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1. Abstract

The dynamics of two ecologically independent species which are being harvested with variable effort
have been discussed. The dynamics of effort is considered separately. The local and global dynamics of the system
is studied. The co-existence of species in the form of stable equilibrium point is possible.
Key Word: Mathematical Model, Ordinary differential equation, Different parameters, Positive solution
nonexistence of periodic solution etc.
2. Introduction

Exploitation of biological resources as practiced in fishery, and forestry has strong impact on dynamic
evolution of biological population. The over exploitation of resources may lead to extinction of species which
adversely affects the ecosystem. However, reasonable and controlled harvesting is beneficial from economic and
ecological point of view. The research on harvesting in predator-prey systems has been of interest to economists,
ecologists and natural resource management for some time now.

The optimal management of renewable resources and their solution analytically has been extensively
studied by many authors [1, 2, 3, 7, 8, 12-21]. The mathematical aspects of management of renewable resources
have been discussed by [10]. He had investigated the optimum harvesting of logistically growing species. The
problem of combined harvesting of two ecologically independent species has been studied [10, 13]. The effects
of harvesting on the dynamics of interacting species have been studied Measterton-Gibbons [14], Chaudhuri et.al.
[6-9] with constant harvesting, the prey predator model is found to have interesting dynamical behavior including
stability, Hopf bifurcation and limit cycle [4, 5, 11, 15].

The multi species food web models have found to have rich dynamical behavior [16, 18]. S Kumar et. al.
[17] have investigated the harvesting of predator species predating over two preys.

In this paper the dynamics of two ecologically independent species which are being harvested have been

discussed when the dynamics of effort is considered separately.
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3. The Mathematical Model

Consider two independent biological species with densitiesX;andX,with logistic growth. The

Mathematical model of two harvesting prey species with effort rate is given by the following system of ordinary

differential equations:

dX; X1 A1q1X1E
dar X ( - K_) " 14B X +ByX, X1f1 (X1, X3, E)
1 141 242
dXZ _ XZ AzquXZ _
ar 12X ( B K_) C 14B X +BoXy X2f2(X1, X3, E)
2 141 242
d

_E — E(h(Xl,Xz) _ C) - Ek (P1Q1A1X1+P2q2A2X2 _ C) — Ef3(X1,X2) (l)

dT 1+B1X1+ByX,

The logistic growth is considered for the two preys. The model does not consider any direct competition between
the two populations. The constants K;, r;, A;,andB;, are model parameters assuming only positive values. The
effort Eis applied to harvest both the species and C is total cost of fishing. The harvesting is proportional to the
product of effort Eand the fish population densityX;.The catch-ability coefficients g; are assumed to be different
for the two species. In the model, the third equation considers the dynamics of effort E. The constants p, and
p.are the price of the per unit prey species. The last equation of (1) implies that the rate of increase of the effort
is proportional to the rate of net economic revenue. The constant kis the proportionality constant.

Let the constant M,is the reference value ofE. Introduce the following dimensionless transformations:
= rlT,yi = ﬁ(l = 1,2),x = i,Wl = M,WZ = BlK1IW3 = BZKZ
K; My 1

T2 o Aq,M kKl _ sz .
o Ws = We =k wy =0

w, =
b T’ 1 0

)

The dimensionless nonlinear system is obtained as:

2 _ ( L L) £
LR 1-y, SET——— Y1fi (1, Y2, X)-
d
% =2 ((1 - yZ)W4 - 1+W2‘:::iW3]/2) = nyZO’lf yZ'x)
dx _  (DPiWiWeY1+D2WsW7Ya ) _
U = (R PN _ () = xf,(00,2) @

Theorem 3.1(Positivity of the Solution of the Mathematical Model): The solution (y,,y,,x) is positive for all
t greater than and equal to zero.
Proof: We have from the mathematical model equations

4 e d wix
Vi o 1XY1 =2 > _Mdt = y,(t) = 0. Where max (—1 ) =M
—dt 1+W2y1+W3y2 V1 1+W2y1+W33/'2
d d
Wp o _Weve W5 ngy oy (£) >0, wheremax(%) =N
dt 1+woy1+w3y2 Y2 1+way1+wsy2

L _Cx=x(t)20
dt

Therefore, the solution (y,, y,, x) is positive for all t greater than and equal to zero.
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4. Existence of Equilibrium Points
Since0 < y; < 1; i = 1,2, the underlying non-linear model (2) is bounded and has a unique solution.

