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I. Introduction:  

 In this paper, we discussed the idea about the solution of partial differential equation using Laplace 

transform with the help Cauchy integral formula. There are numerous integral transforms that have been 

developed over the years, many of which are highly specialized. The most versatile of all integral 

transforms, including the Fourier transform, is the Laplace transform. Laplace transforms date back to the 

French mathematician Laplace who made use of the transform integral in his work on probability theory in 

the 1780s. S. D. Poisson (1781-1840) also knew of the Laplace transform integral in the 1820s and it 

occurred in Fourier’s  famous 1811 paper on heat conduction. Nonetheless, it was Oliver Heaviside who 

popularized the use of the Laplace transform as a computational tool in elementary differential equations 

and electrical engineering. We can define the Laplace transform outright, but it is instructive to formally 

derive it and its inversion formula directly from the Fourier integral theorem.  

 

II. Basic Definitions & Facts: 

 

Definition: Let 𝑓(𝑡) be a piecewise continuous function. where the function 𝑓(𝑡) is said to be of 

exponential order 𝛼, if there exists a real and finite positive number 𝑀 such that 

lim
𝑡→∞

|𝑓(𝑡)|𝑒−𝛼𝑡 ≤ 𝑀  and we write |𝑓(𝑡)| = 𝑂(𝑒𝛼𝑡) 

 

Definition: Let 𝑓(𝑡) be a continuous and single-valued function of the real variable 𝑡 defined for all 𝑡, 0 <
𝑡 < ∞, and is of exponential order. Then the Laplace transform of 𝑓(𝑡) is defined as  ℒ{𝑓(𝑡)} = 𝑓(̅𝑠) =

∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
∞

0
, (2.1) 

 

Fact 2.1: The application of an integral transform to a Partial Differential Equations reduces the 

independent variables by one. 
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Fact 2.2: Let 𝑓(𝑧) be analytic for 𝑅𝑒(𝑧) ≥ 𝛾 where 𝛾 is a real constant greater than zero. Then, for 

𝑅𝑒(𝑧0) > 𝛾,  𝑓(𝑧0) = −
1

2𝜋𝑖
lim

𝛽→∞
∫

𝑓(𝑧)𝑑𝑧

𝑧−𝑧0

𝛾+𝑖𝛽

𝛾−𝑖𝛽
. 

 

 

III. Properties of Laplace transform: 

 

Linearity Property:  If 𝑓1(𝑡) and 𝑓2(𝑡) are any two functions of 𝑡  and 𝑐 is any constant then,  ℒ[𝑓1(𝑡) ±
𝑓2(𝑡)] = ℒ[𝑓1(𝑡)] ± ℒ[𝑓2(𝑡)]  & ℒ[𝑐𝑓1(𝑡)] = 𝑐ℒ[𝑓1(𝑡)]. 
Shifting Property: If ℒ[𝑓(𝑡)] = 𝑓(̅𝑠),thenℒ[𝑒−𝑎𝑡𝑓(𝑡)] = 𝑓(̅𝑠 + 𝑎)&ℒ[𝑒𝑎𝑡𝑓(𝑡)] = 𝑓(̅𝑠 − 𝑎) 

 

Change of Scale Property: If ℒ[𝑓(𝑡)] = 𝑓(̅𝑠) then ℒ[𝑓(𝑎𝑡)] =
1

𝑎
𝑓̅ (

𝑠

𝑎
) 

 

Laplace transform of derivations:  If ℒ[𝑓(𝑡)] = 𝑓(̅𝑠) then 

(i) ℒ[𝑓′(𝑡)] = 𝑠𝑓(̅𝑠) − 𝑓(0)    (ii) ℒ[𝑓′′(𝑡)] = 𝑠2𝑓(̅𝑠) − 𝑠𝑓(0) − 𝑓′(0) 

 

Laplace transforms of integrals: If ℒ[𝑓(𝑡)] = 𝑓(̅𝑠) then ℒ [∫ 𝑓(𝑢)𝑑𝑢
𝑡

0
] =

𝑓(𝑠)

𝑠
. 

