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Abstract: Bianchi type-Ill cosmological models within the frame work of f(R,T) gravity have been
investigated in the presence of Lyra’s geometry. To obtain the solution of the field equation with f(R,T)
gravity based on Lyra’s geometry, we consider second case of the f(R,T) model i.e. f(R,T) = f;(R) +
f>(T), where R is the Ricci scalar and T is the trace of the source matter. Here we consider (EoS) state of
the form p = yp where y is a constant. The physical parameters have studied in this paper.
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1. Introduction:

The general theory of relativity formulated by Einstein in 1915, describe the relativity of all
motions. General relativity is the theory of all motions, time and gravitation. The cosmology is perplexing
fact that the universe in undergoing and accelerating expansion, but the main cause of this reason is still
doubt in the cosmic time acceleration of the universe and the existence of dark matter. This has been
confirmed various red-shift supernovae experiment [1-4]. Generally, several modification of Einstein theory
Is attracting furthermore to describe the dark energy and cosmic time also. Such modified theories are f(R)
gravity [5-7], f(G) gravity [8], f(T) gravity [9], f(R, T) gravity theory [10]. In this paper, we are focusing
in f(R,T) theory of gravity. In f(R,T) gravity, T is the trace of the energy momentum tensor and R is Ricci
scalar.

A new modification of Riemannian geometry by introducing a gauge function which removes the non-
integrability condition the length of a vector under parallel transport, which is investigates by Lyra [11]. A
new scalar- tensor theory of gravitation and constructed an analog of geometry which is normal gauge
function investigate by Sen and Dunn [12]. Sen writes the Einstein field equation with Lyra’s geometry as

1 3 3
Rij —>9ijR +50:8; - 9:/8, 8" = —8nGT; 1)

Qi = (ﬁ(t)) 0'0'0)
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where @; is the displacement vector.

The constant vector displacement field @; in Lyra’s geometry plays the role of cosmological constant A in
the normal general relativistic treatment, investigated by Halford [13]. The scalar-tensor treatment based on
Lyra’s geometry predicts the same effects, within, which is again investigated by Halford [14]. The exact
solution of Sen Equation in Lyra’s geometry for the constant deceleration parameter, investigates by Singh
and Desikan [15].

A homogeneous and anisotropic space-time described by Bianchi type-11l metric with
perfect fluid in Lyra geometry investigates by Mollah and Singh et al. [16]. Explore the cosmological solution
of Bianchi type-III universe in the presence of massive field within the framework of Lyra’s geometry,
investigates by Sing and Rani [17]. The physical behavior of the Bianchi type-111 model is studied within the
framework of (R, T) gravity by Reddy, Santikumar and Naidu [18]. Tilted Bianchi type-11l1 cosmological
model filled with perfect fluid is investigated in f(R,T) theory of gravity by Pawar and Shahare [19]. A
dark energy model with EoS parameter is investigated in f (R, T) theory of gravity in Bianchi type-111 space-
time in the presence of perfect fluid by Reddy et al. [20]. Homogeneous and anisotropic Bianchi type-Il1I
space- time in the presence of perfect fluid within the framework of f(R,T) theory of gravity investigates
by Chandel and Shriram [21]. Bianchi type-111 space- time is considered in the presence of bulk viscous fluid
containing one dimension cosmic strings in the frame work of f(R,T) gravity investigates by Kiran and
Reddy [22]. Explore the solution of Bianchi type-III cosmological model in Lyra’s geometry in the
background of anisotropic dark energy [23]

Bianchi type-111 cosmological model for a cloud of string with bulk viscosity is studied in
Lyra’s geometry by Sahoo et al. [24]. Bianchi type-III bulk viscous dust filled cosmological models in Lyra’s
geometry are investigated by Bali and chandnani [25].

The above discussion and the investigation have inspired us to take up the investigation of
Lyra’s geometry in Bianchi type-Ill space-time in f(R,T) theory of gravity. The outline of the work is as
follows: In section 2, modified f (R, T) gravity. In section 3, we explain metric and field equation. In section
4,

2. Modified f(R, T) Gravity:

The field equations of f(R,T) gravity are derived from the Hilbert-Einstein variational
principle by assuming the metric- dependent Lagrangian density L,,. The action for f (R, T) gravity is given
as

1 4 4
Szﬁff(R,T)\/—_gd X+ [ L [—gd*x

5= 1 [ ) ) @

where f(R,T) an arbitrary function of Ricci scalar R is and trace of stress- energy tensor T. g is the
determinant of the metric tensorg;;, and Ly, is the matter lagrangian density. For the matter source, the stress
energy tensor T is given by,

o Z25y-9lm (3)
U y=g sgY
And its trace is
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Here, we have assumed that the matter Lagrangian L,, is depends only on the metric tensor component g;;
rather than its derivatives. Hence, we obtain

