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Abstract:  Maximum Distance Separable (MDS) matrices have numerous applications in cryptography and coding theory and 

their properties make them a valuable tool for ensuring the confidentiality, integrity and reliability of data transmission and 

storage. Cauchy matrices have a variety of applications in different areas of mathematics and computer science including 

coding theory, cryptography and signal processing. Rhotrices are represented as coupled matrices of consecutive orders. A 

rhotrix provides double security when it is used in place of a matrix in a cryptographic algorithm. Conjugate elements have 

several applications in cryptography, particularly in the design and analysis of public key cryptosystem based on finite fields. 

In the present paper, we construct Maximum Distance Separable (MDS) rhotrices from Cauchy rhotrices using the conjugate 

elements of finite fields. Further, we define Block Cauchy- like Rhotrix.  MDS Rhotrices are also constructed using Block 

Cauchy- like Rhotrices. 

Index Terms - Cauchy matrix; Maximum Distance Separable rhotrix; Conjugates; Finite fields; Block Cauchy-like 

Rhotrices. 

I. INTRODUCTION 

Ajibade (2003) introduced a mathematical structure ‘Rhotrix’, as an extension of matrix, which is defined as follows 

 

𝑅3 = ⟨
𝑎

𝑏 𝑐 𝑑
𝑒

⟩ 

 

where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 are real numbers and 𝑐 is the heart of rhotrix. He introduced the operation of addition and scalar multiplication. 

In the rhotrix theory literature, two methods of multiplication of rhotrices are defined. First method of multiplication of rhotrices 

is known as heart-oriented multiplication of rhotrices, which was discussed by Ajibade (2003) and further its generalisation was 

given by Mohammed et al. (2011) and second method of multiplication is row column multiplication of rhotrices which was 

discussed by Sani (2004). These two types of methods of multiplication characterised the rhotrices into commutative and non-

commutative rhotrices. Ajibade’s heart-based method for rhotrix multiplication corresponds to commutative rhotrix and row 

column multiplication method corresponds to non-commutative rhotrix. Tudunkaya and Makanjuola (2010) discussed the 

rhotrices over finite fields. Aminu (2009, 2012) discussed the rhotrix system of equations.  Several authors have contributed for 

the development of rhotrices such as Absalom et al. (2011), Mohammed (2011), Sani (2007, 2008), Sharma et al. (2011-2014, 

2018-2020) and Tudunkaya (2013). 

Maximum Distance Separable (MDS) matrices have wide range of applications in cryptographic hash functions due to 

their diffusion properties, see Alfred et al. (1996), Gupta and Ray (2013, 2014) and Junod and Vaudenay (2004). MDS matrices 

play a vital role in various branches of mathematics such as combinatorics, cryptography and coding theory. Sajadieh et al. 

(2012), Lacan and Fimes (2004) and Qiuping et al. (2018) have constructed MDS matrices from Vandermonde matrices. Cauchy 

matrices have wide range of applications in coding theory, see Tzeng and Zimmermann (1975). Nakahara and Abrahao (2009) 

and Qiuping et al. (2018) used the Cauchy matrices for the construction of involutory MDS matrix of 16-order. As rhotrix is a 

structure like coupled matrices of consecutive order, therefore, the MDS rhotrices constructed using rhotrices enhance the security 

of the data and so it becomes more difficult to decrypt the data. Sharma et al. (2013) have introduced MDS rhotrices and Gupta et 

al. (2022) have introduced block rhotrices in the literature.  Sharma et al. (2013, 2015, 2018, 2019) have used companion 

rhotrices, circulant rhotrices and Hankel rhotrices for the construction of MDS rhotrices. Cauchy rhotrix is defined by Sharma et 

al. (2017) and they have used it for the construction of MDS rhotrices over finite fields.  
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Conjugate elements of a finite field play an important role in the security analysis of finite field based cryptosystem, see 

Koushesh and Zamani (2010). Concept of conjugate element is an important tool in the design and analysis of cryptosystem based 

on finite fields and their properties are often analysed in the various cryptographic protocols and algorithms. 

In present paper, we construct MDS Cauchy rhotrices using conjugates of the elements of prime finite fields. The paper 

is organized in five sections. The following section reviews the basic results required for the understanding of the paper. Section 3 

gives interesting results for the construction of MDS rhotrix from Cauchy rhotrix and the results are demonstrated with the help of 

illustrations. In Section 4, we define block rhotrix and construct block Cauchy- like MDS rhotrix. This construction is explained 

with the help of some illustrations. Finally, we conclude in the Section 5. 

 

II. Preliminaries 

 

Definition 2.1 Cauchy Matrix: Qiuping et al. (2018)  

 

The matrix of the form  𝐴 = (𝑎𝑖𝑗)𝑚×𝑛,
 
where 

 

𝑎𝑖𝑗 =
1

𝑢𝑖 − 𝑣𝑗

,  𝑢𝑖 − 𝑣𝑗 ≠ 0, 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛, 

 

is called a Cauchy matrix and  𝑢𝑖 , 𝑣𝑗  are the elements from finite field. 

