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ABSTRACT 

In this paper, we discuss with the existence of mild solutions as well as approximate controllability of a class of 

fractional order delay differential control systems with impulse is investigated in this study under the natural premise 

that the linear system is approximately controllable. The existence of the mild solution to the above mentioned 

system were determined by using the resolvent operator theory Schauder’s fixed point theorem. We present an 

example.  
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1. INTRODUCTION 

In the past two decades, fractional calculus provided great challenging interest for mathematicians and physicists 

in fractional theory. Fractional differential equations are considered as valuable models of many phenomena in 

various fields, such as electrochemistry, physics, porous media, control theory, etc. Controllability plays an 

important role both in mathematical and control theory. The concept of exact controllability is usually too strong 

for the infinite dimensional space. Then, approximate controllability governed by fractional derivatives has been 

studied extensively. We refer the readers to the recent papers [1-14]. 

It is well-known that the concept of controllability is a valuable property of  a control system, and controllability 

property plays a very important role in several control problems in both finite and infinite dimensional spaces[15-

22]. In controllability of a system, we show existence of a control function that steers the solution of the system 

from its initial state to the desired final state, where  the initial and final states may vary over the entire space. The 

approximate controllability means that we can steer the system to an arbitrarily small neighborhood of a final state. 

There are various works on approximate controllability of systems represented by differential equations, integro-

differential equations,differential inclusions, neutral functional integro-differential equations, and impulsive 

differential equations of integer order in Banach spaces. In 1983,Zhou[24] obtained sufficient condition for the 

approximate controllability to a class of control systems governed by the semilinear abstract equation, which is 

suitable not only to the infinite-dimensional case but also to the finite-dimensional case. Latter, Mahmudov [25] 

investigated the approximate controllability for abstract semilinear deterministic and stochastic control systems 

under the natural assumption that the associated linear control system is approximately controllable by using new 

properties of symmetric operators, compact semigroups, the schauder fixed-point theorem, and the contraction 
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mapping principle in 2003. In [2008], Mahmudov, [26], studied the approximate controllability for the abstract 

evolution equations with nonlocal conditions in Hilbert spaces. The author obtained sufficient conditions for the 

approximate controllability of the semilinear evolution equation by assuming the approximate controllability of the 

corresponding linearized equation. Jeet [27] derived  the approximate controllability of non-impulsive neutral 

integro-differential equations of finite delay with nonlocal intial conditions using the resolvent operator theory. The 

authors [28,29] applied the resolvent operator theory  to derive the approximate controllability of semilinear 

nonlocal impulsive integro-differential system in Hilbert spaces without using the delay.  

Especially, the approximate controllability of fractional evolution equations is also studied in recent years. In 2015, 

Liu and Li [30] investigated the control systems governed by fractional evolution differential equations involving 

Riemann-Liouville fractional derivatives in Banach spaces under some suitable assumptions. In 2016, Fan,Dong 

and Li [31] studied the approximate controllability of a control system governed by a semilinear composite 

fractional relaxation equation in Hilbert space under the assumption that the corresponding linear system is 

approximately controllable. Thus, in this paper, we aim to apply the resolvent operator theory to derive sufficient 

conditions for the approximate controllability of nonlocal and impulsive integro-differential system of finite delay 

in a Hilbert space. For this, we first convert the controllability problem into a fixed point problem to show the 

existence of a mild solution of system and then establish the approximate controllability of the system. The resolvent 

operator theory, semigroup theory, fractional power theory, Krasnoselskii’s fixed point theory, and Schauder’s fixed 

point theorem are also used to prove our main results. 

Let Y and W be Hilbert spaces. Also let 𝑞 and 𝜏 be two positive numbers, and 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑟 < 𝑡𝑟+1 = 𝑞. 

Define  𝔓([−𝜏, 𝑞], 𝑌) = {𝑧: [−𝜏, 𝑞] → 𝑌| z(.) is continuous at , 𝑡 ≠ 𝑡𝑖, z(𝑡𝑖
+) 𝑎𝑛𝑑 𝑧(𝑡𝑖

−) both exist and z (𝑡𝑖
+) =

 𝑧(𝑡𝑖
−)}, and 𝔜 ={ z : [−𝜏, 0] → 𝑌| z(.) is continuous at all points except at a finite number of points 𝑠𝑖 at which 

z(𝑠𝑖
+) 𝑎𝑛𝑑 𝑧(𝑠𝑖

−) exist and z(𝑠𝑖
+) =  𝑧(𝑠𝑖

−)}. Consider the following nonlocal and impulsive neutral integro-

differential system of finite delay: 

{

𝑑

𝑑𝑡
𝑧(𝑡) + 𝐴𝑧(𝑡) =  ∫ 𝑎(𝑡 − 𝑠)𝑧(𝑠)𝑑𝑠

𝑡

0
+ 𝐵 𝑤(𝑡) + ℎ(𝑡, 𝑦𝑡), 𝑡𝜖𝐼 = [0, 𝑞], , 𝑡 ≠ 𝑡𝑖 ,

∆𝑧|𝑡=𝑡𝑖 = 𝔛𝑖(𝑧(𝑡𝑖)), 𝑖 = 1,2,… 𝑟,

𝑧(𝑡) =  𝜉(𝑡) + ϕ(z)(t), t ϵ [−𝜏, 0],

              (1.1) 

 

 

where z(. )𝜖 𝔓([−𝜏, 𝑞], 𝑌) is a state function; −𝐴 generates an compact analytic semigroup 𝑇(𝑡)𝑡≥0, of bounded 

linear operator in a Hilbert space Y; 𝑎(𝑡) is a closed linear operator on 𝐷(𝐴) for each 𝑡 ≥ 0; the time history 

function 𝑧𝑡(. )𝜖 𝔜 is defined by 𝑧𝑡(𝑠) = 𝑧(𝑡 + 𝑠),  𝑠 ∈ [−𝜏, 0]; w(.) is the control function in Hilbert space 𝐿2(𝐼,𝑊); 
the operator 𝐵:𝑊 → 𝑌 is linear and continuous; the nonlinear function ℎ: [0, 𝑞]x 𝔜 →  Y is continuous; 𝔛𝑖 ∶ 𝔜 →
𝑌, 𝑖 = 1,2,… 𝑟 are impulsive functions, ∆𝑧(𝑡𝑖) defines the jump of a function 𝑦 at 𝑡𝑖 as ∆𝑧(𝑡𝑖) = 𝑧(𝑡𝑖

+) −  𝑧(𝑡𝑖
−) 

; 𝜉 ∈ 𝔜 and 𝜙 maps continuously from the space  𝔓([−𝜏, 𝑞], 𝑌) to 𝔜 

This paper is organized as follows: Some notations, basic definitions, assumptions and preliminary results are given 

in section 2. In section 3, we focus on define the continuous solution, well definedness and controllability results of 

the solution of (1.1). in the final section we provide an example to justify this theory. 