There are at most seven possible equilibrium points of the nonlinear harvesting model:
E, = (0,0,0), E; = (1,0,0), E, = (0,1,0), E5 = (1,1,0),

* * * (1-y)([A+wy7) * c
E, = , O, X ), X =—————,; = 7T
4 (yl ) wq Y1 (W1p1we—Cw3)
* * * (W4(1—y§)(1+w3y§)) * C
E: = 0, , X ), X = ; =
5 ( y2 ) wsg yZ (W5p2W7_CW3):

Es = (y1,y2,x").
Theorem 4.1 The equilibrium point E, = (y;, 0, x*) is feasible only when

W1D1We

Theorem 4.2 The equilibrium point Es = (0, y5, x) is feasible only when

Wspa2W7
¢ < (1+w3) (4)

The proofs of the two theorems are straightforward as0 < y;” < 1; i = 1,2.

Theorem 4.3 The positive non-zero equilibrium E4 of nonlinear harvesting model (2) exists provided the following
conditions are satisfied:

C < MiPWs, o WsPaWs (5)
wa w3

Proof: The isoclines of harvesting model (2) are given by
iV, Y2,%) =05 L(y1,Y2,%) =0; i(y1,¥2) =0 (6)

Using first of (6) we get x* = (l_yD(H::zyHW”;)
1

Solving first and second of (6) we get
(P1w1we — Wy C)y; + (Pawsw; —w3C)y; = C (7
Using third of (6) we get

* * ( L )
e G 8)

Now solving (7) and (8) we get

% (Ws=w1w,) (W72 Ws—CW3)+Cwiw,

Y1 =

W5 (W7D2Ws—Cw3)+ wiws(Wip1We—Cwy)

Cws—(Ws—w1w,)(W1p1We—CW3)

Y2 = w5 (W7p2Ws—Cw3)+ wiwa(Wip1We—Cwz)

The positive non-zero biological equilibriumEg = (yy, y5, x*)exists provided the conditions (5) are satisfied.

It may further be observed that conditions (3) and (4) imply (5), thatis if E, = (y1,0,x*) and E5 = (0, y;, x*)exists
then Egwill also exists. However, the existence of Eg is possible irrespective of E,and Esprovided the condition (5) is
satisfied.

Theorem 4.4 The flow of nonlinear harvesting model (2) contracts volume uniformly for positive non-zero

equilibrium E, provided the following condition is satisfied [15]:
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(r1+way3) (L+Wa YT +wsy3)?
W1W2+W3W4_
Proof: Because the divergence of the vector field for the positive non-zero equilibrium Ej is

d dy, 0 dy, 0 dx W1XWy W3XWs
6_E+0_d_+6_d_=y1 —1+—2 +y2 —W4+—2 <0
V1 Y, dt X dt (14+way,+ws3y,) (14+way,+wsy,)

When

x* <

x* < 1 +way3) (14w, yi+wsy3)?
WiWo+W3Wy

Hence the result.

Theorem 4.5: Periodic Solution does not exist at non zero equilibrium point.

Proof: Let n=y,i+ y,j+xkand F = F;i + F,j + F;k be the vectors. Let F;, = y,fi(y1,¥2,x), F, =
Yaofo (71, V2, %), F3 = xf3(y1,y2) be the scalar field in mathematical model (2). Let N = N;i + N,j + N3k be
the vector then consider the vector field n X F = Nyi + N,j + N3k , Here f;(y1,v2,x) =0, fo(y1,¥2,x) =0,
f3(y1,y2) = 0 are the isocline of the mathematical model for nonzero positive equilibrium point. Then we have
Curl N=0. Thus, Periodic Solution does not exist at non zero equilibrium point.