 

Definition 2.2 Cauchy Rhotrix: Sharma et al. (2017) 

 

 A 5- dimensional Cauchy rhotrix 𝐶5 is defined as 

𝐶5 = ⟨  
1

𝑢3 − 𝑣1
   

1

𝑢2 − 𝑣1

1

𝑙2 − 𝑚1

1

𝑢3 − 𝑣2

  

1

𝑢1 − 𝑣1

1

𝑙1 − 𝑚1

1

𝑢2 − 𝑣2

1

𝑙2 − 𝑚2

1

𝑢3 − 𝑣3

  

1

𝑢1 − 𝑣2

1

𝑙1 − 𝑚2

1

𝑢2 − 𝑣3

  
1

𝑢1 − 𝑣3
⟩, 

 

where 𝑢𝑖 , 𝑣𝑗(𝑖, 𝑗 = 1,2,3) and 𝑙𝑟 , 𝑚𝑠(𝑟, 𝑠 = 1,2) are elements from a finite field. Two coupled matrices of  𝐶5 are 

𝑈 =

[
 
 
 
 

1

𝑢1−𝑣1

1

𝑢1−𝑣2

1

𝑢1−𝑣3

1

𝑢2−𝑣1

1

𝑢2−𝑣2

1

𝑢2−𝑣3

1

𝑢3−𝑣1

1

𝑢3−𝑣2

1

𝑢3−𝑣3]
 
 
 
 

  and  𝑉 = [

1

𝑙1−𝑚1

1

𝑙1−𝑚2

1

𝑙2−𝑚1

1

𝑙2−𝑚2

] 

 

 

Definition 2.3 Conjugates: Koushesh and Zamani (2010)   

 

Let 𝐹𝑞𝑛 be an extension of 𝐹𝑞 and  𝛼 ∈ 𝐹𝑞𝑛 . Then, the conjugate elements of 𝛼  in extension field 𝐹𝑞𝑛  are the roots of the 

minimal polynomial of 𝛼 over 𝐹𝑞   and the elements {𝛼, 𝛼𝑞 , 𝛼𝑞2
, 𝛼𝑞3

, …… , 𝛼𝑞𝑛−1
} are called the conjugates of 𝛼 with respect to 𝐹𝑞. 

 

Definition 2.4 MDS Matrix: Sharma et al. (2017) 

 

Let 𝐹  be a finite field, and 𝑝, 𝑞 be two positive integers. Let  𝑥 → 𝑀 × 𝑥 be a mapping from 𝐹𝑝  to 𝐹𝑞 defined by the 𝑞 × 𝑝
 

matrix 𝑀. We say that it is an MDS matrix if the set of all pairs (𝑥,𝑀 × 𝑥) is an MDS code, which is a linear code of 

dimension  𝑝
 
length 𝑝 + 𝑞 and minimum distance 𝑞 + 1. In other form we can say that a square matrix 𝐴  is an MDS matrix if and 

only if every square sub-matrices of  𝐴  are non-singular. This implies that all the entries of an MDS matrix must be non-zero. 

 

Definition 2.5 Block Rhotrix:  Gupta et al. (2022) 

 

Let 𝑅 = < 𝐶, 𝐷 > be a rhotrix of  2𝑛 − 1 dimension, where  𝐶 and  𝐷 are coupled   matrices of   dimension   𝑛 ×  𝑛  and  (𝑛 −
1)  × (𝑛 − 1) respectively. Then 𝑅 = < 𝐶, 𝐷 > is a block rhotrix  if coupled matrix 𝐶 of even  order is  block  matrix. 

 

 

 

Definition 2.6 Block Cauchy - like Matrix:  Qiuping et al. (2018) 

 

Let 𝐴1 , 𝐴2 , …… 𝐴𝑛  and 𝐵1 , 𝐵2, … … , 𝐵𝑛 be 𝑚 ×  𝑚 matrices over  𝐹2  satisfying that  𝐴𝑖 + 𝐵𝑗   is non- singular for any  0 ≤

 𝑖 , 𝑗 ≤  𝑛. Then  the  matrix  𝐶 = [
1

𝐴𝑖+𝐵𝑗
]   is  called  a block  Cauchy - like matrix over  𝐹2. 
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Lemma 2.7 Sharma et al. (2013)   

 

Any rhotrix 𝑅5 over GF(2𝑛) with all non zero entries is an MDS rhotrix iff its coupled matrices 𝑀1 = 3 × 3  and 𝑀2 = 2 × 2 are 

non-singular and all their entries are non- zero. 

 

Theorem 2.8 Qiuping et al. (2018)    

 

Assume {𝐴1 , 𝐴2, … . , 𝐴𝑛, 𝐵1, 𝐵2, … … , 𝐵𝑛} is a set of 𝑚 ×  𝑚  matrices over 𝐹2 which are pairwise commutative and  𝐴𝑖 − 𝐵𝑗   

 0. Then   block Cauchy -like matrix  𝐶 = [
1

𝐴𝑖−𝐵𝑗
] is an MDS matrix. 