 

2. PRELIMINARIES 

         In this section, we give some basic definitions, notations, hypotheses, and  preliminary results which we shall 

need throughout the paper. Let ℒ(𝑧) be a Banach space of bounded linear operators from Y into itself with the 

operator norm. We denote by 𝑧𝛼 the Hilbert space 𝐷(𝐴𝛼), 0 < 𝛼 < 1, endowed with the norm ||𝐴𝛼||. We also 

denote 𝔓([−𝜏, 𝑞], 𝑌) by 𝔓. 

          We assume the following conditions throughout the paper: 

C1  The operator 𝐴:𝐷(𝐴) ⊆ 𝑌 → 𝑌 generates an analytic semigroup 𝑇(𝑡)𝑡≥0, on 𝑌 and 𝜌(𝐴) ⊃ 𝛬𝜃 =
{𝛶 ∈  𝐶 {0}: arg(𝛶) < 𝜃} and   ⃦𝑅(𝛶, 𝐴)  ⃦ ≤ 𝑀0|𝛶|

−1 for some constants 𝑀0 > 1, 𝜃 ∈  (
п
2⁄ , п) and for each 𝛶𝜖 𝛬𝜃, 

where 𝑅(𝛶, 𝐴) is the resolvent of  𝐴. 

C2  The operator 𝑎(𝑡): 𝐷(𝑎(𝑡)) ⊆ 𝑌 → 𝑌 is linear and closed with 𝐷(𝐴) ⊆ 𝐷(𝑎(𝑡)) for each 𝑡 ≥ 0. For any 𝑢 ∈

 𝐷(𝐴), the function 𝑎(. )𝑢 is strongly measurable on (0,∞). There is a 𝜉(. ) 𝜖 𝐿𝑙𝑜𝑐
1 (𝑅+) such that 𝜉(𝛶) can be obtained 

for 𝙍𝙚(𝜰) > 0 and ∥ 𝑎(𝑡) ∥≤ 𝜉(𝑡) ∥ 𝑢 ∥ _  for each 𝑡 > 0 and 𝑢 𝜖 𝐷(𝐴), here 𝜉 denotes the Laplace transform and  

⃦ 𝑢   1⃦ =  ⃦𝑢   ⃦ +  ⃦  𝐴𝑢   ⃦. In addition, the function �̂�: 𝛬п 2⁄ →  ℒ(𝐷(𝐴), 𝑌) has an analytic extension to 𝛬𝜃 such that 

  ⃦  �̂�(𝛶)𝑢   ⃦ ≤    ⃦ �̂�(𝛶)  ⃦     ⃦𝑢  ⃦1  for each 𝑢 𝜖 𝐷(𝐴), and     ⃦ �̂�(𝛶)  ⃦ → 0 𝑎𝑠 |𝛶| → ∞. 
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C3  There is a subspace 𝑋 ⊆ 𝐷(𝐴) that is dense in 𝐷(𝐴)  and a constant 𝐶1 > 0 such that �̂�(𝛶)(𝑋) ⊆ 𝐷(𝐴), 
   ⃦  𝐴�̂�(𝛶)𝑢   ⃦ ≤ 𝐶1   ⃦𝑢   ⃦  for each 𝑢 ∈  𝑋 and 𝛶 ∈ 𝛬𝜃. 

In the continuation, for ĸ > 0 and  𝜗 𝜖 (
п

2
, 𝜃), 𝛬ĸ,𝜗 = {𝛶 ∈  𝐶\{0}: |𝛶| > ĸ, | arg(𝛶) |< 𝜗}, 𝛤ĸ,𝜗, 𝛤ĸ,𝜗

𝑖 , 𝑖 = 1,2,3,  are 

the paths  𝛤ĸ,𝜗
1 = {𝑡𝑒𝑖𝜗: 𝑡 ⋝ ĸ},  𝛤ĸ,𝜗

2 = {ĸ𝑒𝑖𝜉: −𝜗 < 𝜉 < 𝜗}, 𝛤ĸ,𝜗
3 = {𝑡𝑒−𝑖𝜗: 𝑡 ⋝ ĸ} and 𝛤ĸ,𝜗 = 𝑈𝑖=1

3 𝛤ĸ,𝜗
𝑖  oriented in 

a positive sense. Let 𝛺(𝐺) = 𝛶 ∈ 𝐶: 𝐺(𝛶) = (𝛶ℑ − 𝐴 − �̂�(𝛶))
−1

 exists and 𝐺(𝛶) ∈  ℒ(𝑧)}, where ℑ is the identity 

operator on 𝑌. If  𝓅(. ) is a resolvent operator for the system 

                                       {
𝑑

𝑑𝑡
𝑧(𝑡) = 𝐴𝑤(𝑡) + ∫ 𝑎(𝑡 − 𝑠)𝑧(𝑠)𝑑𝑠

𝑡

0
, 𝑡𝜖 𝐼,

𝑦(0) = 𝑧0 𝜖 𝑌
                       (2.1). 

and  𝓅(𝑡) = {

1

2𝜋𝑖
∫ 𝑒𝛾𝑡𝐺(𝛾)𝑑𝛾,
.

Γĸ,𝜗
    𝑡 > 0,

ℑ,                                     𝑡 = 0.
 

