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Abstract: In this article, we consider a Generalized Lucas sequence {GL,} defined by the recurrence relation
GL, = aL,_, + bL,_, ; forall n > 2; where L, = 2, L; = 1. We derive its recursive formula using simple explicit form of GL,,.
We also arise some interesting identities for this sequence.
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|I. INTRODUCTION

The well-known Fibonacci sequence and the Lucas sequence are the two outstanding leads in the huge range of integer
sequences. Both these sequences are famous for having great and wonderful properties and have been studied over several years.
In the theory of numbers, Fibonacci sequence has always productive the ground for mathematicians. Both these sequences have
been generalized in several different ways.

In Recent years, various papers have been published related to different types of generalizations of Fibonacci sequence. One
can refer [1,2,4,6,7] and the Fibonacci sequence is a source of many identities as appears in research works. One can refer [3,8].

The Fibonacci sequence {E,}, named after Leonardo Pisano Fibonacci (1170—1250), is defined recursively by the relation
E, = F,_4+ F,_,,forn > 2, where F, = 0, F; = 1. This gives the sequence 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144 ... Also the
sequence of Lucas numbers {L,} is defined by L,, = L,,_; + L,_, , for all n = 2 with initial conditions Ly = 2 and L; = 1. The

n_pn n _ n
Binet formula for Fibonacci sequence and Lucas sequence are respectively given by F, = “a_z = %{(Hf) - (1Tﬁ) } and

n n
Ly=a™+p" = {(HT\/E) + (1_7\/5) }, where ¢ = (12—‘6) is famously referred as ‘golden ratio’. one can refer [5,9,10]
Here we consider the generalized Lucas sequence {GL,} defined by the recurrence relation GL,, = al,_, + bL,_, ; for all
n = 2; with Ly = 2,L; = 1 and a, b are nonzero real numbers. First few terms of this generalized Lucas sequence {GL,} are:
—a+2b,2a+b,a+3b,3a+4b,....

Il. AFEW SUMMATIONS FORMULA FOR THE NUMBERS OF GENERALIZED RECURSIVE SEQUENCE

We remark the following interesting pattern for the generalized Lucas numbers:
GLi=—-a+2b=(Ly—2)a—(L,—1b
GLi+GLy,=a+3b=(L,—2)a—(Ls—1)b
GL, +GLy, + GLy = 2a + 6b = (L; — 2)a — (L, — 1)b
GL, +GL, + GL; + GL, = 5a+ 10b = (L, — 2)a — (Ls — 1)b.
From this pattern, we conclude that Y-, GL, = (L, —2)a — (L4, — 1)b. Now, we use the principle of Mathematical
Induction (PMI) for verifying this result.
Lemma2.1: ¥, GL, = (L, —2)a— (Lyy, — 1)b.
Proof: We use PMI to prove this result. For n = 1 it is clear that
—a+2b=GL, =(L;—2)a—(L,—1Db=1—-2)a— (3 —-1b.
We assume that the result holds for some positive integer not exceeding k and we show that it also holds for n = k + 1. Now,
K GLi= Xy GLi + GLisy = (L — 2)@ — (Liyy — Db + aly_y + bl
=a(ly+ L) +b(Lgy +Ly)—2a—-b
=aly41 +bLyy, —2a—Db.
Thus, Y¥*1GL; = (Lgsq — 2)a — (Lgs — 1)b, which proves the result by PMI.
We now derive a formula for the sum of first n terms of sequence {GL,,} with odd subscripts, by two different techniques.
Lemma 2.2: ¥, GLy;_y = GL,, — GLy = 3a + b.
Proof: [First Method] By the definition of generalized Lucas recurrence numbers, we have
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GL, = GL, — GL,
GL; = GL, — GL,
GLs = GLy — GL,

GLyn-3 = GLlyp — GLyp—4
GLyp—1 = GLyy — GLyp
Adding all these results we get Y}i-; GL,;_; = GL,, — GL,.
Now we prove the same result by PMI.
Lemma 2.2: ¥, GLy;_y = GLy, — GLy = 3a + b.
Proof: [Second method] For n = 1 it is clear that
-a+2b=GL, =GL,—GLy = 2a + b — (3a — b).
We assume that the result holds for some positive integer not exceeding k and we show that it also holds for n = k + 1. Now,
{'(:11 GLyi_1 = Zi‘{=1 2i -1+ GLZ(k+1)—1 = GLyx — GLy + GLypy1 = GLogyy — GLy.