5. Stability Analysis
The variational matrix about the point E, is given by
1 0 0
Jo=10 wy, 0
0 0 -C
From the above variational matrix, it is seen that there are two unstable manifolds along bothX,Y axis and one stable
manifold along Zaxis. Therefore, the pointEis a saddle point, that is, at very small densities of species the effort decreases

and tends to zero, while for small efforts the densities of harvesting species will start increasing,

The variational matrices about the axial point E; = (1,0,0) and E, = (0,1,0)are given by

-1 0 -1/(1+w,) 1o 0 0
J, = 0 w, 0 and J, = 0 —w, _“:}"5/ &1 +ws) respectively.
0 NI 0 0 (=EZ-0
1+w, 1+ws

From the matrix/,, it is seen that there exists a stable manifold alongX axis and an unstable manifold along Z axis. Stable
manifold along Y axis exists providedw;p,wg — C(1 + w,) < 0. Observe that this condition violates the existence of
E, = (y1,0,x"). The point E; is a saddle point.

Similarly, from the matrix/,, it is seen that there exists a stable manifold along Y axis and an unstable manifold along X
axis. Stable manifold along Z axis exists providedw,; p;wg — C(1 + w,) < 0. This condition excludes the existence of
equilibrium point Es = (0, y3,x™). The point E, is a saddle point.

The variational matrix about the point E5 = (1,1,0) is given by

Wq

I[_1 O - (1+W2+W3) —I
Ws
]3 = i O W4 (1+W2+W3) j
W1P1WetWspaW7
a31 a32 (1+W2+W3) C

Thus, the equilibrium point E; = (1,1,0) is stable provided the following condition is satisfied:
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W1P1WetWspa Wy
(1 +W2 +W3)

-C<0 9)

Theorem 5.1: The equilibrium point E, = (y5, 0, x*)is locally asymptotically stable provided

(wz-1) x _ (Wi—ws)
2wy < 1 < Wsg

<1 (10)
Proof. The variational matrix about the point E, = (y;, 0, x*)is given by

aj; Q12 Qi3
Js =121 Q22 Q3

asz; AQz; dzs

* wiwyx* WiWsy X" w1Yi
P ST R R 7
11 =01 [ T il M2 = gy M3 (1+w,y5)’
wsx*
azzz[WzL_—s *], ay1 = A3 =a33 =10
(1+wyy7)
_ X'wiweps | _ x*(w7w5p2+y{(w2w7w5p2—w3wlw6p1))_
a3z1 = 7 Qzz; = ;

 (+way)?’ 1+w,y;)?
The equilibrium pointE,is locally stable if the following conditions are satisfied:

wix® > w,(1—y7)% and y; < (Wlw—_SWS);

Substitution for x* and simplification yields the stability conditions as

() < 55 < (Cemzme) _ g

2wy WiWy
The equilibriumE,is unstable when the condition (10) is violated.
Similarly, the stability conditions for the equilibrium Es are stated in the theorem 5.2. Its proof is omitted.
Theorem 5.2: The equilibrium point E5 = (0, y5, x*)is locally asymptotically stable provided
el Wws) < q (1)

*
2W3 A yl 3 Wsg

The equilibrium E5 is unstable when the condition (11) is violated.

The following theorem gives the conditions for the locally stability of the nonzero positive equilibrium pointEg =
(1, y2,x7).