OLm
Tij = gijLlm — 290 )

By varying the action S in equation (2) with respect tog; ;, the f (R, T) gravity field equations are obtained
as

1 81G

fr(R,T)R;j =2 f(R, T)gij + (95 0 -VV)frR,T) = _:_zTij - frR, 70 — fr(R, T)Ty;

(6)
where
0%Ly
0ij = —2T;j + GijLm — 2™ aglisgim ()
Here
Af(RT) Af(RT)

fRR,T)=—1=  fr(RT) ="

and V; denotes the covariant derivative, [-]= V*V, the standard stress energy tensor for matter Lagrangian is
given by

Tij = (p + Py, + pgi; (8)

Where p is the energy density and p is the pressure of the fluid. Here u* = (0,0,0,1) is the four-velocity
vector in the co-moving coordinate system satisfying u;u‘ = —1 and uiVjui =0.

Moreover, the matter Lagrangian is not uniquely considered. So, the source term is described as a function
of Lagrangian matter choose a perfect fluid matter as L,,, = —p which yields

0ij = —2Ti; — pgij ©)

It is worth to mention that the physical nature of the matter field through 6;; is used to from the field equations
of f(R, T) gravity are possible depending on the nature of matter source.

Harko et al. [10] constructed three types of frames of f (R, T) gravity as follows

R+2£(T)
fRT)=1 fi(R)+fo(T) (10)
fiR) + f,(R)f5(T)

In this paper, we have consider second case as
fR,T) = fi(R) + fi(T) 11)

fi(ROR; =~ fi(R) gy + (955 O —ViV)fl = —=Z2 Ty + f (DT + [ (Dp +5 £(D]gy
(12)

Let us assume that f;(R) = uR and f, (T) = uT, where u is arbitrary constant.

For a perfect fluid matter source the field equation of f (R, T) gravity, the equation in (12) becomes
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1 8mG—puc? 1
Rij —5Rgy = —”TZ”CTU + [P + ET] gij (13) From
equation (1) and (12), we get
1 3 3 i 1
Rij - ERgij + Eq)i@j - Zgij(Z)i(Z)f = —aTij + [p +ET] 9ij (14)
Here the displacement vector field is
i _ —8nG—pc?
@' = (0,0,0, B) and scalar factor a = —

3. Metric and Field equation:
We consider the spatially homogeneous and anisotropic Bianchi type-111 metric in the form
ds? = dt? — A?dx? — B?e~?"dy? — C?dz? (15)
where,
A, B and C are the function of cosmic time t alone and h is a constant.

For the metric (15), the Einstein field equation (14) reduce to the form as

BLEL B 350 7t
B+C+BC 4'8 - 2 (16)
AL E L AE 350 7o
A+C+AC 4ﬁ = 2 (17)

A B AB_h* 3, 7ptp

A+B+AB A2 43 =ap 2 (18)

iB L BE AC W 3oy s
AB BC+AC A2+4ﬁ =-a(Zp+p)+ 2 (19)

A B\_
h(G-5)0 20
Where, the overhead dot denotes derivatives with respect to the cosmic time t.

The covariant derivative of the field equation (14) of right hand side gives the energy conservation law as,
alp+3H(p+p)] =3 (6 = 79) = 0 (21)
And the covariant derivative of the field equation (14) of left hand side gives the energy conservation law as
Eﬁﬁ_ﬁﬁ'(é_ﬂ_ﬁ):o (22)
2 2 A B Cc
The average scale factor a(t) of the Bianchi type-111 space-time is defined as
a(t) = (ABC)3 (23)
The spatial volume (v) is defined as
v = (a)® = ABC (24)

The generalized Hubble parameter (H) and the scalar expansion () are defined as

H=2=(Hc+H, +H,) (25)
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A B, C . .
0 =3H = (Z +ot E) (26) The directional
Hubble parameters are
A B ¢
Hx=z,Hy=E, andHZ=E (27)

a 3v 3 ABC
1(A B 6 C
H=:(G+5+0) (28)
The dynamical scalar expansion 6 is,
0 =3H
A B  ¢C
O=-+-+2 (29)

The shear expansion (o2) is defined as

. 2 .2 .2 . L. ..
2 _ 1 ij, . = 1|(4 L ) _ A8 L €4
9= ZGUUU T2 [(A) d (B) - (C) AB  BC CA] (30)
The anisotropy parameter (A) is defined as,
1 Hi—H\?
=332 (%5 &2