We recall the following results regarding  𝓅(. ). 

Lemma 2.1: The map 𝓅: [0,∞) →  ℒ(𝑧) is strongly continuous and exponential bounded, and there is a constant 

𝑚𝛼 > 0 such that ||𝐴𝛼𝓅(𝑡)𝑢|| ≤  𝑚𝛼𝑡
−𝛼||𝑢|| for each 𝑢 ∈  𝑌 and 0 ≤ 𝛼 < 1. 

Lemma 2.2: The operator 𝓅(𝑡) is compact for all 𝑡 > 0 if 𝑅(𝛾0, 𝐴) is compact for some 𝛾0 ∈ 𝜌(𝐴). 

Lemma 2.3: The operator 𝓅(𝑡) is continuous in the uniform operator topology of ℒ(𝑧) for 𝑡 > 0.  

Lemma 2.4(Krasnoselskii, [32]) ⇒ Let Ω be a closed convex and nonempty subset of a Banach space X . The 

operators A and B such that  

(i) Ax + By ∈ Ω, whenever 𝑥, 𝑦 ∈ Ω; 

(ii) A is compact and continuous; 

(iii) B is a contraction mapping. 

Then there exists 𝑧 ∈ Ω such that 𝑧 = 𝐴𝑧 + 𝐵𝑧 .  

Definition 2.1: A piecewise continuous function  𝑧: [−𝜏, 𝑞] → 𝑌 is called a mild solution of the impulsive integro-

differential system (1.1) of finite delay if z(𝑡) =  𝜉(𝑡) + ϕ(z)(t), t ϵ [−𝜏, 0], and it satisfies the following integral 

equation for 𝑡 ∈ 𝐼:  

𝑧(𝑡) = 𝓅(𝑡)[ 𝜉(0) + ϕ(z)(0)] + ∑ 𝓅(𝑡 − 𝑡𝑖)

0<𝑡𝑖<𝑡

𝔛𝑖(𝑧𝑡𝑖) + ∫ 𝓅(𝑡 − 𝑠)[ℎ(𝑠, 𝑧𝑠) + 𝐵𝑤(𝑠)]𝑑𝑠
𝑡

0

.               (2.2) 

Definition 2.2 : The system (1.1) is said to be approximately controllable on 𝐼 if for each final state 𝑥𝑞 ∈ 𝑌 and for 

each 𝜖 > 0  there exist a control 𝑤(. ) ∈  𝐿2(𝐼,𝑊) such that the mild solution 𝑧(. , 𝑤) of (1.1) satisfies that 

||𝑧(𝑞, 𝑤) − 𝑥𝑞|| < 𝜖. 

Theorem 2.1 : Every completely continuous operator which maps a closed bounded convex set of a Banach space 

into itself has atleast one fixed point .   

  Define the controllability operator   𝛤0
𝑞
: 𝑌 → 𝑌 and the resolvent operator  𝑆(𝜖, 𝛤0

𝑞
) ∶ 𝑌 → 𝑌 as 

𝛤0
𝑞
= ∫ 𝓅(𝑞 − 𝑠)𝐵𝐵∗𝓅∗(𝑞 − 𝑠)

𝑞

0
𝑑𝑠,  𝑆(𝜖, 𝛤0

𝑞
) = (𝜖ℑ + 𝛤0

𝑞
)−1,   𝜖 > 0, where  𝐵∗  𝑎𝑛𝑑  𝓅∗ are the adjoint of the 

operators 𝐵 and 𝓅 respectively. 

3. EXISTENCE AND CONTROLLABILITY RESULTS 

   In this section, we shall apply the resolvent operator theory and the fixed point theorems to show the existence of 

a mild solution of the system (1.1) and then establish the approximate controllability of the system. 

   Since the semigroup 𝑇(𝑡) is compact and lemma (2.2) show that the resolvent operator 𝓅(𝑡) is compact for each 

𝑡 > 0. Let 𝑠𝑢𝑝𝑡∈𝐼||𝓅(𝑡)|| ≤ 𝑀 for some 𝑀 > 1. We now make the following assumptions: 

H0   𝜖𝑆(𝜖, 𝛤0
𝑞
) → 0 as 0 in 𝜖 → 0+ is strong operator topology. 

H1  The function ℎ: [0, 𝑏] x 𝔜 →  Y  satisfies that ℎ(𝑡, . ) is continuous from 𝔜 to Y for all 𝑡 ∈ 𝐼, ℎ(. , 𝜑) is strongly 

measurable for each 𝜑 ∈ 𝔜, and there is also a 𝜓𝑘(. ) ∈ 𝐿
2([0, 𝑏], 𝑅+) for each 𝑘 > 0 such that  
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sup {||ℎ(𝑡, 𝜑)||: ||𝜑||𝔜 ≤ 𝑘} ≤  𝜓𝑘(𝑡) for a.e. 𝑡 ∈ 𝐼, and lim
𝑘→∞

𝑖𝑛𝑓
1

𝑘
||𝜓𝑘||𝐿2 = 𝑏 < +∞. 

H2 The functions 𝔛𝑖:  𝔜 → Y, i = 1,2, … , r, are continuous operators. There exist nondecreasing functions 𝜁𝑖: 𝑅
+ →

𝑅+(𝑖 = 1,2,3…𝑟) such that  ||𝔛𝑖(𝜑)|| ≤ 𝜁𝑖(||𝜑||𝔜), 𝜑 ∈ 𝔜, and lim
𝑘→∞

𝑖𝑛𝑓
𝜁𝑖(𝑘)

𝑘
= 𝑏𝑖 < ∞.  

H3 The nonlocal function 𝜙: 𝔓([−𝜏, 𝑏], 𝑌) → 𝔜 is continuous, and it satisfies that there is a constant 𝜆𝜙 > 0 such 

that ||𝜙(𝑧(1)) − 𝜙(𝑧(2))||𝔜 ≤ 𝜆𝜙||𝑧
(1) − 𝑧(2)||𝔓, where 𝑧(1),𝑧(2) ∈  𝔓.   