 

Translation Property: If 𝐹(𝑃) is the Laplace transform of 𝑓(𝑡), then   

ℒ{𝑓(𝑡 − 𝑎)ℎ(𝑡 − 𝑎); 𝑃} = 𝑒−𝑎𝑃𝐹(𝑃), 𝑎 > 0 
 

Periodic Property: Let 𝑓 be piecewise continuous on 𝑡 ≥ 0 and of 𝑂(𝑒𝑐0𝑡). If 𝑓 is also periodic with 

period 𝑇, then  ℒ{𝑓(𝑡); 𝑃} = [
1

1−𝑒−𝑃𝑇] ∫ 𝑒−𝑃𝑇𝑓(𝑡)
𝑇

0
𝑑𝑡 

 

IV. Theorems on Laplace Transform: 

 

Initial value theorem: If 𝑓(𝑡) is piecewise continuous on 𝑡 ≥ 0 and is 𝑂(𝑒𝑐0𝑡). Then its Laplace transform 

𝐹(𝑃) satisfies  lim
|𝑃|→∞

𝑃𝐹(𝑃) = lim
𝑡→0

𝑓(𝑡) = 𝑓(0). 

 

Final value theorem: If 𝑓(𝑡) is piecewise continuous on 𝑡 ≥ 0 and is 𝑂(𝑒𝑐0𝑡) and if the integral 

∫ 𝑓′(𝑡)𝑑𝑡
∞

0
 exists, then the transform 𝐹(𝑃) satisfies                       lim

𝑝→0
𝑃𝐹(𝑃) = lim

𝑡→∞
𝑓(𝑡) = 𝑓(∞) 

 

Watson’s Lemma: If 𝑓(𝑡) is 𝑂(𝑒𝑐0𝑡) and if, in some neighborhood of 𝑡 = 0, the function 𝑓(𝑡) has the 

Maclaurin series expansion  𝑓(𝑡) = ∑
𝑎𝑛

𝑛!
𝑡𝑛, |𝑡| < 𝑅∞

𝑛=0  , then the transform function 𝐹(𝑃) has the 

asymptotic series 𝐹(𝑃) ~ ∑
𝑎𝑛

𝑃𝑛+1
∞
𝑛=0 , |𝑃| → ∞ . 

 

Theorems related to property: If 𝐿[𝑓(𝑡); 𝑠] = 𝐹(𝑠), then 

𝐿−1[𝐹(𝑠 + 𝑎); 𝑡] = 𝑒−𝑎𝑡𝐿−1[𝐹(𝑠); 𝑡].   
 

Theorems related to property: If 𝑓(𝑡) is a piecewise continuous function and satisfies the condition of 

exponential order 𝑐0 such that Lt
𝑡→0

𝑓(𝑡)/𝑡 exists, then for 𝑠 > 𝑐0. 

𝐿−1 [
𝐹(𝑠)

𝑠
; 𝑡] = ∫ 𝑓(𝑥)

𝑡

0
𝑑𝑥. 

 

Change of scale property: If  𝐿−1[𝐹(𝑠); 𝑡] = 𝑓(𝑡), then 𝐿−1[𝐹(𝛼𝑠); 𝑡] =
1

𝛼
𝑓 (

𝑡

𝛼
) 

 

Theorems related to property: If 𝐹(𝑠) and 𝐺(𝑠) are the Laplace transforms of 𝑓(𝑡) and 𝑔(𝑡) respectively, 

then 𝐹(𝑠)𝐺(𝑠) is the Laplace transform of ∫ 𝑓(𝑡 − 𝑢)𝑔(𝑢)
𝑡

0
𝑑𝑢 

This integral is called the convolution of 𝑓 and 𝑔 and is denoted by the symbol 𝑓 ∗ 𝑔. 
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V. Problems on PDE Using Cauchy Integral Formula with Laplace Transform: 

 

Problem: 5.1  

Use Laplace transform method to solve the initial value problem 𝑘
𝜕𝑢

𝜕𝑡
=

𝜕2𝑢

𝜕𝑥2 , 0 < 𝑥 < 1, 0 < 𝑡 <

∞  Subject to the conditions  𝑢(0, 𝑡) = 0;   𝑢(𝑙, 𝑡) = 𝑔(𝑡), 0 < 𝑡 < ∞ and 𝑢(𝑥, 0) = 0,   0 < 𝑥 < 1. 

