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1. Introduction 

 

Ahlgren, Bnringmann and lovejoy [1]  defined  M2spt(n) to be the number of smallest parts in the partitions of 

n without repeating the odd numbers and smallest part even. Hanumareddy defined [3] ith smallest  part and 

derived the relation between ithsmallest parts and ith greatest parts of partitions and over partitions of n in general 

form. In this paper derivation of generating functions for the number of  ith smallest parts of r-MIi partitons of n. 

For more details on partitions see [2,4,5,6,7]. 

 

We first obtain a formula for the generating function of r-partitions of n whose ith smallest part is the first part. 
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Definition and notations: 

• A  r -jthpartition over of n whose th ith smallest parts are of the form  ak-1  is denoted by  r-jth partition. 

 A M1 partition of n is a partition with unrepeated even number and smallest part odd number. 

 A M2 partition of n is a partition with unrepeated odd number and with even smallest parts. 

 A M1i partition of n is a partition with unrepeated odd numbers and ith smallest part even. 

 A M2i  partition of n  is one with unrepeated odd numbers and ith  smallest part even. As usual 

M2iξ(n) stands for the set of such partitions and M2ip(n), for the cardinality of this set. 

 A M1iξ(n) stand for the set of M1i partitions and M1ip(n) for the cardinality of this set. 

 

For r-partitions, the corresponding MJiξr(n), MJipr(n) can be defined similarly for J = 1 and J = 2. 

 

If J ∈ {1,2}, MJisptj(n) denotes the number of jth smallest parts including repetitions in all MJi partitions of 

n and sum MJisptj(n) denotes the sum of the jth smallest parts.  

 

If 1 ≤ r ≤ n and I ∈ {1,2} write fr,s(I, N) for the number of r − MI partitions of n with least part s. 

 

Let us write r − ξe(n) for the set of all r-partitions of n with unrepeated even numbers as parts and pr,e(n) for 

the cardinality of this set. Similarly let r − ξo(n) stand for the set of all r-partitions of n with unrepeated odd 

numbers as parts and pr,o(n)  for the cardinality of this set. Also, write r − sptξe(n)  for the set of all 

r-partitions of n with smallest part even and r − sptξo(n) for that of all r-partitions of n with smallest part odd. 

Then 

 

 r − M2ξ(n) = r − M2ξo(n) ∩ r − sptξo(n) 

 and   r − M1ξ(n) = r − M2ξe(n) ∩ r − sptξe(n) 

 

Examples 

 

(i)  (7,5,4,4,3,2,2) is 7-M2 partition of 27 

this is 7 − M23, partition but not 7 − M24 partition nor 7 − M25 partition. 

 

(ii) (6,5,5,4,3,3) is 6-M1 partition, which is also 6 − M1i, partition for i = 1 and 3 but not   

     for  i = 2 and 4. 

 

The sets r − MIξ(n), I=1,2: 
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2.  Main Results 

Theorem 2.1 If k ∈ N and 1 ≤ k ≤ [
n

2r
] then the number fr,2(2k, n) of r − M2 partitions of n with least part 

2k is  

fr,2(2k, n) = pr−1,0(n − 2kr). 

 

Proof. let n = (λ1, λ2, … , λr) be a r − M2 partition of n with least part 2k 

 i.e, n = (λ1 , λ2 , … , λr−1, λ2k) 

 

By reducing each part by 2k − 2 we get 

 

n − (2k − 2)r = (λ1 − (2k − 2), λ2 − (2k − 2), … , λr−1 − (2k − 2),2) and 

n − (2k − 2)r − 2 = (λ1 − (2k − 2), λ2 − (2k − 2), … , λr−1 − (2k − 2)) is (r − 1) − M2  partition of n −

(2k − 2)r − 2 with unrepeated odd parts hence, ∈ (r − 1)ξo(n) 

 

In this way we get a (r − 1) − M2 partition of n − (2k − 2)r − 2 from a (r − 1) − M2 partition of n. 

