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Abstract:

The total chromatic number of a graph G is defined to be the minimum number of colors needed to
color the vertices and edges of a graph in such a way that no two adjacent vertices, no two adjacent edges
and no each edge and end vertices are given the same color. In this paper, we have obtained the total
coloring and total chromatic number of comb product of tadpole graph with path, star, fan, and cycle.
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1.INTRODUCTION

Chromatic number of graphs is a special area in a Graph theory.(Behzad 1987) introduced the concept of
total coloring and found the chromatic number. Coloring a graph G involves assigning colors to all of its
vertices and edges such that no two adjacent vertices or edges have the same color, and each edge and end
vertex is assigned a unique color. The total chromatic number of a graph G is the minimum number of colors
required to produce a total coloring, denoted by y(G) (Behzad 1987) conjectured that for any graph with a
maximum degree A(G), the total chromatic number satisfies the condition A(G) + 1 < yt(G).< AG) + 2
(Sudha. eat al.2017) have discussed the total colouring and total chromatic number of the central graph of a
path a cycle, and a star. (Muthuramakrishnan eat al 2018) have discussed the total coloring of middle graph,
total graph of path and sun let graph. Also, they have obtained the total chromatic number of those
graph.Referring definition of comb graph and comb product by (Rohmatulloh et al 2021), (Suhadi Wido
Saputro et al ).Basic definition of star,cycle, path and fan by (J.A.Bondy et al)

In this paper, we investigate the total chromatic number of the comb product of various graphs including the
tadpole graph with the path graph, star graph, fan graph, and cycle graph.

DEFINITIONS:
2.1 PATH
A path is a simple graph whose vertices can be arranged in a linear sequence in such a way that two vertices

are adjacent if they are consecutive in the sequence and are nonadjacent otherwise.

2.2 CYCLE
A cycle graph or circular graph is a path Pn+1 (n>3, if the graph is simple) whose end vertices are joined to

form a closed chain. The cycle graph with n vertices is denoted by Ch.
IJCRT2405876 | International Journal of Creative Research Thoughts (IJCRT)www.ijcrt.org \ i52



http://www.ijcrt.org/
https://en.wikipedia.org/wiki/Simple_graph

www.ijcrt.org © 2024 IJCRT | Volume 12, Issue 5 May 2024 | ISSN: 2320-2882
2.3 STAR GRAPH

A Star graph is a complete bipartite graph Kinfor n > 1.

2.4 FAN GRAPH
The fan graph F, is the join of B,and K1,

2.5COMB GRAPH
A comb graph is a graph obtained by joining a single pendant edge to each vertex of a path.

2.6 TADPOLE GRAPH
The (m,n)-tadpole graph is a special type of graph consisting of a cycle graph on m (at least 3) vertices and

a path graph on n vertices, connected with a bridge. It is denoted by T,

2.7 COMB PRODUCT:
Let G and H be two connected graphs and o be a vertex of H. The comb product between G and H denoted

by G > H, is a graph obtained by taking one copy of G and |V(G)| copies of H and grafting the vertex o
of i-th copy of H with the i-th vertex of G.

3. MAIN RESULTS:

THEOREM: 3.1. The total chromatic number of the comb product of a tadpole graph with a path
graph is yec(Tmn ™ B, )=6 for n > 2.

PI’OOf.Let fu;1<i<m}u {vj: 1<j< n} be the vertices and {u;u;,:1 <i <m— 1}

U{vvj11:1 <j <n—1} U {uynuy} U {u,v,} be an edges of tadpole graph Tm, n.

Let {w;: 1 < i < n} be the vertices and {w;w;,,:1 <i <n — 1} be the edges of the path graph.

By definition of comb product of Tadpole graph with path graph, the vertex of path is recognized with each
vertex of the tadpole graph T, ,,.

Let the vertex set and the edge set of (Tm,nrt> B,) as follows.