Solution: 

 Applying Laplace transform with respect to 𝑡 to the given partial differential equation, we get 

𝑘ℒ [
𝜕𝑢

𝜕𝑡
] = ℒ [

𝜕2𝑢

𝜕𝑥2
] , (𝑜𝑟)  𝑘[𝑠𝑢̅(𝑥, 𝑠) − 𝑢(𝑥, 0)] =

𝑑2𝑢

𝑑𝑢2
, (𝑜𝑟) 

𝑑2𝑢

𝑑𝑥2 − 𝑘𝑠𝑢̅ = 0, as 𝑢̅(𝑥, 0) = 0 (5.1). 𝑢̅(𝑥, 𝑠) = 𝐴 cosh(√𝑘𝑠𝑥) + 𝐵 sinh(√𝑘𝑠𝑥) , (5.2) 

Using Laplace transform of BC’s, we get 𝑢̅(0, 𝑠) = 0, 𝑢̅(𝑙, 𝑠) = 𝑔̅(𝑠), (5.3) 

Using equation (5.3) in (5.2) we get  𝐴 = 0. Thus, 𝑔̅(𝑠) = 𝐵 sinh(√𝑘𝑠𝑙), (or)  

𝐵 =
𝑔̅(𝑠)

sinh(√𝑘𝑠𝑙)
. Taking the inverse Laplace transform, we obtain  

𝑢(𝑥, 𝑡) =
1

2𝜋𝑖
∫ 𝑔̅(𝑠)𝑒𝑠𝑡 sinh(√𝑘𝑠𝑥)

sinh(√𝑘𝑠𝑙)
𝑑𝑠

𝛾+𝑖∞

𝛾−𝑖∞
, (5.4). To evaluate the integral on the right-hand side of equation 

(5.4), we use the method of residues.  The poles of the integral are given by  sinh(√𝑘𝑠𝑙) = 0,   (𝑜𝑟)𝑒√𝑘𝑠𝑙 −

𝑒−√𝑘𝑠𝑙 = 0 (𝑜𝑟), 𝑒2√𝑘𝑠𝑙 = 1 = 𝑒2𝑛𝜋𝑖 

(𝑜𝑟), 𝑠𝑛 = −
𝑛2𝜋2

𝑘𝑙2 , 𝑛 = 0, ±1, ±2, ±3, … . Now, by Cauchy Residue theorem, we have 

1

2𝜋𝑖
∫ 𝑔̅(𝑠)𝑒𝑠𝑡 sinh(√𝑘𝑠𝑥)

sinh(√𝑘𝑠𝑙)
𝑑𝑠

𝛾+𝑖∞

𝛾−𝑖∞
= ∑𝑅𝑖 , where 𝑅𝑖 = Residue at the 𝑖𝑡ℎ pole. Here residue at 𝑠 = 0, is zero, 

the residue at 𝑠 = 𝑠𝑛 is 

lim
𝑠→𝑠𝑛

𝑔̅(𝑠)
𝑒𝑠𝑡 sinh(√𝑘𝑠𝑥)

𝑑

𝑑𝑠
[sinh √𝑘𝑠𝑙]

= lim
𝑠→𝑠𝑛

1√𝑠𝑔̅(𝑠)

𝑙√𝑘[cosh(√𝑘𝑠𝑙)]
𝑒𝑠𝑡 sinh(√𝑘𝑠𝑥) 

=
2√

−𝑛2𝜋2

𝑘𝑙2

𝑙√𝑘 cosh (
−𝑛2𝜋2

𝑘𝑙2 𝑙)
𝑒

𝑛2𝜋2

𝑘𝑙2 sinh (√(
−𝑛2𝜋2

𝑘𝑙2
) 𝑥) , 𝑛 = 1,2,3 … 

=
2𝑖𝑛𝜋𝑔̅ (

−𝑛2𝜋2

𝑘𝑙2 )