      Let 𝑥𝑞 ∈ 𝑌 be any arbitrary final state. Define a control 𝑤𝜖(𝑡, . ) as 𝑤𝜖(𝑡, . ) = 𝐵
∗ 𝔓∗(q -t) 𝑆(𝜖, 𝛤0

𝑞
){ 𝑥𝑞 −

𝔓(𝑞){𝜁(0) + 𝜙(𝑧)(0)} − ∑ 𝔓(𝑞 − 𝑡𝑖)𝔛𝑖(𝑦𝑡𝑖) − ∫ 𝔓(𝑞 − 𝑠)ℎ(𝑠, 𝑧𝑠)𝑑𝑠 },
𝑞

0
𝑖=𝑟
𝑖=1  where 𝜖 > 0 is any arbitrary number. 

Theorem 3.1: If the hypothesis (H1)-(H3) hold, and M(λ𝜙 + ∑ 𝑏𝑖
𝑟
𝑖=1 + b) (1 +

(𝑀||𝐵||)2

𝜖
) < 1,  then the nonlocal 

and impulsive neutral integro-differential system (1.1) of finite delay corresponding to the control function 𝑤𝜖(𝑡, 𝑧) 
has a mild solution for each 𝜖 > 0. 

Proof :We define an operator 𝔉𝜖 from  𝔓([−𝜏, 𝑞], 𝑌) to 𝔓([−𝜏, 𝑞], 𝑌) by  

    𝔉𝜖𝑧(𝑡) =

{
𝑑

𝑑𝑡
𝑧(𝑡) =  𝓅(𝑡)[ 𝜉(0) + ϕ(𝑧)(0)] + ∑ 𝓅(𝑡 − 𝑡𝑖)0<𝑡𝑖<𝑡 𝔛𝑖(𝑧𝑡𝑖) + ∫ 𝓅(𝑡 − 𝑠)[ℎ(𝑠, 𝑧𝑠) + 𝐵𝑤𝜖(𝑠, 𝑧)]𝑑𝑠,

𝑡

0
  𝑡𝜖 𝐼,

𝜉(𝑡) + ϕ(𝑧)(𝑡), 𝑡 ∈ [−𝜏, 0].
      

   Obviously, any fixed point of  𝔉𝜖 is a solution of impulsive neutral integro-differential system (1.1) of finite delay. 

Let us decompose the operator 𝔉𝜖 into the following two operators 𝔉1,𝜖 and 𝔉2,𝜖 as: 

𝔉1,𝜖𝑧(𝑡) = {

𝑑

𝑑𝑡
𝑧(𝑡) =  𝓅(𝑡)[ 𝜉(0) + ϕ(z)(0)]  𝑡𝜖 𝐼,

𝜉(𝑡) + ϕ(z)(𝑡), 𝑡 ∈ [−𝜏, 0].
 

and  

𝔉2,𝜖𝑧(𝑡) = {
∑ 𝓅(𝑡 − 𝑡𝑖)

0<𝑡𝑖<𝑡

𝔛𝑖(𝑧𝑡𝑖) + ∫ 𝓅(𝑡 − 𝑠)[ℎ(𝑠, 𝑧𝑠) + 𝐵𝑤𝜖(𝑠, 𝑧)]𝑑𝑠,
𝑡

0

  𝑡𝜖 𝐼,

0, 𝑡 ∈ [−𝜏, 0].

 

First we would like to show that there is a 𝑘 > 0 such that 𝔉𝜖𝑍𝑘 ⊂ 𝑍𝑘, where 𝑍𝑘 = {𝑧(. ) ∈ 𝔓: ||𝑧||𝔓 ≤ 𝑘}. Suppose 

that this is false, then there would exist 𝑧𝑘 ∈ 𝑍𝑘 for each  𝑘 > 0 such that || 𝔉𝜖𝑧
𝑘(𝑡)|| > 𝑘 for some 𝑡 ∈ [0, 𝑞]. 

Therefore, we have  

𝑘 < ||𝔉𝜖𝑧
𝑘(𝑡)|| ≤ [||𝜉||𝔜 + ||𝜙(𝑧

𝑘)||𝔜] + || ∑ 𝓅(𝑡 − 𝑡𝑖)

0<𝑡𝑖<𝑡

𝔛𝑖(𝑧𝑡𝑖
𝑘)||

+ ||∫ 𝓅(𝑡 − 𝑠)[ℎ(𝑠, 𝑧𝑠
𝑘) + 𝐵𝑤𝜖(𝑠, 𝑧

𝑘)]𝑑𝑠 ||
𝑡

0

 

          ≤ M [||𝜉||𝔜 + 𝜆𝜙||(𝑧
𝑘)||𝔓 + ||𝜙(0)||𝔜] + 𝑀∑ 𝜁𝑖0<𝑡𝑖<𝑡 (||𝑧𝑡𝑖

𝑘 ||𝔜) + 𝑀∫  𝜓𝑘(𝑠)𝑑𝑠 
𝑡

0
+

𝑀||𝐵|| ∫ ||𝑤𝜖(𝑠, 𝑧
𝑘)||𝑑𝑠

𝑡

0
   (3.1) 

and  

||𝑤𝜖(𝑠, 𝑧
𝑘)|| ≤  

𝑀||𝐵||

𝜖
[||𝑥𝑞|| + 𝑀{||𝜉||𝔜 + 𝜆𝜙||(𝑧

𝑘)||𝔓 + ||𝜙(0)||𝔜]} + 𝑀∑ 𝜁𝑖0<𝑡𝑖<𝑡 (||𝑧𝑡𝑖
𝑘 ||𝔜) +

𝑀∫  𝜓𝑘(𝑠)𝑑𝑠 
𝑡

0
] = 𝑘∗  (say) 

 We divide both sides of the equation (3.1) by 𝑘, and then letting 𝑘 → ∞, we get 

                                        1 < M(λ𝜙 + ∑ 𝑏𝑖
𝑟
𝑖=1 + b) (1 +

(𝑀||𝐵||)2

𝜖
). 

This gives us a contradiction. We can now say that there is a number 𝑘 > 0 such that the map 𝔉𝜖 is from 𝑍𝑘 to 𝑍𝑘 . 