Thus Y1 GL,;_, = GLyk+1) — GLo, Which proves the result for every positive integers n by PMI.

We next obtain similar result for the even subscripts.
Lemma 2.3: ¥, GLy; = GLyp 1 — GLy, GLy = —a + 2b.
Proof: We use PMI to prove the result.
Forn = 1litisclear that 2a + b = GL, = GL; — GL,; = (a + 3b) — (—a + 2b).
Assume that the result holds for some positive integer not exceeding k and we show that it also holds forn = k + 1. Now,

{'(:11 GLy; = Zi‘{=1 GLy; + GLZ(k+1) =GLlygyq — GLy + GLygyy = GLypy3 — GLy .

Thus ¥ 1GL,, = GLy(k+1)+1 — GLq, which proves the result by PMI.

Next we prove an important result for GL,,.
Lemma 2.4: ¥ ,(GL))? = GL,,GL,,, + (3a® — 7ab + 2b?).
Proof: We prove this result by the principle of mathematical induction. For n = 1 it is clear that
(—a + 2b)? = (GL,)* = GL,GL, + (3a® — 7ab + 2b?)

= (—a + 2b)(2a + b) + (3a® — 7ab + 2b?).

Now let us assume that the result holds for some positive integer not exceeding k and we show that it also holds for

n=k+ 1. Now,
21 (GL)? =TIy (GL)? + (GLyyn)?
= GLyGLyy1 + (3a? — 7ab + 2b?) + (GLy41)?
= GLp41(GLy + GLyy1) + (3a? — 7ab + 2b?)

o YU (GL)? = GLyy1GLyyo + (3a® — 7ab + 2b?).
Thus, by PMI this result is true for every positive integer n.

The following interesting result follows easily from this lemma.
Corollary 2.5:(GL,)? = GL,GL, ., — GL,,_,GL,; for every positive integer n.
Proof: Using the lemma 2.5, we have
GL,GLy4; = (GL,)? + (GL,—1)? + -+ + (GL,)? — (3a? — 7ab + 2b?) and
GLy_1GL, = (GL,_1)? + (GL,,_,)? + -+ (GL;)?> — (3a% — 7ab + 2b?).
On subtraction, we get (GL,)? = GL,,GL,,; — GL,_,GL,; n > 1, as required.

I11. EXTENDED BINET’S FORMULA FOR THE GENERALIZED LUCAS NUMBERS

Almost all of these properties can be derived from Binet’s formula. A main objective of this paper is to prove that many of
the properties of the Fibonacci sequence can be stated and verified for a much larger class of sequences, namely the generalized
Fibonacci sequence. We now develop extended Binet’s formula for the generalized Lucas numbers.

Theorem 3.1: [Extended Binet’s formula]
The terms of the generalized Lucas sequence {GL,,} are given by GL,, = ca™ + df™ ; wherec =a+ (a — b)B,d =a+ (a — b)«a
o« = (25 - (5

2
Proof: We have GL,, = aL,_, + bL,_;
— a(an—z +ﬂn—2) + b(an—l +ﬁn—1)
-5 e (5
= a™apB? + b(ap)B} + p™{aa® + b(af)a}.
Here it can be observed that af = —1,a? = 1 + e and 2 = 1 + . Thus we have
GL, = a™a(1+pB)—bB}+ p™{a(l + a) — ba}
= a™a+ (a —b)B}+ B*{a + (a — b)a}.
Hence, GL, = ca™ +df™, whenc =a+ (a—b)fandd = a+ (a — b)a.