𝑘𝑙2 cos(𝑖𝑛𝜋)
sinh (

𝑖𝑛𝜋

𝑙
𝑥) 𝑒

−𝑛2𝜋2𝑡

𝑘𝑙2 , 𝑛 = 1,2,3, … 

cosh(𝑖𝑛𝜋) = cosh(𝑛𝜋) and  sinh (
𝑖𝑛𝜋

𝑙
𝑥) = 𝑖 sin (

𝑛𝜋

𝑙
𝑥) 

Thus, the required solution is  𝑢(𝑥, 𝑡) =
2𝜋

𝑘𝑙2
∑ (−1)𝑛𝑛𝑔̅ (

𝑛2𝜋2

𝑘𝑙2 )∞
𝑛=0 sin (

𝑛𝜋

𝑙
𝑥) 𝑒

−𝑛2𝜋2

𝑘𝑙2 𝑡
. 

 

Problem: 5.2 

Find the solution of the boundary value problem given by 
𝜕2𝑢

𝜕𝑥2 =
1

𝑘

𝜕𝑢

𝜕𝑡
, 0 ≤ 𝑥 ≤ 𝑎, 𝑡 > 0 Subject to 

the initial and boundary conditions 𝑢(𝑥, 0) = 0, 𝑢(0, 𝑡) = 𝑓(𝑡), 𝑢(𝑎, 𝑡) = 0  by using the Laplace transform 

method. 

Solution: 

 Taking the Laplace transform of the given partial differential equation, we have 
𝑑2𝑢

𝑑𝑥2
=

1

𝑘
[𝑠𝑢̅(𝑥, 𝑠) − 𝑢(𝑥, 0)].  Using the initial condition 𝑢(𝑥, 0) = 0, we get  

𝑑2𝑢

𝑑𝑥2 −
𝑠

𝑘
𝑢̅(𝑥, 𝑠) = 0. Its general solution is found to be  

𝑢̅(𝑥, 𝑠) = 𝐴𝑒√(𝑠/𝑘)𝑥 + 𝐵𝑒−√(𝑆/𝐺)𝑥, (5.5). Now taking Laplace transform of the boundary conditions, we 

have 𝑢̅(0, 𝑠) = 𝑓(̅𝑠), (5.6),  𝑢̅(𝑎, 𝑠) = 0, (5.7). Using equations (5.6) and (5.7) into (5.5) we get, 𝑓(̅𝑠) =
𝐴 + 𝐵, (5.8) and  

𝑢̅(𝑎, 𝑠) = 𝐴 exp [√(
𝑠

𝑘
) 𝑎] + 𝐵 exp [−√(

𝑠

𝑘
) 𝑎] , (5.9). Combining equation (5.8) and (5.9), we have  

𝑓(̅𝑠) = 𝐴 [1 − 𝑒
2𝑎√

𝑠

𝑘]. ∴ 𝐴 =
𝑓̅(𝑠)

(1−𝑒2𝑎√𝑠/𝑘 )
 and  𝐵 = 𝑓(̅𝑠) −

𝑓̅(𝑠)

1−𝑒2𝑎√𝑠/𝑘
 

= −
𝑓̅(𝑠)𝑒2𝑎√𝑠/𝑘

1−𝑒2𝑎√𝑠/𝑘
 which implies that 𝐴 = 𝑓(̅𝑠)𝑒−𝑎√𝑠/𝑘 [𝑒−𝑎√𝑠/𝑘 − 𝑒𝑎√𝑠/𝑘] 
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𝐵 = 𝑓(̅𝑠)𝑒𝑎√𝑠/𝑘 [𝑒𝑎√𝑠/𝑘 − 𝑒−𝑎√𝑠/𝑘]  Therefore, 𝑢̅(𝑥, 𝑠) = 𝑓(̅𝑠)
sinh[√

𝑠

𝑘
(𝑎−𝑥)]

sinh[√
𝑠

𝑘
𝑎]

 

Taking inverse Laplace transform, we obtain 𝑢(𝑥, 𝑡) = ℒ−1 [𝑓(̅𝑠)
sinh[√

𝑠

𝑘
(𝑎−𝑥)]

sinh[√
𝑠

𝑘
𝑎]

] 

=
1

2𝜋𝑖
∫

𝑒𝑠𝑡𝑓(̅𝑠) sinh [√
𝑠

𝑘
(𝑎 − 𝑥)]

sinh [√
𝑠

𝑘
𝑎]

𝑑𝑠

𝛾+𝑖∞

𝛾−𝑖∞

. 