{uik:for 1<i<m }

V(Tmn™h) =f{uz1<i<m}u{v:1<j<n}u l<k<n—1

{yjk:for 1<j<n }
1<k<n-1
E(Tma>PB) = {uwuiy:1<i<m—13U{vvy:1 <j<n—1}U{upu} U
{fupvi} U{uu;:1<i<mju {vjvjl: 1<j< n} V]
{vieVige1:1<i<m,1<k<n-2}U
{viyrs121<j<n1<k<n-2}
The number of vertices and edges of the comb product of a tadpole graph with a path graph is (m+n)n.
Denote the vertices in the cycle as u; up us ... ... ... u,, and in the path as vy, vy, vs, ... ... ..., v, and here the
bridge is w,v; The vertices pendant paths in the comb product graph T, ,>P, are denoted as
Uit Uiz ooe oen JUim—1  fori=1.2,....... , mand vjy, Vjz, Vjg, e wene, Vjpq. FOr j =1,2,....... ,N
deg(u;)=deg(v;)=3, fori=1,2,........ m-1,7=12,.......... ,n-1
deg(u,,)=4,deg(v,,)=2
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deg(uy) = 2=deg(vjy) fori=1,2,...m,k=12,.....,n—2

j=12 k=12, . ..,n—2
deg(u;n) = 1=deg(v;,) fori=1.2,....... mj=12...... ,n

U, 1s the only vertex having deg A(G)

In the comb product of tadpole graph with path graph, degree of wu,, is 4.The vertices connected to the
vertex u,, are vy, U,,—1,U;, and u,,, .These four vertices are non-adjacent vertices to each other. If assigned
one color to u,, vertex and only one color to other 4 vertices, so u,, and its adjacent vertices can be colored
by 2 different colors. The associated of 4 edges with the vertex u,, also required the 4 colors. Because they
are connected to each other, and hence totally 6 colors required to color for this graph.

Now consider the set of colors C= (1, 2, 3, 4, 5, 6) coloring

LetS = V(Tpn>PB,) U E(Tyn™>F,)

1 ifi=l (mod 2)
2 ifi=2(mod 2)

1 ifi=1 (mod 2)
2 ifi=2(mod 2)

(1 ifj = 1(mod 2)
2 ifj= 2 (mod?2)

For1<i<m,1<k<n-1

flun) =1,

Forl1<j<n,1<k<n-1

If miseven f(uy;)= JForl <i<m

Ifmisodd f(u;) = Forl <i <m-1, f(un)={3}

ForlSanf(vj)=

if i is even,k is odd and if i is odd, k is even
if i is even, k is even and if 1 is odd, k is odd

( ) _ {1 if j is odd ,k is even and if j is even, k is odd

fwj) = 2 ifjis odd, k is odd and if j is even, k is even
. 4 1fiisodd

Forl<i=m-—1 f(uu,) {3 if i is even

f(umuy) = {3}

f (umvy) = {6}

If mis even

) 3 ifiisodd
Forl<ism—1 flupd) ={, o p oo fmn)=(2}funvi)={6}
If mis odd
. 3 ifjisodd
Fori<j<n—1 f(vjvj,) = {4 ifj' is even
F orl<i<m f(ujuyy) = {5}
For 1<j<n f(vjv;,) = {5}

6 ifiisodd . kisodd andifiis even, k is odd
5 ifiisodd, kis evenand ifiis even, k is even
6 ifjisodd . kis odd andifjis even, k is odd
5 ifjisodd, kiseven andifjis even, k is even

Forl<i<m,1<k<n-2 f(uikuik+1): {

Forisjsnisksn-2 f(uvm,)= |
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Hence yic (Tmn>Py) = 6 forn > 2.

Example: 1 Consider the total chromatic number of the comb product of the tadpole with a pathgraph is 6.

If mis even and n is odd
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Example: 2 consider the total chromatic number of the comb product of the tadpole with a pathgraph is 6.

If mis odd and n is even.
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THEOREM: 3.2
The total chromatic number of Comb Product of Tadpole graph with fan graph is Xtc(Tm,n|>

F,)=n+5 for n > 2.