   It is easy to conclude from the assumption (H3) and the condition of the theorem that the map 𝔉1,𝜖 is a contraction 

on 𝑧𝑘 . We shall now show that the 𝔉2,𝜖 is completely continuous on 𝑍𝑘. For this we will have to show that the 

operator 𝔉2,𝜖 is continuous on 𝑍𝑘, and the set 𝔉2,𝜖(𝑍𝑘) is relatively compact in 𝔓. Further, for the relatively 

compactness of 𝔉2,𝜖(𝑍𝑘) we shall use the Arzel�̀�-Ascoli theorem. Therefore, we will have to show that the family 
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𝔉2,𝜖(𝑍𝑘) is piecewise equicontinuous on [−𝜏, 𝑞], and the set 𝔉2,𝜖(𝑍𝑘)(𝑡) is relatively compact in 𝑌 for each 𝑡 ∈
[−𝜏, 𝑞]. 

    First, we would like to show the continuity of the operator 𝔉2,𝜖 :  𝑍𝑘 ⊂  𝔓 → 𝑍𝑘 . For this we consider a sequence 

{𝑧(𝑛)} ⊂ 𝑍𝑘 such that 𝑧(𝑛) → 𝑦 ∈ 𝑍𝑘 as 𝑛 → ∞. Therefore, for any 𝑡 ∈ 𝐼, we get 

||𝔉2,𝜖𝑧
(𝑛)(𝑡) − 𝔉2,𝜖𝑧(𝑡)|| ≤ 𝑀∑ ||𝔛𝑖 (𝑧𝑡𝑖

(𝑛)
) −𝑟

𝑖=1 𝔛𝑖(𝑧𝑡𝑖)|| + 𝑀∫ ||
𝑞

0
ℎ (𝑠, 𝑧𝑠

(𝑛)
) − ℎ(𝑠, 𝑧𝑠)|| +

𝑀||𝐵|| ∫ ||𝑤𝜖(𝑠, 𝑧
(𝑛)) − 𝑤𝜖(𝑠, 𝑧)||

𝑞

0
𝑑𝑠,           (3.2)  

 and 

||𝑤𝜖(𝑡, 𝑧
(𝑛)) − 𝑤𝜖(𝑡, 𝑧)||

≤  
𝑀||𝐵||

𝜖
[𝑀||𝜙(𝑧𝑛) − 𝜙(𝑧)|| + 𝑀∑||𝔛𝑖 (𝑧𝑡𝑖

(𝑛)
) −

𝑟

𝑖=1

𝔛𝑖(𝑧𝑡𝑖)|| + 𝑀∫ ||

𝑞

0

ℎ (𝑠, 𝑧𝑠
(𝑛)
)

− ℎ(𝑠, 𝑧𝑠)||𝑑𝑠].       (3.3) 

It is easy to check that  ||𝑧𝑡𝑖
(𝑛)
− 𝑧𝑡𝑖||𝔜 ≤ ||𝑧

(𝑛) − 𝑧||𝔓  and  ||ℎ (𝑡, 𝑧𝑡
(𝑛)
) − ℎ(𝑡, 𝑧𝑡)|| ≤ 2𝜓𝑘(𝑡). Using the 

hypotheses of the theorem and Lebesgue’s Dominated Convergence theorem, we obtain from equations (3.2) and 

(3.3) that  

|| 𝔉2,𝜖𝑧
(𝑛) − 𝔉2,𝜖𝑧 ||𝔓  → 0 𝑎𝑠 𝑛 → ∞. 

The  next aim of us is to show the piecewise equicontinuity of the family 𝔉2,𝜖(𝑍𝑘) in 𝔓. Let 𝐼0 = [0, 𝑡1],  𝐼𝑖 =
( 𝑡𝑖 , 𝑡𝑖+1], 𝑖 = 1,2, … , 𝑟. For any  𝜎1, 𝜎2 ∈ 𝐼𝑖 with  𝜎1 < 𝜎2 and 𝑦 ∈ 𝑍𝑘, we get 

||𝔉2,𝜖𝑧(𝜎2) − 𝔉2,𝜖𝑧(𝜎1)||

≤ || ∑ [𝓅(𝜎2 − 𝑡𝑖)

0<𝑡𝑖<𝜎1

−𝓅(𝜎1 − 𝑡𝑖)]𝐼𝑖 (𝑦𝑡𝑖)|| + ||∫ [𝓅(𝜎2 − 𝑠)

𝜎1

0

−𝓅(𝜎1 − 𝑠)]

× [ℎ(𝑠, 𝑧𝑠) + 𝐵𝑤𝜖(𝑠, 𝑧)]𝑑𝑠|| + || ∫ 𝓅(𝜎2 − 𝑠)

𝜎2

𝜎1

[ℎ(𝑠, 𝑧𝑠) + 𝐵𝑤𝜖(𝑠, 𝑧)]𝑑𝑠 || 

                                             ≤ 𝐽1 + 𝐽2 + 𝐽3. 

Let 𝓀 ∈ (0, 𝜎1). From the hypotheses of the theorem, we obtain that 

𝐽1 ≤ ∑ 𝜁𝑖(𝑘)||𝓅(𝜎2 − 𝑡𝑖)

0<𝑡𝑖<𝜎1

− 𝓅(𝜎1 − 𝑡𝑖)|| 

 𝐽2 ≤ ∫ [𝜓𝑘(𝑠) + 𝑘
∗ ]𝑑𝑠

𝜎1−𝓀

0
 × 𝑠𝑢𝑝𝑠∈[0,𝜎1−𝓀]||𝓅(𝜎2 − 𝑠) − 𝓅(𝜎1 − 𝑠)|| + 2𝑀∫ [𝜓𝑘(𝑠) + 𝑘

∗ ]𝑑𝑠
𝜎1
𝜎1−𝓀

. 

𝐽3 ≤ 𝑀∫ [𝜓𝑘(𝑠) + 𝑘
∗ ]𝑑𝑠

𝜎2

𝜎1

. 