 

 

Problem: 5.3 

 Using Laplace transform method, solve the initial boundary value problem 
𝜕2𝑢

𝜕𝑥2 =
1

𝑐2

𝜕2𝑢

𝜕𝑡2 − cos 𝑤𝑡 ,

0 ≤ 𝑥 ≤ ∞, 0 ≤ 𝑡 ≤ ∞. Subject to the initial and boundary conditions  𝑢(0, 𝑡) = 0, 𝑢 is bounded as  𝑥 →

∞ 
𝜕𝑢

𝜕𝑡
(𝑥, 0) = 𝑢(𝑥, 0) = 0. 

Solution: 

Taking the Laplace transform of the partial differential equation, we obtain 
𝑑2𝑢

𝑑𝑥2 =
1

𝑐2 [𝑠2𝑢̅(𝑥, 𝑠) − 𝑠𝑢(𝑥, 0) −
𝜕𝑢(𝑥,0)

𝜕𝑡
] −

𝑠

𝑠2+𝑤2 . Using the initial conditions, we get 
𝑑2𝑢

𝑑𝑥2 −

𝑠2

𝑐2 𝑢̅(𝑥, 𝑠) = −
𝑠

𝑠2+𝑤2 , (5.10). The general solution of (5.10) is found to be  

𝑢̅(𝑥, 𝑠) = 𝐴𝑒(𝑠/𝑐)𝑥 + 𝐵𝑒−(𝑠/𝑐)𝑥 +
𝑐2

𝑠(𝑠2+𝑤2)
, (5.11). As 𝑥 → ∞, the transform should also be bounded which 

is possible if      𝐴 = 0, thus   𝑢̅(𝑥, 𝑠) = 𝐵𝑒−𝑠𝑥/𝑐 +
𝑐2

𝑠(𝑠2+𝑤2)
. Taking Laplace transform of the boundary 

conditions, we get  𝑢̅(0, 𝑠) = 0. Using this result in equation (5.11),We have 𝐵 = −
𝑐2

𝑠(𝑠^+𝑤2)
. Hence, 

𝑢̅(𝑥, 𝑠) =
𝑐2

𝑠(𝑠2+𝑤2)
[1 − 𝑒−(𝑠/𝑐)𝑥] 

Taking its inverse Laplace transform, we get 𝑢(𝑥, 𝑡) = 𝑐2ℒ−1 [
1

𝑠(𝑠2+𝑤2)
] − 𝑐2ℒ−1 [

𝑒(𝑠/𝑐)𝑥

𝑠(𝑠2+𝑤2)
] 

=
𝑐2

𝑤2
(1 − cos 𝑤𝑡) −

𝑐2

𝑤2 [{1 − cos 𝑤 (𝑡 −
𝑥

𝑐
)} 𝐻 (𝑡 −

𝑥

𝑐
)]. where 𝐻 is the Heaviside unit function. 

 

Problem: 5.4 

 Solve the initial boundary value problem  
𝜕2𝑢

𝜕𝑥2 =
𝜕2𝑢

𝜕𝑡2 , 0 < 𝑥 < 1, 𝑡 > 0 

Subject to the initial and boundary conditions 𝑢(𝑥, 0) = sin 𝜋𝑥 ,
𝜕𝑢

𝜕𝑡
(𝑥, 0) = − sin 𝜋𝑥 , 0 < 𝑥 < 1 and 

𝑢(0, 𝑡) = 𝑢(1, 𝑡) = 0, 𝑡 > 0. 