Proof:
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Let {u;: 1 <i <m}u{v;:1<j<n}bethevertices and {uu;;:1 <i<m—-1}U {yv11<j<n-

1} U {umuy} U {up, vy} be an edges of Tadpole graph Ty, .
Let {w;: 1 <i < n} U {x} be the vertices and{w;w;,: 1 <i<n—1} U {xw;: 1 <i <n} be the edges
of fan graph E,. By definition the comb product of a tadpole graph with fan graph

The vertex x, of a star F, is identified with each vertex of the tadpole graph T, ,,

The vertex set and the edge set of (T, .= F,) as follows

e T 1<j<
V(Tmn> Fy)={uz1<i<m}ufv:1<j<n}u {v,k or j<n }

1<k<n-1
{uik:for 1<i<m }
1<k<n-1

|[E(Tmnt ) | = {wwis: 1 < i <m— 13U {vjvj41:1 <j < n— 1} U {unuy} U {uygvy )

<m

1 : .
U Ju;ugy: for {Ujvjk; 1S1Sn} . 1<ism
{ 1SkSn}U 1Sk$n U{ulkulk+1. lngn—l}U
{vjkvjkﬂ; 1<j<n }
1<k<n-1

The number of vertices and edges of the comb product of tadpole graph with fan graph is (m+n) (n+1) and

(m+n)(2n). Denote the vertices in the cycle as wuju,uz...,u,, and in the path as

Vq, V2, V3, e e -oen, Uy @Nd here the bridge is uy,v;.The vertices cycles the comb product graph T, ,=>
E, are denoted as u;q, Uiz, v «r -. , Uin—1and
Fori=1.2,........ , mand vjy, Vjz, Vjg, v, Vin—q. FOr j=1,2,......... N
deg (u;)=deg (v;)=n+2, Fori=1.2,......... m-1,j=12...... ,n-1
deg (u,,)=n+3,deg (v,)=n+1
deg (uy) = 2=deg (vj) Fori=12,....... mj =12, .......,nk=12...... ,n—2
deg (u;;) = 2=deg (vj;) Fori=12,...mForj=12,.......n
deg (u;n) = 2=deg (vj,) Fori=12,....mForj=12,..... ,N

The vertex u,, is the only vertex having A(G) as its deg ( u,,)=n+3.

In the comb product of tadpole graph with star graph, degree of u,, isn + 3. The vertices connected to the
vertex u, With vy, Upm—1, Us, Um1, Umz > Um3 » oor o ,Um n- These n + 3 vertices are non-adjacent vertices to
each other. If assigned one color to u,, vertex and only one color to other vertices u,,_4,u; and v;, S0 U,
and its adjacent vertices can be colored by 2 different colors. But the n vertices going from the u,,, and the
associated edges are requires n + 3 color.

Hence totally n + 5 colors required to color for this graph.

Now consider the set of colors C=(1,2,3,....... ,n+5) coloring.

LetS = V(Tpn>F,) U E(Tyn™>F,) and C = n+5

Case: 1 If mis an odd and n=1,2, 3,.........
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_ n+5 ifiisodd
Forl<sism-1 f(u"):{n+4 if i is even

f(Um)={n+3}
, _(n+5 ifjisodd
Forl<j=n f(vj)_{n+4 ijiseven
For1<i<m,1<k <n f(uy)=k+1
Fori<j<nl<ks<n f(vy)=k+1

' n+3 ifiisodd
Forl<i<m-1 f(uiui+1)={n+2 if i is even

fUmu) =n+4
flumv) =n+1

. _(n+3 ifjisodd

Forl <jsn-1 f(vjvj+1)_{n+2 if j is even
Forl<i<m,1<k<n f(yuy) =Kk
Forl<j<nl<k<n f(yvy)=k

For 1<i< m, 1<k<n- 1f(uikuik+1): n+k
For 1<i< n, 1< k <n-— 1f(vjkvjk+1): n+k

Case:2 If mis an even and n=1,2,3,

. n+5 ifiisodd
Forl<i<m f(ui)={n+4 if i is even
| n+5 ifjisodd
Forl <j<n f(vj):{n+4 ijiseven

