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ABSTRACT

Let M™ be an n-dimensional differentiable manifold and F* = (M", L) be a Finsler space with a metric
L(x,y). We consider a change of this metric by L = f(L, ), where f is a positively homogeneous function of
degree one in L and B, B(x,y) = v;(x,y)y:, v;(x,y) is an h —vector in F™. The purpose of the present paper
is to determine the conditions under which C-reducible, quasi C-reducible, semi C reducible and S3 like
Finsler spaces remains a Finsler space of the same kind under a transformed Finsler metric. We have also
determined the relations between the v —curvature tensor, v-Ricci tensor and v-sclar curvature with respect to

the Cartan connection of Finsler spaces F* = (M™, L) and F™* = (M, L)
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INTRODUCTION

Let M™ be an n-dimensional differentiable manifold and F* = (M", L) be a Finsler space equipped
with a fundamental function L(x,y) (y* = ) on M™. Shibata [20] has considered a change *L(x,y) = f(L,
) which he called a -change where 8(x,y) = v;(x)y!, f is a positively homogeneous function of degree one
in L and g and established the relation between the properties of Finsler spaces F* = (M", L) and *F" =
(M™, *L). There are various examples of -changes, e.g.
'L(x,y) =L(x,y) + B(x,y) (1.1)
"L(x,y) = L(x, )8 (%, y) 1.2)
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Matsumoto ([10]), Hashiguchi & Ichijiyo ([4]) called (1.1) as a Rander’s change and established a

theorem which shows a relation between Rander’s change and a projective change.

The change (1.2) is called a Kropina change. If L is a Riemannian metric a(x,y) = [a;;(x)y‘y’]"/%,
then the metric *L(x,y) = f(L,B) is called an («a, B)-metric ([2][18]) 'L = a + B is called a Rander’s metric
([10], [16]) and "L = a2/ a Kropina metric ([18]). The properties of Finsler spaces equipped with (a, B)
metric have been studied by various authors ([2], [16], [17], [18], [19]) from various standpoints in the
Mathematical & Physical aspects.

During the study of conformal transformation of Finsler spaces, lzumi ([6]) introduced the concept of
an h-vector v;(x, y) defined by v;|; = 0, where |j denotes the v-covariant derivative with respect to the Cartan

connection CF,LCi’}vh =Kh Ci’}- =g’”Ciﬂ is Cartan’s C-tensor, h;; is the angular metric tensor, K =

ij»
LC'v;|(n— 1) and C* = Cj; g’ is the torsion vector. Hence the h-vector v;(x,y) is a function of positional
coordinates and directional arguments both satisfying Léjv = Khyj, 6']- = d|ay’.

Prasad ([15]) has obtained the relation between the Cartan’s connection of Finsler spaces F™* = (M™, L)
and ""'F™ = (M™,""'L), where "'L(x,y) = L(x,y) + v;(x,y)y' and v;(x, y) is an h-vector in F™. Singh and
Srivastava ([20]) has also studied the properties of Finsler space with this metric. Singh and Srivastava ([21])
and the present author ([22]) has also studied the properties of Finsler space with the metric L = f(L, ),
where 8 (x,y) = v;(x,y)y" is a differentiable one form and v;(x, y) is an h-vector in F* = (M™, L).

The purpose of the present paper is to determined the conditions under which C-reducible, quasi C-
reducible, semi C-reducible and S3-like Finsler spaces remains a Finsler space of the same kind under a
transformed Finsler metric.

L=f(Lp)

We have also determined the relations between the v-curvature tensor, v-Ricci tensor and v-sclar
curvature with respect to the Cartan connection of Finsler spaces F* = (M™, L) and F* = (M", L)

The terminology and notations are referred to well known Matsumoto’s book ([14]) unless otherwise

stated.

THE FINSLER SPACE F™* = (M™, L)

Let F* = (M™ L) be an n —dimensional Finsler space with a fundamental function L(x,y). We

consider a change of the metric defined by
L= f{L(x,y),B(x,¥)} (2.1)

and have another Finsler space F™* = (M™, L), where B(x,y) = v;(x,y)y’, v; is an h-vector in F* = (M", L)
and f (L, B) is a positively homogeneous function of degree one in L and 5. We shall call the Finsler space
F™ = (M™ L) as a generalized Finsler space. Throughout the paper the quantities of the Finsler space F™ will
be denoted by putting bar (—) on the top of the corresponding quantities of the Finsler space F™. We shall use

the following notations
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fi = 0f|0L, f, =0f|0B, fi1 = 0*f|OLAL, fi, = 0*f|0LAp etc.