Solution:  

 Taking the Laplace transform of the partial differential equation, we get 
𝑑2𝑢

𝑑𝑥2 = 𝑠2𝑢̅(𝑥, 𝑠) − 𝑠𝑢(𝑥, 0) −
𝜕𝑢

𝜕𝑡
(𝑥, 0). Using the initial conditions, this equation becomes,  

𝑑2𝑢

𝑑𝑥2 − 𝑠2𝑢̅ =

(1 − 𝑠) sin 𝜋𝑥, its general solution is given by 

𝑢̅(𝑥, 𝑠) = 𝐴𝑒𝑠𝑥 + 𝐵𝑒−𝑠𝑥 +
(𝑠−1) sin 𝜋𝑥

𝜋2+𝑠2
, (5.12). The Laplace transform of the boundary conditions gives 

𝑢̅(0, 𝑠) = 0 = 𝑢̅(1, 𝑠) using these equations (5.12), we find that  

𝐴 = 0 = 𝐵. Hence we obtain  𝑢̅(𝑥, 𝑠) =
(𝑠−1) sin 𝜋𝑥

𝜋2+𝑠2 . Taking the inverse Laplace transform, we get  𝑢(𝑥, 𝑡) =

sin 𝜋𝑥 ℒ−1 (
𝑠−1

𝜋2+𝑠2) = sin 𝜋𝑥 (cos 𝜋𝑥 −
sin 𝜋𝑥

𝜋
). Hence the required solution of the given boundary value 

problem is 𝑢(𝑥, 𝑡) = sin 𝜋𝑥 (cos 𝜋𝑥 −
sin 𝜋𝑥

𝜋
) 

 

Problem: 5.5 

 A string is stretched and fixed between two points (0,0) and (𝑙, 0). Motion is initiated by displaying 

the string in the form 𝑢 = sin (
𝜋𝑥

𝑙
) and released from rest at time 𝑡 = 0. Find the displacement of any point 

on the string at any time 𝑡. 
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Solution: 

 The displacement 𝑢(𝑥, 𝑡) of the string is governed by 
𝜕2𝑢

𝜕𝑡2 = 𝑐2 𝜕2𝑢

𝜕𝑥2 , 0 < 𝑥 < 𝑙, 𝑡 > 0.  Subject to the conditions 

𝑢(𝑥, 0) = sin (
𝜋𝑥

𝑙
) ,

𝜕𝑢

𝜕𝑡
(𝑥, 0) = 0 𝑢(0, 𝑡) = 𝑢(𝑙, 𝑡) = 0 . Taking the Laplace transform of the given partial 

differential equation we get 

𝑠2𝑢̅(𝑥, 𝑠) − 𝑠𝑢(𝑥, 0) −
𝜕𝑢

𝜕𝑡
(𝑥, 0) = 𝑐2 𝑑2𝑢

𝑑𝑥2.  Using the initial conditions, we get  

𝑑2𝑢

𝑑𝑥2 −
𝑠2

𝑐2 𝑢̅ = −
𝑠

𝑐2 sin
𝜋𝑥

𝑙
.  Its general solution is given by 

𝑢̅(𝑥, 𝑠) = 𝐴𝑒𝑠𝑥/𝑐 + 𝐵𝑒−𝑠𝑥/𝑐 +
𝑠 sin

𝜋𝑥

𝑙

𝑠2+𝜋2𝑐2/𝑙2 , (5.13). The Laplace transform of the boundary conditions is 

given by  𝑢̅(0, 𝑠) = 0, 𝑢̅(𝑙, 𝑠) = 0. Applying these conditions in equation (5.13), we get  𝐴 + 𝐵 = 0.  

𝐴𝑠𝑙/𝑐 + 𝐵−𝑠𝑙/𝑐 = 0. Solving these equations, we obtain 𝐴 = 𝐵 = 0.  Thus 𝑢̅(𝑥, 𝑠) =
𝑠 sin(𝜋𝑥/𝑙)

𝑠2+𝜋2𝑐2/𝑙2. Taking 

inverse of the Laplace transform we get 

𝑢(𝑥, 𝑡) = cos (
𝜋𝑐

𝑙
𝑡) sin

𝜋𝑥

𝑙
. 

 

Problem: 5.6 

 Find the solution of the partial differential equation  
𝜕𝑢

𝜕𝑡
= 𝑘

𝜕2𝑢

𝜕𝑥2 , 0 < 𝑥 < ∞,  

 𝑡 > 0. Subject to the initial and boundary conditions 𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑡) → 0, as𝑥 → ∞ 

𝑢(0, 𝑡) = 𝑔(𝑡).  

