, 𝒮) be a TCVbMS and 𝐹, 𝐺, 𝑃, 𝑈: 𝔎 → 𝔎 satisfying the conditions: 

(i) 𝐺(𝔎) ⊆ 𝑃(𝔎)  𝑎𝑛𝑑  𝐹(𝔎) ⊆ 𝑈(𝔎), 
(ii)  The pair (𝐹, 𝑃) 𝑎𝑛𝑑 (𝐺, 𝑈)  are weakly compatible, 

(iii)  𝑃(𝔎) 𝑜𝑟 𝑈(𝔎) is a complete subspace of 𝔎, 
(iv)  If there exist mapping 𝛼, 𝛽, 𝛾, 𝛿, 𝛺, 𝜗, 𝜉: 𝔎3 → [0,1) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

      𝛼(𝐹𝜏) ≤ 𝛼(𝜏);       𝛽(𝐹𝜏) ≤ 𝛽(𝜏) 
       𝛼(𝐺𝜏) ≤ 𝛼(𝜏);       𝛽(𝐺𝜏) ≤ 𝛽(𝜏) 

       𝛼(𝑃𝜏) ≤ 𝛼(𝜏);       𝛽(𝑃𝜏) ≤ 𝛽(𝜏) 

 𝛼(𝑈𝜏) ≤ 𝛼(𝜏);       𝛽(𝑈𝜏) ≤ 𝛽(𝜏) 𝑜𝑟 𝑎𝑙𝑙 𝜏, 𝜂 ∈ 𝔎  𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝔎 

(v)  𝛤(𝐹𝜏, 𝐺𝜂) ≲𝑖3
𝛼(𝑃𝜏)𝛤(𝑃𝜏, 𝑈𝜂) + 𝛽(𝑃𝜏)𝛤(𝑃𝜏, 𝐹𝜏) 

  

𝑓𝑜𝑟 𝑎𝑙𝑙  𝜏, 𝜂 ∈ 𝔎  , 
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And  𝛼(𝜏) < 1 

Then 𝐹, 𝐺, 𝑃, 𝑎𝑛𝑑 𝑈 have a unique common fixed point. 

4. Utilization:  Let  𝔎 = 𝒞[𝛺1, 𝛺2]  be the set of all continues factions on  [𝛺1, 𝛺2]  armed with 

metric  𝛤(𝜏, 𝜂) =  (1 + 𝑖3)[|𝜏(ᵹ) − 𝜂(ᵹ)|2]  for all  𝜏, 𝜂 ∈ 𝒞[𝛺1, 𝛺2] 𝑎𝑛𝑑 ᵹ ∈ [𝛺1, 𝛺2] , where |. |   is the 

real modulus    and   𝞪: 𝔎3 → [0,
1

𝑠
)  be defined by  𝛼(𝜏) =

𝜏

20
, 𝛽(𝜏) =

𝜏

10
, 𝛾(𝜏) =

𝜏2

10
, 𝛿(𝜏) =

𝜏3

10
,

𝛺(𝜏) =
𝜏3

5
,    𝜗(𝜏) =

𝜏2

11
, 𝜉(𝜏) =

𝜏

11
, 

 Clearly verified all conditions i.e 𝛼(𝜏) < 1  𝑓𝑜𝑟 𝑎𝑙𝑙 𝜏, 𝜂 ∈ 𝔎  .  then (𝔎, 𝒮) is a CTVbMS. Consider the 

integral equations of the non-linear Fredholm type integral equation  

                                                   𝜏(ᵹ) = 𝑡(ᵹ)   +
1

𝛺2−𝛺1
∫ 𝛩1(ᵹ , ᵴ 

𝛺2

𝛺1
, 𝜏(ᵴ )𝑑ᵴ……………(a) 

and 

                                                        𝜏(ᵹ) = 𝑡(ᵹ)  +
1

𝛺2−𝛺1
∫ 𝛩2(ᵹ , ᵴ 

𝛺2

𝛺1
, 𝜏(ᵴ )𝑑ᵴ……………………(b) 