Theorem 5.3: The positive non-zero biological feasible equilibriumEg = (y7, y5, x*)is locally asymptotically stable

if the following conditions are satisfied:

x* > wy(1 -y (12)
wawix® > waws(1 — y7)? (13)
wixyy > (Wiwayi + wawsy;) (1 — y7)? (14)
wawix*y; > (wiwpy; + wswsy;) (1 — y1)? (15)

Proof: Assume y,=y;+u,y, =y, +v,y;3 =y3+w; where u,v,ware small perturbations. The

coefficients f the variational matrix about E; = (y1, y5,x") are given by

=vil=1+ wiwax” . _ wiwsyix® | _ W1y1
all - yl * *\2 |? 12 - * *\21 a13 - * *y 1
(1+wayi1+wsy3) (1+way1+wsy3) (1+way1+wsy3)
_ WoWsysx" . " W3Wws X . _ WsY3
A1 = A2 = Vo [—W4 L e —— 2]’ Pk B ——
(1+way1+wsy3) (1+wzyi1+w3y,) (1+wayi+wsy3)

(an = [WiWep1+(WsWeW1 D1 —WsW7Wop2)y5]x",
31 (1+woy1+w3y;)? '
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_ [wywspo +(Wswowop,—wiwewsp)yilx”

932 = (1+wayi+wsy;)? a3 =0
The corresponding characteristic equation is
MBta2+al+a,=0 with ay = —(aq; + ay3), a1 = Aq103 — A12051 — A32023 — (13031
and a, = a;10;3303; + 1303102 — Q12033031 — A13021A32 (16)

According to Routh-Hurwitz criterion for stability, the conditions are
ap > 0,a; > 0,a, > 0and aga; —a, > 0.
The necessary condition for a, > 0gives stability conditions (12) and (13). The positive ness of a, ensures that
a; >0,a, >0
Further the necessary condition for aga; — a, > 0 gives the stability conditions (14) and (15).
Thus, the positive non-zero biological feasible equilibriumEjgis locally asymptotically stable if the conditions given
by (12-15) are satisfied.
The following theorem gives the conditions for the global stability of the nonzero positive equilibrium point.
Theorem 5.4 Let the local stability conditions given by (12-15) hold. The positive non-zero biological feasible
equilibriumEg = (y1, y5, x*)is global stable if the following condition is satisfied:
(w3 — aw,w,)? < 4aw,((1 + wyy; +wiy;) — wo) (1 + wayy + w3y;) — ws)
Sy )

Proof: Assume y; = y; +u,y, =y, +v,y3 = y3; + w; where u, v,w are small perturbations.

Consider the following positive definite function for arbitrarily chosen positive constants D,, D, and Dj:
- u . v o w
V(t) = Dy (u —y; log (1 S y—1)> + D, (v -y, log (1 & y_z)) + Ds (W —x"log (1 + x))

Then

& Dlu[l—y{—u—

- w1 (x*+w)
dat

ws (X +w)
1+wpy1+wW3y,

]+D2v[w4(1—y§ — =

P1iW1WeY1 + PaWsW7Y, C)
1+ wyy; +wiy,

1+woy1+w3y;

+D3W(

Rearranging and choosing arbitrary constants D;and D, as

w1 (Wy;wsp2—w3C)

D, = aD;; where a = > 0, we get

ws(W1wep1—w2C)

av D ,
—=—-——2>2—[mu? + myv? — Cuv]
dt (1+w2y1+w3y2)

where my = (1 +wyy; +wsy;) —wy) >0,
my = waa((1+woyi +wiys) —ws) >0, C = (ws +aw,w,) >0
Therefore Z—Z < 0 provided
(W3 + aw,w,)? < 4aw, (1 +wayi +w3y;) —wo) (1 + wayp +wsy;) — ws).
Further simplification yields

(W3 — aw,wy)? < 4aw, (1 + woys + wiys) — wy) (1 + woyi + ways) — ws)

[IJCRT2401469 ] International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org \ dos57


http://www.ijcrt.org/

www.ijcrt.org

© 2024 1IJCRT | Volume 12, Issue 1 January 2024 | ISSN: 2320-2882

Thus, ‘Z—Z IS negative definite when the condition (17) is satisfied. Therefore, V is a Lyapunov function provided

condition (17) is satisfied.

9. Conclusions

In this model, separate dynamics of harvesting effort is considered. The positivity of the species and effort

rate is shown analytically. The solution of the system about non zero positive equilibrium contract volume

uniformly is analyzed. The nonexistence of periodic solution analytically is carried out. Local and global

persistence of the harvested preys has been analyzed.
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