Solution: 

 Taking the Laplace transform of the partial differential equation, we have 

𝑘
𝑑2𝑢

𝑑𝑥2 = 𝑠𝑢̅(𝑥, 𝑠) − 𝑢̅(𝑥, 0). Using the initial condition 𝑢(𝑥, 0) = 0, we get 

𝑘
𝑑2𝑢

𝑑𝑥2 −
𝑠

𝑘
𝑢̅ = 0. Its general solution is given by 

𝑢̅(𝑥, 𝑠) = 𝐴 exp (√
𝑠

𝑘
𝑥) + 𝐵 exp (−√

𝑠

𝑘
𝑥).  The Laplace transform of the first boundary conditions gives, 

𝑢̅ → 0, 𝑎𝑠 𝑥 → ∞ and 𝑢̅(0, 𝑠) = 𝑔̅(𝑠). Using these in the solution, we get 𝐴 = 0, 𝐵 = 𝑔̅(𝑠).therefore,  

𝑢̅(𝑥, 𝑠) = {𝑔̅(𝑠) exp (−√
𝑠

𝑘
𝑥)}. Taking the inverse Laplace transform, we obtain  𝑢(𝑥, 𝑡) =

ℒ−1 {𝑔̅(𝑠) exp (−√
𝑠

𝑘
𝑥)} 

ℒ−1 {ℒ(𝑔(𝑡))ℒ [
𝑥

2√𝑘𝜋𝑡3
exp (−

𝑥2

4𝑘𝑡
)]} ,  ∵ ℒ−1 {exp √

𝑠

𝑘
𝑥 =

𝑥

2√𝑘𝜋𝑡3
exp (−

𝑥2

4𝑘𝑡
)} 

Upon using convolution theorem, we arrive at the result  

𝑢(𝑥, 𝑡) = ∫
𝑥 exp[−𝑥2/4𝑘𝑡(𝑡 − 𝑢)]

2√𝜋𝑘(𝑡 − 𝑢)3\2

𝑡

0

𝑔̅(𝑢)𝑑𝑢 

Problem: 5.7 

 Using the Laplace transform method, solve  
𝜕𝑢

𝜕𝑡
= 3

𝜕2𝑢

𝜕𝑥2
 Subject to the initial and boundary conditions 

𝑢(𝑥, 0) = 30 cos 5𝑥 , 𝑢 (
𝜋

2
, 0) = 0,

𝜕𝑢

𝜕𝑥
(0, 𝑡) = 0. 

Solution: 

Taking the Laplace transform of partial differential equation, we have 

𝑠𝑢̅(𝑥, 𝑠) − 𝑢(𝑥, 0) = 3
𝑑2𝑢

𝑑𝑥2. Using the initial condition, we get
𝑑2𝑢

𝑑𝑥2 −
𝑠

3
𝑢̅ = −10 cos 5𝑥 

Its general solution is given by  𝑢̅(𝑥, 𝑠) = 𝐴𝑒
√

𝑠

3
𝑥

+ 𝐵𝑒
−√

𝑠

3
𝑥

+
30 cos 5𝑥

75+𝑠
. Taking Laplace transform of 

boundary condition and using in the solution, we obtain 𝐴 = 𝐵 = 0. Thus 𝑢̅(𝑥, 𝑠) =
30 cos 5𝑥

75+𝑠
. Taking inverse 

Laplace transform, we get  

 𝑢(𝑥, 𝑡) = ℒ−1 (
30 cos 5𝑥

75+𝑠
) = 30 𝑒−75𝑡 cos 5𝑥 
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VI. Conclusion: 

 

In this paper, We have checked the solution of wave equation and 𝒫𝒟ℰ using Laplace transform. I 

have learned more ideas from this concept. In real life, we have seen more ideas can be solving with 

Laplace transform. Laplace transform can be playing major role inPhysics and Computer science. From 

this paper, I will plan to show my future research idea in this platform with the help of Laplace transform 

This paper work is very useful to my upcoming research work. 
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