We follow from Lemma 2.3 that the resolvent operator 𝓅(𝑡) is uniformly continuous for 𝑡 > 0. Therefore, we obtain 

that 𝐽1 → 0, 𝐽2 → 0, 𝐽3 → 0 as 𝑡2 → 𝑡1 and 𝓀 → 0 independent of 𝑦 ∈ 𝑍𝑘 . Since  𝔉2,𝜖(𝑍𝑘) = 0 on −𝜏, 0], the family 

𝔉2,𝜖(𝑍𝑘) is piecewise equicontinuous in 𝔓 over the interval [−𝜏, 𝑞]. 

  Finally, we show that the set 𝐹(𝑡) = 𝔉2,𝜖(𝑍𝑘)(𝑡) is relatively compact in 𝑌 for each 𝑡 ∈ [−𝜏, 𝑞]. Since the 

resolvent operator 𝓅(𝑡) is compact for 𝑡 > 0, the set { ∑ 𝓅(𝑡 − 𝑡𝑖)0<𝑡𝑖<𝑡 𝐼𝑖 (𝑧𝑡𝑖)} is compact for each  𝑡 ∈ [0, 𝑞]. 

Let 0 < 𝛼 <
1

2
 and  𝑡 ∈ [0, 𝑞].  Consider the following 

||𝐴𝛼∫ 𝓅(𝑡 − 𝑠)
𝑡

0

[ℎ(𝑠, 𝑧𝑠) + 𝐵𝑤𝜖(𝑠, 𝑧)]𝑑𝑠|| ≤  ∫ ||

𝑡

0

𝐴𝛼𝓅(𝑡 − 𝑠)|| [ ||ℎ(𝑠, 𝑧𝑠)|| + ||𝐵𝑤𝜖(𝑠, 𝑧)||]𝑑𝑠 

≤ 𝑚𝛼∫ (𝑡 − 𝑠)−𝛼
𝑡

0

[𝜓𝑘(𝑠) + ||𝐵|| ||𝑤𝜖(𝑠, 𝑧)||]𝑑𝑠 
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                                                             ≤ 𝑚𝛼
𝑞1−2𝛼

1−2𝛼
 [||𝜓𝑘||𝐿2 + |𝐵|| ||𝑤||𝐿2]. 

Thus the set  { 𝐴𝛼 ∫ 𝓅(𝑡 − 𝑠)
𝑡

0
[ℎ(𝑠, 𝑧𝑠) + 𝐵𝑤𝜖(𝑠, 𝑧)]𝑑𝑠 } is bounded in 𝑌. We conclude from the compactness of 

embedding 𝑌𝛼 ↪ 𝑌 that { ∫ 𝓅(𝑡 − 𝑠)
𝑡

0
[ℎ(𝑠, 𝑧𝑠) + 𝐵𝑤𝜖(𝑠, 𝑧)]𝑑𝑠 } is relatively compact for each 𝑡 ∈ [0, 𝑞].  Since 

𝐹(𝑡) = 0, 𝑡 ∈ [−𝜏, 0] and the sum of two compact operators is again compact, the set 𝐹(𝑡) is relatively compact in 

𝑌 for each  𝑡 ∈ [−𝜏, 𝑞]. 

  Hence, we obtain that the map 𝔉1,𝜖 is contraction and 𝔉2,𝜖 is completely continuous on  𝑍𝑘. We now conclude 

from krasnoselskii’s fixed point theorem that the operator  𝔉𝜖 ∶  𝑍𝑘 → 𝑍𝑘 has a fixed point 𝑧(. ) ∈ 𝑍𝑘 . That is, 𝑦(. ) 
is a mild solution of the nonlocal and impulsive integro-differential system (1.1) of finite delay. 

    Further, we shall again show the existence of a mild solution of the nonlocal and impulsive integro-differential 

system (1.1) of finite delay if the nonlocal function  𝜙 ∶ 𝔓([−𝜏, 𝑏], 𝑌) → 𝔜  satisfies the following hypothesis (H4) 

instead of (H3). 

H4  The operator   𝜙 ∶ 𝔓([−𝜏, 𝑏], 𝑌) → 𝔜 is completely continuous such that   

                                                     lim
||𝑦||𝔓→∞

||𝜙(𝑦)||𝔜  

||(𝑦)||𝔓
= 𝜆𝜙

′ . 

    Now, we shall prove that the nonlocal and impulsive integro-differential system (1.1) of finite delay is 

approximately controllable. 

Theorem 3.2 : Assume that the hypotheses (H0), (H1),(H2) and (H4) hold. If the functions ℎ: [0, 𝑏] ×  𝔜 → Y,   𝜙 ∶
𝔓([−𝜏, 𝑏], 𝑌) → 𝔜 , and  𝔛𝑖 ∶  𝔜 → Y, I = 1,2,…r, are uniformly bounded, the nonlocal and impulsive integro-

differential system (1.1) of finite delay is approximately controllable on [−𝜏, 𝑞]. 

Proof :  It is easy to see that all hypotheses of theorem 3.1 hold. So we let  𝑧𝜖 be a mild solution of the system (1.1) 

in some 𝑍𝑘 ⊂  𝔓([−𝜏, 𝑏], 𝑌) for each 𝜖 > 0 using the control 

𝑤𝜖(𝑡, 𝑧
𝜖) = 𝐵∗𝓅∗(𝑞 − 𝑡)𝑆(𝜖, 𝛤0

𝑞
)𝜓(𝑧𝜖),   

where     

𝜓(𝑧𝜖) = 𝑥𝑞 −𝓅(𝑞){𝜁(0) + 𝜙(𝑧)(0)} −∑𝓅(𝑞 − 𝑡𝑖)𝔛𝑖(𝑧𝑡𝑖)

𝑖=𝑟

𝑖=1

−∫ 𝓅(𝑞 − 𝑠)ℎ(𝑠, 𝑧𝑠)𝑑𝑠 },
𝑞

0

  

and 𝑥𝑞 ∈ 𝑌 is any element. It can be easily verified that  

                                             𝑧𝜖(𝑞) = 𝑥𝑞 − 𝜖𝑆(𝜖, 𝛤0
𝑞
)𝜓(𝑧𝜖)                                                                        (3.4)  