Since L is a positively homogeneous function of degree one in L and 3, hence we have
f=hAL+ 2B, Lfiz +Bfa2 =0, Lfis +Bf12=0 (2.2)

If l;, hij, g;; denote the element of support, angular metric tensor and metric tensor of F™

respectively, then the corresponding tensors of F* = (M™, L) are given by ([21])
i = fili + fv; (2.3)
hij = r'h;j + somm; (2.4)
gij = ' gij + roviv; + r_1 (viy; + vyyi) +rloyiy; (2.5)
Where we put
r=ff/L s=ff so=ffa v =f(fi +tKf)/L
m; =v; = Byi/L?, 10 =So + f, S_1 = ffra/L, 7.1 =51 +1fo/f,
S =f(fu— A/ v =5, +1%/f? 1l =1, —Ks/L* (26)
The reciprocal tensor g/ of g;; can be written as ([21])
gv = A/r")gy —upv'v/ —ul vy + vyh) —ul,yty/ : (2.7)
Where v' = gYv;, v* = gy, v = v — B2/L% ug = f2sy/L?T'T,
uly = (fP/r'e' Yo + K2 /L), T = (f2 /L)' + vsp),
u, = rly/rr' — (ul /) (vr_y — KsB/L?) (2.8)
From the homogeneity, it follows that .
SoB+5_4L> =0, s B+s_,l2=-1r, 1,f+1_1L%=s5,
sB+rl2=f? 1 B+r,L2=0 (2.9)

From the definition of m,, it is evident that

(@mlt=0 (b) myv' = mym' = v? — B2|L* = v where m* = gm;,
(€) hyym! = hyjv' = m (d) Clmy, = =Ry (2.10)
Differentiating (2.5) with respect to y*, the torsion tensor C;;, of F™ is given by

Ciji =7'Cijie + %rﬁl(hijmk + hjpm; + hym;) + r;—zmimjmk (2.11)
where 7, =11 + (K/L)y, Top = f’a—ﬁ‘) (2.12)
or Cijk = 17'Cijic + Viji, (2.13)
where V;j = ré—l(hl-jmk + hjem; + hkimj) + r;—zmimjmk (2.14)

Contracting (2.13) by g** and using (2.10), we have

éilj = Cilj + V'l'

L (2.15)

where
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l l l
Vi = —Q'(r'Cimjv™ + rLymim;) + (r’1/2r") (him; + hjmi) + (mt/r" = vQY (roymym; +1/1hy;)/2
(2.16)

Q' =ugv' +ulyy', hi = g%hy, m'= g m
Putting [ = j in (2.16) and using (2.10) we have,

1/;]1 = —(uov’ + uly) (1 Cimjv™ + rlymim;) + (rLI/Zr’)(h{mj + h]jmi) +

{7 — v(u(’)vf + u’_ly’)} {Tozmimj + rilhij}/z

. 2 ’
j _ 1ro2 v ' T—q V 1 [ ro
or Vij =—7miu — —uUy Topm; + [m; + (n—1)m;] — ZUoTlam; — r'uCipp — Uprl v my
Jj (+Drly 3, , To2 V ] 1o
orV-=[———ur_v m; —r'uyC; 2.17
ij 2! 2 707-1 + 2(r' +vsg) i ovipp ( )

Here and in the following the subscript 8 denotes contraction with respect to an h-vector v'.

From equations (2.15) and (2.17), we have

Ei = Ci - r'u{,Cl-B[g + om; (218)
_(m+nrly 3, , Toz2 V
where o = o SUpT 1V + 2 vse) (2.19)

From equations (2.7) and (2.18), we have

éi:g_ij5'=lCi+gmi—u'Ci — (ugv' + ul1y")(Cs — r'uyCapp + ov)
e o~ 0%Bp 0 —1Y )\&p 0LBpp

or Ct =7Ci + Nt (2.20)
where N' = Zm! —ugChg — (uov' +ul1y")(Cs — r'upCppp + ov)  (2.21)
C2=ClC=—C+¢ (2.22)

where ¢ = o%v (% — u{)v) +Cp {Zr—c,r —uy(1+ ZGV)} +ugCipp(r'u@Cpppv’ — 20ugvr'v' — 2CY)

+U6Cﬁ[gﬁ(7”u6CE - 20') (223)
From equations (2.11), (2.15) and (2.16), the v-curvature tensor of F™ with respect to Cartan connection is
written as
§ijkl = C_ilpC_jz;)( - C_ikpc_ﬁ

or Sijkr = 7' Sijra + Agey {hu K + hjeKu} (2.24)
where Kj, = Aymymy + A, hj (2.25)
and Ay, (....) denotes the interchange of indices k, [ and subtraction.

_ é _ oo Vroarly K 102 R A
A = 4r' (1 Zugvr )+ 4(r'+vsg) + L {Z(r’+vso) r r_luo} (2.26)

ol Kr!l, o _K* 2
Ay = s v T 2L {1 —upr'v)} — 77" ug (2.27)

The tensor Kj, defined above is symmetric and indicatory.

From equations (2.7), (2.24), (2.25), (2.26) and (2.27), we have
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S_‘jl = g_ikS_ijkl = S] - r’u{,Sijklvivk + thjl + szjml (228)

Whel’e Kl = (3 - n)/11|7" - u6(2)[2 + Al‘\/), (229)
K, = {(4 —2n)A, — 4V} r' +ugv(24, + 4,v) (2.30)
Sip = gikSijkl (2.31)

From equations (2.7) and (2.8), we have
S=g''S; = %S — 2up S v vt + r"2ulS v v vt + {((n — DKy + Kovr' — ugv(K; + Kpv) (2.32)

Definition (2.1):- A non Riemannian Finsler space F™* = (M™, L) with dimension n > 3 is said to be a quasi-

C-reducible if the (h)hv-torsion tensor C;j is written as ([14])
Cijk = BijCx + Bj C; + By G,
where B;; is a symmetric and indicatory tensor and C; is the torsion vector.