 

coversely let (μ1, μ2 , … μr−1) ∈ (r − 1)ξ0(n − 2kr) 

 

Then, (μ1 + 2k, μ2 + 2k, … μr−1 + 2k, 2k) ∈ r − M2ξ(n) 

 

The correspondence 

 

n = (λ1 , λ2, … , λr−1, λ2k) ⇐ (λ1 − 2k, … , λr−1 − 2k) 

 

is one - one and onto from r − M2ξ(n) to (r − 1)ξ0(n − 2kr) 

 

Hence fr,2(2k, n) = pr−1,0(n − 2kr). 

 

In a similar way we can prove Theorem 2.2. 

 

Theorem 2.2. If k ∈ N and 1 ≤ k ≤ [
n

2r−1
] then the number fr,1(2k − 1, n) of n with least part 2k − 1is 

fr,1(2k − 1, n) = pr,e(n − (2k − 1)r). 
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Proof. The correspondance  

 

(λ1, … λr−1, λr = 2k − 1) ⇐ (λ1 − (2k − 1), … λr−1 − (2k − 1)) 

 can easily be verified as above, to be one-one and onto between r − M1ξ(n) and (r − 1) − ξe(n − (2k −

1)r). 

The following theorem is well known. However, we present the proof for completeness.  

 

Theorem 2.3.The generating function for the number of divisors of n is ∑∞
r=1

qr

1−qr
.  

 

Proof. Since 
n

r
= t ⇐ n = tr, d(n) = the number of partition of n with equal parts, so the generating function is 

(ref: mathword.wolfform.com)  

 

 = ∑∞
r=1 ∑∞

t=1 qtr 

 = ∑∞
r=1 [qr + q2r + q3r + ⋯ ] 

 = ∑∞
r=1 [qr(1 + qr + q2r + q3r + ⋯ )] 

 = ∑∞
r=1 [

qr

1−qr
] 

 

Corollary 2.4. If k ∈ N, 1 ≤ k ≤ n and 
n−a

r
= 1, then ∑ qn = ∑ qa+tr  

Proof. Since 
n−a

r
= n − a = tr = a + tr 

Therefore ∑ qn = ∑ qa+tr. 

 

Proposition 2.5.There is a one one correspondence between r-partition of n and r-partition of n+r with smallest 

part≥ 2. Under this correspondence r − M2, partition of n correspond to r − M1, partition of n+r.  

 

Proof. Associate with each r-partition (λ1, … λr) of n the r-partition (μ1, … μr)where μi = λi + 1∀i. This 

correspondence is one one and onto between the sets mentioned. Since λi is even(odd) iff λi + 1 is odd(even) 

this stands r − M2  partions onto r − M1  partitions and r − M2i  partitions onto r − Mi  partitions and 

vice-versa.  
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Theorem:2.6:Given n, 
1 2, ,..... lr n and    there is a one-one correspondence between decreasing 

l-tuples  1,.... l  such that 
1 1 ,..... l l n and l tuples        

 1,....a la such that 1j j t ja    and  1 2

1 2, .... l

l

    can be reduced to 1

1( )a


by successive subtraction 

method. 

Given 1 2 1 1... l j j j l lwrite a for j l and a              

apply successive subtraction method to  1 2

1 2, .... l

l

    . Subtract l  from each part. Since zerocannot be a 

part we get 1r partition  11(1) (1)

1 1,.... l

l

  


of 1n where 

(1) (1)

1 1 1 1, . Subtractl l j j l lr r n n and              from each part of this partition and get 2 partition r  

 21(2) (2)

2 1 2

2 (1) (1)

1 1

(1)

2 1 2 1 2 2 1 1 1 1 1 1

,......

,

( ) ( ).

l

l

j j j j j

l l l l l

n where

j

r r r and n n n

 

    

       





 

   



    

         

 

Repeating  this process we get a finite sequence of ( ) partitions l k  

 21(k) (k)

1 2

(k 1) ( ) ( 1) ( 1)

1 1 1 1 1 1

,...... where

( .... ) and and

l

l

k k k

k k k k k k l k l k j j l kr r r n n

 

       





  

                
 

1( _!)