   Since the resolvent operator  𝓅(𝑡) is compact for each 𝑡 > 0, and the maps 𝜙(. ) and  𝔛𝑖(. )(𝑖 = 1,2… , 𝑟) are 

uniformly bounded, we get that the sets 𝓅(𝑞){𝜁(0) + 𝜙(𝑧)(0)}  and  { ∑ 𝓅(𝑞 − 𝑡𝑖)𝔛𝑖(𝑧𝑡𝑖)
𝑖=𝑟
𝑖=1 } are relatively 

compact in 𝑌. Therefore, we can assume without loss of generality that 𝓅(𝑞){𝜁(0) + 𝜙(𝑧𝜖)(0)} → Φ in 𝑌 and  { 

∑ 𝓅(𝑞 − 𝑡𝑖)𝔛𝑖(𝑧𝑡𝑖
𝜖 )𝑖=𝑟

𝑖=1 → 𝐼 as 𝜖 → 0. 

  From the hypotheses of the theorem, it is easy to check that the set  { 𝐴𝛼 ∫ 𝓅(𝑡 − 𝑠)
𝑡

0
[ℎ(𝑠, 𝑧𝑠) + 𝐵𝑤𝜖(𝑠, 𝑧)]𝑑𝑠 } is 

bounded in 𝑌 for any 𝛼 ∈ (0,1). We now conclude from the compactness of embedding  𝑌𝛼 ↪ 𝑌 that there exists a 

subsequence denoted by itself such that  ∫ 𝓅(𝑞 − 𝑠)
𝑞

0
ℎ(𝑠, 𝑧𝑠

𝜖)𝑑𝑠 → ℎ̃ ∈ 𝑌. 

   Let  𝛶 = 𝑥𝑞 −Ψ − 𝐼 − ℎ̃. Then we have   

|| Ψ(𝑧(𝜖)) − 𝜰 ||

≤  ||𝓅(𝑞){𝜁(0) + 𝜙(𝑧)(0)} − Φ|| + ||∑𝓅(𝑞 − 𝑡𝑖)𝔛𝑖(𝑧𝑡𝑖)

𝑖=𝑟

𝑖=1

− 𝐼 ||

+ ||∫ 𝓅(𝑞 − 𝑠)ℎ (𝑠, 𝑧𝑠
(𝜖))𝑑𝑠 }

𝑞

0

− ℎ̃ || 

                                                  → 0 𝑎𝑠 𝜖 → 0.                                                                                 (3.5) 

In view of the equation (3.4), we obtain that  ||𝑧𝜖(𝑞) − 𝑥𝑞|| ≤ ||𝜖𝑆(𝜖, 𝛤0
𝑞
)(𝛶)|| + ||𝜓(𝑧𝜖) − 𝜰 ||𝜶  .  

Therefore, from (3.5) and hypothesis (H0), we get ||𝑧𝜖(𝑞) − 𝑥𝑞|| → 0 𝑎𝑠 𝜖 → 0. 
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Hence, nonlocal and impulsive integro-differential system (1.1) of finite delay is approximately controllable on 

[– 𝜏, 𝑞]. 

4. APPLICATION 

In order to illustrate the applicability of our main results, we consider the following impulsive partial  integro 

differential equation with nonlocal conditions of the form 

{
 
 
 

 
 
 
𝜕

𝜕𝑡
𝑧(𝑡,𝜛) =

𝜕2𝑧(𝑡,𝜛)

𝜕𝜛2
+∫ 𝑒−𝛽(𝑡−𝑠)

𝜕2𝑧(𝑡, 𝜛)

𝜕𝜛2
𝑑𝑠 + ℎ(𝑡, 𝑧(𝑡 − 𝜏,𝜛)) + 𝑤(𝑡,𝜛), 𝑡 ∈ [0, 𝑞],𝜛 ∈ [0, 𝜋], 𝑡 ≠ 𝑡𝑖 ,

𝑡

0

𝑧(𝑡, 0) = 𝑧(𝑡, 𝜋) = 0,      𝑡 ∈ [0, 𝑞]

∆𝑧(𝑡,𝜛)|𝑡≠𝑡𝑖 = ∫ 𝜂𝑖(𝑝,𝜛)
|𝑧(𝑡𝑖 − 𝜏, 𝑝)|

1 + |𝑧(𝑡𝑖 − 𝜏, 𝑝)|
𝑑𝑝,

𝜋

0

                     

𝑧(𝑡, 𝜛) = 𝜉(𝑡,𝜛) + ∫ 𝜌(𝑡, 𝑠) sin(𝑥(𝑠,𝜛))𝑑𝑠, 𝑡 ∈ [−𝜏 , 0],
𝑞

0

(4.1) 

where 𝑖 = 1,2,3 ; 0 < 𝑡1 < 𝑡2 < 𝑡3 < 𝑞 ;  0 < 𝑠1 < 𝑠2 < 𝑠3 < 𝑞 ; 𝑦(. , . ): [−𝜏, 𝑞] × [0, 𝜋] → 𝑅 is a state function ; 

𝜂𝑖 ∈ 𝐶([0, 𝜋] × [0, 𝜋], 𝑅), 𝑖 = 1,2,3 ; 𝜌(. , . ) ∈ 𝐶([−𝜏, 0] × [0, 𝑞], 𝑅)(𝑗 = 1,2,3); ℎ is a given function ; and 𝜉 ∈

𝔜 = {𝑥: [−𝜏, 0] × [0, 𝜋] → 𝑅 |𝑥(. , 𝜛) is continuous at all points except at a finite number of points 𝑠𝑖 at which 

𝑥(𝑠𝑖
+, 𝜛) and 𝑥(𝑠𝑖

−, 𝜛) exist and 𝑥(𝑠𝑖, 𝜛) = 𝑥(𝑠𝑖
−, 𝜛) for each 𝜛 ∈ [0, 𝜋]}. 