Forl<i<m 1<k <n f(uy)=k+1

Forl<j<nl<ks<n f(v,)=k+1
. n+3 ifiisodd

<i< — U =
Forl<i<sm-—1 f(ujui4q) {n +2 ifiiseven

' n+2 ifjisodd
Forl<j<n-1 f(vjvf+1)={n+3 if j is even

Forl<i<ml<k<n f(uwuy) =k
Forl<j<n1<k<n f(vvy)=k

For 1<i<m,1<k<n—1FfUyVi+1)=ntk
For 1<i<n1<k<n—1f(vpvjs)=ntk

Hence xec(Tmn™>F,) =n+5 for n > 2.
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Example 3: Consider the total chromatic number of the comb product of the tadpole graph with the
fan graph is n+5. Hence y.c (T;6> F,) = 11

s v e
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THEOREM 3.3
The total chromatic number of the comb product of the Tadpole graph with the Star graph

i (T Sp)=N+4 for n =2
Proof
Let {u;: 1 < i <m}u{v;:1<j < n}be the vertices and {w;u;4,:1 < i <m—1} U
{vjvjﬂz 1<j<n—1}U {unus} U {u,v,} be an edges of tadpole graph Ty, .
Let {w;: 1 <i <n}U{x} be the vertices and {xw;:1 <i <n} be the edges of star graph S,, By the
definition of the comb product of a tadpole graph with a star graph. The vertex X, of star S,, is identified

with each vertex of the tadpole graph T, ,the vertex set and the edge set of (Tm,nl>Sn) as follows
) ) vpfor 1<j<n
V(Tmn>Sn)|={uis1 <i<m}u{v:1<j<n u{f }
(m,n TL)l{l } {J J } 1Sk§n—1
{uik:for 1<i<m }
1<k<n-1

|E(Tmn = Sn) |

={yu;1:1<i<m-1}u {vjvj+1: 1<j<n- 1} Uf{upul U {u,v,}

1<i<m

U{uiuik:forlsksn

}U{vjvjk; 1Sj$n}
1<k<n

The number of vertices and edges of the comb product of tadpole graph with star graph is (m+n) (n+1) and

(m+n) (n+1). Denote the vertices in the cycle, as u; u uz ... ... U, and in the path as vy, v,, V3, «o v ooe., Uy
and here the bridge is u,v;. The vertices of comb product of (Tm,n > Sn) are denoted as
Uiy Uiy cor eer avn annny uin_land

For
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deg (u,) =n+3,deg (v,)=n+1,
deg (uy) = 1 = deg (vy) =Fori=1,2,...m,j

vertex having A (G) as its deg (u,,)=n+3.

In the comb product of tadpole graph with star graph, degree of u,, isn + 3.n + 3 edges emerge from the
point u,,.They are w,,u;, Uy, V1, UmUmi > UmUmz » UmUms » -

are related to each other. So point u,, should be given one color and these n+3 edges should be given a

separate color.

=12,....,nk =

Hence totally n + 4 colors require to color for this graph.

Now consider the set of colors C=(1, 2, 3........

...,n+4) coloring

LetS = V(Tu>Sn) U E(Tmn™>Sy,) and C = n+4

Case:1 If m is an odd and n=1,23................

o= {112

f(um)={n+t1}
+2
@)=t

For1<i<m, 1<k <n f(uy)=n+2
For1<j<nl1<k<n f(vjk)=n+4

Forl<i<m-1

Forl<j<n

fuiuiyg) = {Z 1 é
f(umuy) =n+3
f(umvl) =

. n+3
Forl<j<n-1 f(vv41) ={n+4

Forl<i<m, 1<k<n f(uuy)=Kk
Forl<j<n1<k<n f(vv) =k

Forl<i<m-1

Case:2 If mis an even and n=1,2,3,..............