Remark: cd = {a + (a — b)B}Ha + (a — b)a}
=a?+ (a—b)?af +ala—b)a+ala—b)p
=a’+ (a—-b)*(-1)+ala—b)(a+p)
= a? +ab — b2
This constant occurs in many of the formulas for generalized Lucas numbers. We call it the characteristic of the generalized
Lucas sequence. We write u = cd = a? + ab — b?.
We now use this extended Binet’s formula to prove some interesting identities for this sequence. In the following theorem,
we derive the extended Cassini’s identity for the generalized Lucas numbers which connects three consecutives GL,,’s together.

IJCRT2401518 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | e318


http://www.ijcrt.org/

www.ijcrt.org © 2024 IJCRT | Volume 12, Issue 1 January 2024 | ISSN: 2320-2882
Lemma 3.2: [Extended Cassini’s identity]
GLn41GLy_y — (GLy)? = 5u(=1)" .
Proof: We have
GLyps1GLy_q — (GL)? = (ca™ ! + dB™ D) (ca™t + dp™ 1) — (ca™ + df™)?
— cd(a"“ﬁ"‘l + an—lﬁn+1) _ ZCd(—l)n
= u(ap)*'(a® + p*) — 2u(-1)"
Since L,, = a™ + f™ and L, = 3, we have
GLn1GLy—y — (GLy)? = p(—1D)" 1 (3) — 2u(-1)" = —3u(-1)" — 2p(-1)"
Hence, GL,+1GL,_; — (GL,)? = =5u(—1)" = 5u(—1)""1, as required.
We next prove more generalized form of extended Catalan’s identity which connects three consecutives GL,,’s with suffixes

in arithmetic progression for fixed n.
Lemma 3.3: [Extended Catalan’s identity]
(GLn)z = GLlyyrGLy = cd(=1)"(2 + Lay).
Proof: Using extended Binet’s theorem for generalized Lucas numbers, we have
(GLn)Z = GLyy GLy

— (C(Zn + dﬁn)z _ (Ca,n+r + dﬁn+r)(can—r + dﬁn—r)

— Cza,Zn + 2cd(0([>’)" + dZﬁZn _ C2a2n _ Cdan+rﬁn—r _ Cdan—rﬁn+r _ d2ﬁ2n

= 2cd(ap)" — cd(ap)"a” (—a)" — cd(aB)"B"(=B)"

=2cd(-D" —cd(-D"a"(-a)" — cd(=D)"B"(=p)"

=cd(—1)"(2 + a?" + p?").
Hence, (GL,)? — GLy1yGLy_ = cd(—1)"(2 + Ly,).

We now express GL,, explicitly in terms of powers of «a.

Theorem 3.4: GL,, = d [ga"], where [x] represents the integer part of x.
Proof: Using the extended Binet’s formula for GL,, we have GL, = ca™ + df™, where c=a+ (a—b)f and d =a+ (a —b)a.

This gives “";76“71 = B™. Then,

|GLn—can

= = 1y = 11 = [

= (0.618)" < 1,asn — oo.
This gives GL, = d [ga"] , as required.
The next result shows how extended Binet’s formula is used to express GL,, in terms of GL,,.
Lemma 3.5: GL,,; = aGL, — d/58", wherec = a+ (a—b)f andd = a + (a — b)a.
Proof: We have GL,, = ca™ + df"™. Then,
aGL, = ca™?! + daf®
=ca™! +d(ap)pm?*
A Can+1 _ dﬂn_l
= (can+1 + dﬂn+1) _ d(ﬁn_l + Bn+1)
= GLyyy —dB™ (B2 + 1)
= Glyy — dB™ ' (—V58)
= GL, + 1+ dV58™.
Thus, GL,,; = aGL, — dv/5B".
Following result follows immediately from this result by taking n — oo and keeping in mind that |8| < 1.
Corollary 3.6: GL,,, = aGL,.