From equations (2.11), (2.18) and (2.19), we have

1 - 1
Cijk =1'Cij + aA(ijk) [{3rl1hl-j + rozmimj}Ck] + aA(ijk){(Srilhij + rozmimj)(r’uéCkﬁﬁ - Ck)},
where A (....) denotes the cyclic interchange of indices i, j, k and summation.
Hence, we have
LEMMA (2.1) :- The Cartan tensor C; ;. of the generalized Finsler space F™ can be written in the form.
Ciji = Agijio(BijCr) + Qujre (2.34)

where By; = = (31 hy; + roymmy) (2.35)

1 ! ! i 14
Qijk = - Awjio{207 Cyjic + 3y hyj + 1oammy) (r'upCipp — Cic) } (2.36)

Since the tensor Eij is symmetric and indicatory, using the above lemma, we have the following.

THEOREM (2.1) :- Finsler space F* = (M™, L) is quasi C-reducible if Q;j, = 0
COROLLARY (2.1) :- If F* = (M™, L) is a Riemannian space, then F™ = (M™", L) is transformed to a quasi

C-reducible Finsler space.

Definition (2.2):- A Finsler space F™ = (M™, L) of dimension (n > 3) with C? # 0 called semi C-reducible if

the (h)hv- torsion tensor Cjj, is written as ([13])
t
Cijk = ﬁ(hUCk + hjkCi + hkiCj) + C_ZCiC}Ck’

where p and t are scalar function suchthatp +t =1

THEOREM (2.2) :- If F* = (M™, L) is a Riemannian space, then F* = (M", L) is transformed to a semi C-

reducible Finsler space.
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Proof :- If F™ is a Riemannian space then from equation (2.4), (2.11), (2.18), (2.19) and (2.22), we have

. Yt A LT A LE A rog=31l450) = & =
Cije = = (hyjCic + B Gy + B G) + v im0 G0 G (2.37)

2r'o(r'+vsg)C2 L

- b oo
= L (RijCie + R Ci + R C;) + = GG Co (2.38)
— ril(n-"l) _ V(T’T02—3TL150)
where p= 2r'c T 2r’a(r'+vsg)
Herep+t=1

Hence F™ is a semi-C-reducible Finsler space

Definition (2.3):- A Finsler space F* = (M", L) of dimension (n > 3) with C? # 0 is called C-reducible if
the (h)hv- torsion tensor C;j is of the form ([9])

1
Cijk = m(hUCk + hjkCi + hkiCj)
1
Let Wijk = Cijk - m(hijck + hjkCi + hkiCj) (239)

Here W, is symmetric and indicatory tensor If F™ is a C-reducible Finsler space then W;j, = 0

From equations (2.4), (2.11), (2.18) and (2.19), we have
-— 1 —_ -— _ -— —_— -—
Cijte = — (hijCic + Ry Ci + My Gj)

=r' [Cijk — ﬁ(hUCk S hjkCi + hlej)] + aijk

or Wijk = r,Wijk + Qijk (240)
1 1.0 12,1
where Ajjr = mA(Uk){('Bth + ,Bzmimj)mk — SoM;m;Cy + (uor Som;m; +r Zuohij)CkﬁB} (241)
_rh_1o _ Toz _ 500
br=7 —mo =

THEOREM (2.3) :- The following statements are equivalent

(@) F™ is a C-reducible Finsler space
(b) F™ is a C-reducible Finsler space

iff the tensor a; ;; vanishes.

Definition (2.4):- A non Riemannian Finsler space F* = (M™, L) with dimension n > 3 is said to be S3-like

([8]) if the v-curvature tensor S, satisfies.

S
Sijt = G Wikt = hahyic}
Where S is the vertical scalar curvature

We define the tensor

s
Eijii = Sijii — ———— thuchjy — hyhjp}  (2.43)

(n-1)(n-2)
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E;jx; vanishes iff the space F™ is S3-like.

From equations (2.4), (2.24), (2.32) and (2.43) we have

Eijia = Sijia — n—1D)(n—2) {hichjy — hihy}
or Ejjiy = r'Eijig + Tijia (2.44)
IZQ ,
where Tijkl = A(kl) [hill(jk + hijil — mh]kh]l — m (S +7r Q)(hjlmimk + hik‘ml‘mj)] (245)
Q = r'ulS; v v vivt + {(n — DK, + Ku}/r' — ugv(Ky + Kpv) — 2Sjupv/ vt (2.46)

We have the following theorem

THEOREM (2.4) :- The following statements
(@) F™ = (M™, L) is an S3-like Finsler space.
(b) F* = (M™, L) is an S3-like Finsler space.

are equivalent iff the tensor z;j,,; vanishes.
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