 Let 𝑌 = 𝐿2([0, 𝜋], 𝑅). An operator 𝐴 is defined from 𝐷(𝐴) ⊂ 𝑌 𝑡𝑜 𝑌 as 𝐴𝑧 = −𝑧′′ with  

                         𝐷(𝐴) = {𝑧 ∈ 𝑌 ∶ 𝑧, 𝑧′ are absolutely continuous, 𝑧′′ ∈ 𝑌 and 𝑧(0) = 𝑧(𝜋) = 0}.          (4.2) 

In fact, −𝐴 generates an analytic and compact semigroup {𝑇(𝑡), 𝑡 ≥ 0} that is self-adjoint in Hilbert space 𝑌. 

Moreover, the operator 𝐴 is given by  

𝐴𝑢 = ∑ 𝑟2∞
𝑟=1 〈𝑢, 𝑒𝑟〉𝑒𝑟 , 𝑢 ∈ 𝐷(𝐴), and semigroup {𝑇(𝑡)} is given by  

𝑇(𝑡)𝑢 =  ∑exp (−𝑟2𝑡)

∞

𝑟=1

〈𝑢, 𝑒𝑟〉𝑒𝑟 , 𝑢 ∈ 𝑌,                     (4.3) 

where 𝑒𝑟(𝜛) = √
2

𝜋
sin(𝑟𝜛) , 𝑟 ∈ ℕ.  Obviously the set {e𝑟: r ∈  ℕ} is an orthonormal basis for 𝑌. It is clear that 

||𝑇(𝑡)|| ≤ 1. 

   Furthermore, the operator 𝐴
1
2⁄  is given by   𝐴

1
2⁄  𝑢 = ∑ 𝑟∞

𝑟=1 〈𝑢, 𝑒𝑟〉𝑒𝑟,    𝑢 ∈ 𝐷 (𝐴
1
2⁄ ), where  

𝐷 (𝐴
1
2⁄ ) = {𝑢 ∈ 𝑌 ∶ ∑ 𝑟∞

𝑟=1 〈𝑢, 𝑒𝑟〉𝑒𝑟 ∈ 𝑌}. Let 𝐵 = ℑ and 𝑊 = 𝐷 (𝐴
1
2⁄ ) with norm ||. ||1

2

= ||𝐴
1
2⁄ ||.  

  For 𝜛 ∈ [0, 𝜋], we define 𝑧(𝑡)(𝜛) = 𝑧(𝑡,𝜛),𝑤(𝑡)(𝜛) = 𝑤(𝑡,𝜛),𝜙(𝑧)(𝑡)(𝜛) = ∫ 𝜌(𝑡, 𝑠)
𝑞

0
sin(𝑥(𝑠,𝜛)) 𝑑𝑠, 

 ℎ(𝑡, 𝑧𝑡)(𝜛) = ℎ(𝑡, 𝑧(𝑡 − 𝜏,𝜛)), 𝔛𝑖(𝑧𝑡𝑖)(𝜛) = ∫ 𝜂𝑖
𝜋

0
(𝑝,𝜛)

|𝑧(𝑡𝑗−𝜏,𝑝)|

1+|𝑧(𝑡𝑗−𝜏,𝑝)|
𝑑𝑝, and 𝑎(𝑡): 𝐷(𝐴) ⊂ 𝑌 → 𝑌 by 𝑎(𝑡)𝑧 =

𝑒−𝛽𝑡𝐴𝑧 for 𝑦 ∈ 𝐷(𝐴). 

   Using the above notations and conditions, we can represent the system (4.1) in the abstract from (1.1). It is not 

difficult to check that the conditions  (C1)-(C3) hold as �̂�(𝛾) =
1

𝛾+𝛽
𝐴 and 𝑋 = 𝐶0

∞([0, 𝜋]), where 𝐶0
∞([0, 𝜋]) 

denotes the space of infinitely differentiable real valued functions vanishing at  𝜛 = 0 and 𝜛 = 𝜋. Then the linear 

system of (4.1) has a resolvent operator  𝓅(. ): [0,∞) → ℒ(𝑧) defined as 𝛺(𝐺) = {𝛶 ∈ 𝐶: 𝐺(𝛶) = (𝛶ℑ − 𝐴 −

�̂�(𝛶))
−1
∈ ℒ(𝑧)} and   𝓅(𝑡) = {

1

2𝜋𝑖
∫ 𝑒𝛾𝑡𝐺(𝛾)𝑑𝛾,
.

Γĸ,𝜗
    𝑡 > 0,

ℑ,                                     𝑡 = 0.
 

It is clear that 𝔛𝑖 , 𝑖 = 1,2,3  are uniformly bounded functions, and satisfy the assumption (𝐻2). Let 𝜆𝜙 =

sup
𝑡∈[−𝜏,0]

∫ |𝜌(𝑡, 𝑠)|𝑑𝑠.
𝑞

0
 Clearly 𝜙 satisfies the Lipschitz condition with Lipschitz constant 𝜆𝜙, i.e, (H3) is satisfied. 

For the function ℎ we assume that it is a uniformly bounded function and satisfies the assumption (𝐻1). 

Since the semigroup 𝑇(𝑡) is is compact, we conclude from (theorem 3.2 and lemma 2.2) that the resolvent 

operator 𝓅(𝑡) is compact for each 𝑡 > 0.  For each 𝑧 ∈ 𝑌, 𝑢 ∈ 𝑊 and 𝑡 ∈ 𝐼, we have 
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〈𝐵∗𝓅∗(𝑡)𝑥, 𝑢〉 = 〈𝓅∗(𝑡)𝑥, 𝑢〉 = 〈𝑦, 𝓅(𝑡)𝑢〉. 

If we let 𝐵∗𝓅∗(𝑡)𝑥 = 0, we obtain, at  𝑡 = 0, that  〈𝑥, 𝑢〉 = 0, ∀ 𝑢 ∈ 𝑊. 

Since 𝑊 is dense in 𝑌, 𝑥 = 0. If we choose 𝜌(. , . ) in such a way so that 𝜆𝜙 < 1, then we conclude from Theorem 

3.2 that the nonlocal and impulsive integro-differential system (4.1) is approximately controllable on [−𝜏, 𝑞]. 
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