Where 𝑡: [𝛺1, 𝛺2] → ℝ   and   𝛩1, 𝛩2: [𝛺1, 𝛺2] × [𝛺1, 𝛺2] × ℝ → ℝ are continuous for  ᵹ ∈ [𝛺1, 𝛺2]  → ℝ  
are continuous, and 𝑡(ᵹ)  is function of  𝔎. Now we define partial order  

≲𝑖3
 𝑖𝑛  €3  𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝜏(ᵹ) ≲𝑖3

 𝜂(ᵹ)  𝑖𝑓𝑓  𝜏 ≤ 𝜂.   

Theorem 3.11: Consider the following conditions: 

|𝛩1(ᵹ , ᵴ, 𝜏(ᵴ)) = 𝛩1((ᵹ , ᵴ, 𝜏(ᵴ))| ≤ 𝛼(𝝉)|𝜏(ᵴ) − 𝜂(ᵴ)|  Holds, for all  τ, η ∈ 𝔎 𝑤𝑖𝑡ℎ 𝜏 ≠ 𝜂 and for control 

fuction 𝛼: 𝔎 × 𝔎 → [0,
1

𝑠
) then the interval operators defended by (a) and (b) have a unique common 

solution. 

Proof: Define a continuous mapping F, G: 𝔎 → 𝔎  by  

                                                   𝐹𝜏(ᵹ) = 𝑡(ᵹ)  +
1

𝛺2−𝛺1
∫ 𝛩1(ᵹ , ᵴ 

𝛺2

𝛺1
, 𝜏(ᵴ )𝑑ᵴ…………… (a) 

and 

                                                         𝐺 𝜏(ᵹ) = 𝑡(ᵹ) +
1

𝛺2−𝛺1
∫ 𝛩2(ᵹ , ᵴ 

𝛺2

𝛺1
, 𝜏(ᵴ )𝑑ᵴ  …………………   (b) 

For all 𝑡 ∈ [𝛺1, 𝛺2]. Consider  𝛤(𝜏, 𝜂) =  (1 + 𝑖3)[|𝜏(ᵹ) − 𝜂(ᵹ)|2]   

𝛤(𝐹𝜏, 𝐺𝜂) =  (1 + 𝑖3) {
1

𝛺2 − 𝛺1
|∫ 𝛩1(ᵹ , ᵴ 

𝛺2

𝛺1

, 𝜏(ᵴ )𝑑ᵴ − ∫ 𝛩2(ᵹ , ᵴ 
𝛺2

𝛺1

, 𝜏(ᵴ )𝑑ᵴ|

2

} 

                                      ≤
(1+𝑖3)

𝛺2−𝛺1
{|∫ 𝛩1(ᵹ , ᵴ 

𝛺2

𝛺1
, 𝜏(ᵴ )𝑑ᵴ − ∫ 𝛩2(ᵹ , ᵴ 

𝛺2

𝛺1
, 𝜏(ᵴ )𝑑ᵴ|

2

}                                   

                                      ≤
(1+𝑖3)𝛼(𝝉 )

𝛺2−𝛺1
{∫ |𝜏(ᵴ) − 𝜂(ᵴ)|𝟐 

𝛺2

𝛺1
𝑑ᵴ} 

            𝛤(𝐹𝜏, 𝐺𝜂) ≤ 𝛼(𝝉)𝛤(𝜏, 𝜂)) 

Hence all the hypothesis is of theorem 3.3 are fulfilled with α(τ, τ, η) < 1 so that integral equation (a) and 

(b) have the unique common solution. 
 

 

IV.  Conclusions:  In this article, we have utilized the notion of tricomplex valued b-metric 

space (TCVbMS) and established common fixed point results for mixed type rational 

contractions on tricomplex valued b-metric space involving control function. We predict that 

the proved results in this paper will demonstrate some new relationship.  Still there are some 

open problems that can be transmitted in future new work. 
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