1 1 1

( 2)

1 2 2 2 1 2

when 1 weget ( ) partition of . ( ) where

.

L

l l l

l

l l

k l r n n

n n

 

   

 



 

   

   
 

Thus the given r-partition of n reduces to the partition 

1

1 1 2 2 2 3 1 1 1

1 2

( ).write , ....... and

...... .

l l l l

l l

a a a a a

a a a

       

   

       


 

Conversely assume that 

 1 2 1

1 ( 1) 0

0 ( 1) ( 1) ( 1)

0 1 1 1 1

( , ,...... ) and ......

and ...... write

, , 1 1,

l

l i l l l i

l l l j l j l j l j l j l i

j k n j

j i k j l k j j l j l j

a a a N a a a n

a a a a a r r

n n j k n n



   

      

 

      

  

      

   

       

        



  

We apply the successive subtraction method for  1 2

1 2, .... l

l

     using the above notation and finally get the

 1 1

1 1 2 1partition ( ) ( )a
     . 

2.7. Corollary: The number of 2r M partitions of n with 
thi smallest part coincidingwith the first is equal to 

the number of partitions of m   with equal parts  being the frequency of the smallest part of the 

r-partition of n. 
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2.8. Example: 

 

3 3 3 3 31 2 1 2 1 2 1 2 1 2

3

1 2 3

α α α α αα α α α α α α α α α
1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

4 1 1 4 2 1 3 1 1 4 1 1 4

2 4 1 1 4 1 3 2 1 2 3 1 1 4

4 1 2 3 2 2 2 1 2 3 2 1 3

2 2 2 1 2

6 : 20 : 34

( 6)

μ μ μ μ μ μ μ μ μ μ μ μ μ μ μ

14 2 1 11 5 1 7 3 1 8 4 2 9 3 2

6 4 1 9 7 1 9 3 1 8 3 2 7 5 2

10 6 1 13 2 1 5 4 1 6 4 2 5 4 2

6 3 1 11 3 1

List of I partitions of

    

3 3 1 2 3 2 1 1 3 2

1 3 2 1 2 3 4 1 2 3 1 2 2 2

4 1 1 1 2 3 4 1 1 4 2 1 1

3 1 1 2 2 2 3 2 1 3 2

5 3 1 4 3 2 7 3 2

10 2 1 9 4 1 11 2 1 5 3 1 5 3 2

4 3 1 7 5 1 7 3 1 13 3 1 7 4 2

5 4 1 7 2 1 5 2 1 6 4 1

 

 3

2 1 1 1 1 4 3 1 1

1 1 4

1 1 4

1 2 3

1 2 3

2 1 3

1 3 2

3 1 2

1 4 1

2 3 1

List 6 1 partitions: 12

odd even even odd odd odd odd even odd odd odd even

7 4 2 13 3 1 5 4 1 nil

11 5 1

9 7 1

11 3 1

7 5 1

7 3 1

9 3 1

5 3 1

7 3 1

5 3 1

of M

 

 3

1 2 3
4 1 1

1 1 4

3

6 2 : 3

odd odd odd odd

6 4 2
4 3 1 nil nil

8 4 2

number of 6partitions that arenot 6 partitions;34 15 19

List of M partitions

even even even even even even even even

MI
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The remaining 19 partitions are listed below:  

3 3 3 3 31 2 1 2 1 2 1 2 1 2

3

α α α α αα α α α α α α α α α
1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

4 1 1 4

2 4 1 2 3 1 1 4

4 1 2 3 2 2 2 2 1 3

2 2 2 3 2 1 1 3 2

1 3 2 1 2 3 4 1 2 2 2

2 2 2 3 2

List of remaining6 : partitions of 20 :

μ μ μ μ μ μ μ μ μ μ μ μ μ μ μ

14 2 1 9 3 2

6 4 1 8 3 2 7 5 2

10 6 1 13 2 1 5 4 1 5 4 2

6 3 1 4 3 2 7 3 2

10 2 1 9 4 1 11 2 1 5 3 2

7 2 1 5 2 1

I

1 3 26 4 1
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