n+4
n+3

n+1
(ORI
For1<i<m 1<k <n f(up)=n+1
Fori<j<nl<k<n f(vi)=n+4
n+1

f(uiuigq) ={n+2

fQumus) =n +2
f(umvy) =n+4

n+3
f(vaj+1) = {Tl + 4

Forl<i<m

) ={

Forl<j<n

Forl<i<m-1

Forl<j<n-1

if i is odd
if i is even

if j is odd
1] 1is even

if i is odd
if i 1s even

if j 1s odd
if j is even

if i is odd
if i is even
if j is odd
1jis even

if i is odd
if i is even

if j is odd
if j is even

1,2, ... ,n IS u,, the only

vee oy U Uy nand Uy, Upy,—q1. These n+3 edges
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Forl<i<m, 1 <k<n f(hyuy) =k ,

Forl<j<nl1l<k<n f(vjvjk)=k

The above defined function f gives the total coloring for the graph.

Hence xten(Tmnt>S,) =n+4 for n > 2.

Example 4: Consider the Total chromatic number of comb product of tadpole graph with star graph is n+4.

If mis even, nis odd

Xte(TesD>Ss)=n+4=9
Example 5:
Consider the total chromatic number of the comb product of the tadpole graph with the star
graph is n+4..
If miseven, nisodd

1010 1010 1010 1010 1010
Vool .0Veedl. .Weell .Vee 0 «ee
W0 oY % 3 (e 40 02
0 Wk 9 WA NJh o NGNS
S 5
& (2 v, V3 Vy Vs V6 o\ S
R g

xte(T760>Ss) =n+4=10

THEOREM: 4
The total chromatic number of Comb Product of the Tadpole graph with the cycle graph s (Tm,nl>

C,)=T for n > 2.

Proof:
Let {u;:1 < i <m}u{v;:1<j < n}bethe vertices and {w;u;41:1 <i<m—1} U
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{vjvj41:1 <j <n—1} U {unuy} U {u,v,} be an edges of tadpole graph T, ,, .

Let {w;: 1 < i < n} be the vertices and {w;w;,1:1 < i < n} be the edges of cycle graph C,,.
By the definition of the comb product of a tadpole graph with a cycle graph

The vertex wy,0f cycle C, is identified with each vertex of the tadpole graph T, ,, vertex set and the edge

set of (T, o> Cy,) as follows

pfor 1<) <
V(Tm,n|> Cn): {ui: 1<i< m} U {y]k or ] n } U

1<k<n-1
{vi1<j<nlu {up:l1<i<m,1<k<n-1}
E(Tmn™ Cp) = {umts} U {upvs}
fuujy;1<i<m-1}u
{vivjsir1<j<n—-1}u
w1 <i<myu {11 <j<n} U{wuy 1 <i<m}
(VY11 <j < npUfugpsr; 1<i<m1<k<n-—2}
{vjkvjk+1;1 <j<nl<k Sn—Z}
The number of vertices and edges of the comb product of a tadpole graph with a cycle graph is (m+n)n and
(m+n)(n+1). Denote the vertices in the cycle as u; u, us ... ... , Uy, and in the path as vy, vy, V3, e e vees, Uy

and here the bridge is u,,v;.

The vertices cycles in the comb product graph T, ,0>C,, are denoted as u;q, Ujp, «ov wee ev veee, Ujp—g FOr i
=1,2,...... M and vj, Vjp, Vjz, eer een e, Vin—q FOrj =12, ......,0

deg (u;)=deg(v;)=4, fori=12,,.......,,m-1,;=12,,.....,n-1

deg (u,)=5,d(v,,)=3

deg (w;) = 2=deg(vj) fori=12,...m,k=12,.....,n—1

j=12,.....n,k=12,....,n—1
U, is the only vertex having deg A(G)
In the comb product of the tadpole graph with cycle graph is the degree of u,, is 5.The vertices connected to
the vertex u,, are vy, Uy,_q1,Us, Uy n—1and u,,; .These five vertices are non-adjacent to each other. If
assigned one color to u,, vertex and only one color to other five vertices. so u,,, and its adjacent vertices can
be colored by 2 different colors. The five associated edges with the vertex u,, also require the 5 colors and
hence totally 7 colors requires coloring for this graph.
Now consider the set of colors C = {1,2,3,4,5,6,7}
LetS = V(Tmn™>Cr) U E(Timn™>Cy)
Case:1 If mis even and n=1,2,3,4,