4. A Solution of field equation:

To find the solution of the system we require one condition and this condition we get from equation (20) and
on integrating equation (20), we get

A=kB (32)
For simplicity we choose k = 1, and k is integrating constant
> A=B (33)

Therefore, the equation (16)-(19) reduce to

iy e e 3 7ot
A+C+AC 43 = ap 2 (34)
A AN? n?2 3 2 7p+p
25+ () —Eip == (35)
"% AC n? 3 7p+p
(3) +25-5+3p2 = —a(2p +p) + 2F (36)

The above equations (34)-(36) involve five unknown parameter i.e. A, C, B, p and p. To solve the above
equation, it is required two more physical conditions involving these parameter.
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First condition as follows
We considered the equation of state in the form

p=vp (37)
Where y is a constant, and the second condition as follows

We assume that the expansion scalar 6 is proportional to the scalar tensora’, so that we get
BC = A" (38)
Where n is a constant.
= C=A"1

From the equation (34)-(36) and (38), we get the following quadratic equation

A A 7
nZ+m-1?(3) —2p2=ap-22 (39)
A A 2 7p+p
25+ () —Fip = -t (40)
A2 2 3 7
@n-1)(5) —5+31p7=—a(p+p)+ 22 (41)

From equation (39) and (40), we get

(n—2)2+ @2 - 2n) (§)2+Z—§=o (42)

From equation (40) and (41), we get

. . 2 2
2+ () —F=-a+p (43)

A2

By solving above two quadratic equations (42) and (43), we get

A AV2 _ a(ptp)
2T (Z) T - (44)

The equation (24) and equation (44) will give us

y _ | _alptp) 1,0
V—\/ 1) pV? + ky (45)

Where k; is a integrating constant.

Integrating equation (45), we get

[ —=——=t+k, (46)

Where k, is an integrating constant that represent a shift of cosmic time t. therefore, it can be chosen as zero.

From the equation (21) and equation (37), we get

2a(1+y)

p= (V)1—(7y+2a) (47)
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For solving integration in equation (46) we take k; = k, = 0, we get the volume V as,

X 2a+7y—1
2 a(y+1)
_ |az(y+1Dkt
V= I2a+7y—1 ] (48)
1
Where k = [— (*D]2 is a constant term.
(n-1)
So, the scalar factors A and B are obtained from equation (24) and equation (48)
5 2a+7y—1
= a(n+1)(y+1)
A=B-= lw ktl (49)
2a+7y-1
The scalar factor C obtained from equations (38) and (49),
5 (n—-1)2a+7y-1
C B af(y+1) kt a(n+1)(y+1) (50)
~ |2a+7y-1
Using equations (49) and (50) in equation (15), we get the Bianchi type-I11 metric in the form
5 2a+7y—-1 5 (n-1)2a+7y-1
Us? = dp? — lm ktla(n+1)(y+1) [de L e—thdyZ] r lm ktl a(n+1)(y+1) g (51)
2a+7y—1 2a+7y-1
The energy density p is obtained by using the equations (47) and (48)
3 2
_ |az(y+Dkt
p= l2a+7y—1l (52)
Therefore, from equation (37), the pressure p can be obtained as
3 2
. az(y+1)kt .
p=y [—2‘”7”"1] (53) From equation
(39),the value of 8 can be obtained as
3 2
3,2 1 az(y+1) _ _ __2a+47y-1 5[ 2a+7y-1 _ _
P =3 [za+7y—1 ktl Qa-7N -V - hemt [a(n+1)(y+1)n(1 n)+ 1] n (54)
The scalar expansion 6 is obtained from the equation (29) as,
20+7y— 1
o [ a(y+1) ] (55)

The Hubble parameter H obtained from equation (28) and shear scalar o obtained from equation (30) as
follows

_ 1., _41]2a+t7y-1
H = 3 t [ a(y+1) (56)
, (n—2)2[ 2a+7y-1 t‘1]2 (57)
0= a(n—-1)(y+1)
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The anisotropy parameter (A) is

_2(n?-2n+4)
T (n-1)2 (58)
The deceleration parameter is s
_ Ba(y+1)
q= 2a+7y—1 (59)

5. Conclusion:

In this paper we will study Bianchi type-111 cosmological model within the framework of (R, T)
gravity in presence of perfect fluid and Lyra geometry. In a Bianchi type-111 cosmological model volume #0
and density #oo, it means that this cosmological model has no singularity and our model represent expanding
universe. This model under the assumption of EoS it has been obtained the exact solution of the Einstein
field equation. The vector B and shear scalar p becomes zero as t— o0, S0 our model represents a shear free
dark energy cosmological model universe.
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