We next show that limiting ratio of any two consecutive terms of this sequence converge to a fixed real number.
Lemma 3.7: lim &2+ = ¢

n-oo GLp

Proof: We have GL, =d [g a"] . Now we know that for any arbitrary real number x, we have [x] = x — 8, where 0 < 6 < 1. Then,

C C
lim Glns _ lim d[aan+1] _ Ean+1_91
n-o GLp n-oo d[%a"] n-oo Ea"—Gz
Since 0 < 6,,0, <1, wehave lim

n-ooo GLp

GLn41

1VV. GENERALIZED LUCAS SEQUENCE WITH NEGATIVE SUBSCRIPTS

We now extend the generalized Lucas sequence backward with negative subscripts. In fact, if we try to extend the generalized
Lucas sequence backwards still keeping to the rule that any generalized Lucas sequence is the sum of the two numbers on its left,
we get the following:

n GL_,
-3 —11la+7b
-2 7a —4b
-1 —4a+ 3b
0 3a—b

1 —a+ 2b
2 2a+b
3 a+3b
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We can now consider GL,, being defined for all integer values of n, both positive and negative and the generalized Lucas
sequence extending infinitely in both the positive and negative directions. We observe here that GL_,, = (—1)"(aL,45 — bLy11).
We prove this result in the following theorem.
Theorem 4.1: GL_,, = (—1)"(aLy43 — bLyy1).
Proof: We have GL,, = ca™ + dB™. Now considering —n in place of n, we get GL_,, = ca™ + df™". Since aff = —1, we have
GL_, =ca™™+dp™
=c(=p)" +d(-a)"
= (=D"(cp™ + da™)
=(D"({a+ (a-b)B}p" +{a+ (a — b)a}a™)
= (=1D)™@ap™+ (a — b)) + aa™ + (a — b)a™?)
= (=D"(al@™ + g™ + (a = b)(@™* + ™))
= (—D"(al, + (@ = b)Lpyy)
= (—D"™(al, + alnyy — balyyq)
= (=1D"(a(Llp + Ly41) — bLpyy)
Hence, GL_, = (—1)™(al,,4, — bL,+1).
We next obtain two beautiful results which show connection between the Fibonacci numbers, Lucas numbers and generalized
Lucas nhumbers.
Theorem 4.2: GLy 4y = Fp41GLy + E,GLy_qy = F,,GLyq + Frp_1GL,,.
Proof: We shall prove this result by induction over n keeping m fixed.
Forn =1, we have GL,,,, = F,GL,, + F,GL,_, = GL,,, + GL,,_,.This proves the result forn = 1, since F;, = F, = 1.
Now assume that result holds for some positive integer n = k. Then by assumption, GLy 4, = Fy11GLyy + F G Ly, _1 holds.
NOW GLygt1+m = GLypik+r = GLmyr + GLpmyg—1
= Fy41GLy + FGLyy_1 + FGLyy, + Fye_1GLyy_4
= (Fip1 + F )Gl + (Fi + Fi1)GLyy o
= Fy42GLy, + Fi 11 GL,,_1, Which is precisely our identity when n = k + 1.
Thus, result is true for every positive integer n.
The second part of the result follows immediately by interchanging m and n.
We use this result to prove the analogous of d’Ocagne’s identity.
Theorem 4.3: [Extended d’Ocagne’s identity]
GLy—m = (=1)™[F41GLy — FnGLyp 4]
Proof: GL,_yp = F_jp—1GLy + F_nGLy 41
=~ (_1)m+2Fm+1GLm + (_1)m+1FmGLn+1
= (_1)m+1[FmGLn+1 — Fpy1GLp]
“GLlym = (=1)"[Fin41GLy — FGLp 4] .
The following result follows from the above two reduction formulae.
Corollary 4.4: GLy,yp, + (=1)™GL,_ 1, = GL, L,p,.
Proof: By the above two lemmas, we have
GLn+m = FmGLn+1 + Fm—lGLn and GLn—m = (_1)m[Fm+1GLn N FmGLn+1]-
Thus GLy i + (=)™ GLy_y = [EnGLlpyy + Fino1GLp] + [Frug1GLy — FpGLypyq]
= GLp[Fp-1 + Fial.
Since F,,,_1 + Fny1 = Ly, , the required result follows immediately.
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