. 1 ifi=l (mod 2
Forl <i<m f(ui):{z ifizzgmods

. 1 ifj = 1(mod 2)
For1<j<n f(v) ={2 if j= 2 (mod 2)

For1<i<ml<k<n-1
1
f ) =1,

For 1<j<nl1<k<n-1
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( ) _ 1 ifjisodd kisevenandif iseven, k is odd
fvjk) = 2 ifjis odd, k is odd and if is even, k is even

( ) _ {1 if j is odd, k is even and if j is even, k is odd
F) =12 ifjis even, k is even and if j is odd, k is odd

f(umul) = {3}rf(umv1) = {6}

) 4 ifiisodd
For1<i<m-1 fuuipq) = {3 1S even
) 3 ifjisodd
For1<i<n-1 f(vjvig) = {4 if j is even

For 1<i<m f (uiuig) = {5}
For 1<i<m f(wum—) = {7}
For 1<j<n f(vjv;) =1{5}
For 1<j<n  f(vvpn_1) ={7}
For1<i<ml1<k<n-2

( )= {5 if i is odd ,k iseven and if i is even, k is even
(ot )= 16 £y i 0dd, k is odd,and if i is even, k is odd

Forl1<j<n,1<k<n-2
( )_ {5 if j is odd ,k is even and ifj is even, k is even
P+ 1)= 16 s odd, k is odd and if  is even, k is odd

Case:2 If m is odd and n=1,2,3,4........ccccc.....

2 if i=1 (mod 2)
1 ifi=2(mod 2)

. 1 ifj = 1(mod 2)
For1 <j<n f(v) ={2 if j= 2 (mod 2)

f (um) = {3}

For1<i<ml<k<n-2

f ) =,

For 1 < i <m-1 f(ul-):{

if i 1s odd, k is even and if 1 is even, k is odd

. o
if iis even, kis even and ifiis odd, k is odd Forl1<sjsnlsksn-2

( ) _ 1 ifjisodd kisevenandifjiseven, k is odd
o) =, if j is odd, k is odd and if j is even, k is even

fumuy) = {4}r f (umvl) = {6}1 f (um—lum) = {4'}
For 1<i<m f(uu,_,)={3}
For 1<j<n f(vjv,_1)={3}

. 3 ifiisodd
For 1<i<m-—2 fluiti) = {4 if i is even
. 3 ifjisodd
Forl<j<n-1 f(vjvj+1) - {4 if j is even

Fori<i<m f(uiuip) = {5}
For 1<i<m f(uiuin) = {7}
For 1<j<n  f(vv) ={5}
For1<j<n  f(vyvy,) ={7}

For1<i<ml<k<n-2
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(Uitines )= {5 if i is odd ,k iseven and if i is even, k is even
f(uittie+1)= 16 £ s odd. k is odd,and if i is even, k is odd

For1<j<n,1<k<n-2
( s ): {5 if j is odd ,k is even and ifj is even, k is even
PO+ 1)= 16 £is odd, k is odd and if j is even, k is odd

Hence yie(Tma>Cy)=7 for n > 2.

Example:6 Consider the Total chromatic number comb product of Tadpole graph with cycle
graph is 7. If mis odd and n is odd

T75 ACs5

xte(T755>C5)=7
Example: 7
Consider the Total chromatic number comb product of Tadpole graph with cycle graph is 7.
If miseven and niseven

){tc(T6_6 C6):7

CONCLUSION:

We obtained the total chromatic number of the Tadpole graph with path, star, cycle, and fan graphs.
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