 

 

III. MDS Cauchy Rhotrices over 𝑭𝒒𝒏  

 

In this section conjugates of the elements of finite field are used to construct maximum distance separable Cauchy rhotrices. 

 

In the following Theorem, we shall show that if we take two elements  𝑎𝑟  and 𝑎𝑠, where gcd(𝑟, 𝑠) = 1, then MDS rhotrix can be 

constructed using the conjugates of  𝑎𝑟  and 𝑎𝑠. 

 

Theorem 3.1 

 

 Let 𝑅𝑡 =< 𝐴, 𝐵 > be a 𝑡 −dimensional rhotrix with coupled matrices                               

𝐴 = (𝑎𝑖𝑗)𝑛×𝑛 =
1

𝑢𝑖 − 𝑣𝑗

, 

 and 

𝐵 = (𝑏𝑖𝑗)(𝑛−1)×(𝑛−1) =
1

𝑙𝑐−𝑚𝑑
   for  𝑛 =

𝑡+1

2
. 

If 

 

𝑢𝑖, 𝑙𝑐 ∈ 𝑋 = {𝛼𝑟 , (𝛼𝑟)𝑞 , (𝛼𝑟)𝑞2
, (𝛼𝑟)𝑞3

, …… , (𝛼𝑟)𝑞𝑛−1
}, 

 

and  

𝑣𝑗 , 𝑚𝑑 ∈ 𝑌 = {𝛼𝑠, (𝛼𝑠)𝑞 , (𝛼𝑠)𝑞2
, (𝛼𝑠)𝑞3

, …… , (𝛼𝑠)𝑞𝑛−1
}, 

                                                                     [(𝑖, 𝑗 = 1,2, , 𝑛), (𝑐, 𝑑 = 1,2, … . , 𝑛 − 1)]. 
 

where  gcd(𝑟, 𝑠) = 1 and 𝛼 is the root of irreducible polynomial of 𝐹𝑞𝑛 over 𝐹𝑞,  

then 

 

𝑢𝑖 − 𝑣𝑗 ≠ 0, 

and     

𝑙𝑐 − 𝑚𝑑 ≠ 0, 
 

implies 𝐴 and 𝐵 are Cauchy matrices and 𝑅𝑡 is an MDS Cauchy rhotrix over  𝐹𝑞𝑛. 

 

Proof:  
 

It is given that  𝐹𝑞𝑛 is an extension of 𝐹𝑞 and let 𝛼 ∈ 𝐹𝑞𝑛  be the root of primitive polynomial of 𝐹𝑞𝑛 over 𝐹𝑞. We have to show 

that 

 if 

𝑢𝑖 , 𝑙𝑐 ∈ 𝑋 = {𝛼𝑟, (𝛼𝑟)𝑞 , (𝛼𝑟)𝑞2
, (𝛼𝑟)𝑞3

, … … , (𝛼𝑟)𝑞𝑛−1
}, 

and 

 𝑣𝑗 , 𝑚𝑑 ∈ 𝑌 = {𝛼𝑠, (𝛼𝑠)𝑞 , (𝛼𝑠)𝑞2
, (𝛼𝑠)𝑞3

, …… , (𝛼𝑠)𝑞𝑛−1
}, 

then 

         𝑢𝑖 − 𝑣𝑗 ≠ 0,  

and 

         𝑙𝑐 − 𝑚𝑑 ≠ 0. 

 

If possible, let 

                  𝑢𝑖 − 𝑣𝑗 = 0,  

             ⇒  𝛼𝑟𝑞𝑖
− 𝛼𝑠𝑞𝑗

= 0, 

                       ⇒   𝛼𝑟𝑞𝑖
= 𝛼𝑠𝑞𝑗

, 
          ⇒    𝑟𝑞𝑖 = 𝑠𝑞𝑗.                                                                   (3.1) 
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This gives rise to two cases which are as follows: 

 

Case 1:    
    

When  𝑟 ≠ 𝑠  and  gcd(𝑟, 𝑠) = 1. Also if 

                                                                  𝑟 = 1                  or                  𝑠 = 1  

 equation (3.1)  becomes, 

       𝑞𝑖 = 𝑠𝑞𝑗             or            𝑟𝑞𝑖 = 𝑞𝑗 , 

⟹  𝛼𝑞𝑖
= 𝛼𝑠𝑞𝑗

         or               𝛼𝑟𝑞𝑖
= 𝛼𝑞𝑗

, 

      ⟹ 𝛼𝑞𝑖
∈ 𝑌               or            𝛼𝑞𝑗

∈ 𝑋. 
which is a contradiction. 

 

Case 2:      
 

When 𝑟 ≠ 1 and 𝑠 ≠ 1 and  gcd(𝑟, 𝑠) = 1, then 

       𝑟𝑞𝑖 = 𝑠𝑞𝑗, 

             ⟹ 𝑟 = 𝑠 𝑞𝑗−𝑖 , 
                                 ⟹ 𝑟 = 𝑠 𝑞𝑘;  for some 𝑘  

           ⟹ 𝛼𝑟 = 𝛼𝑠 (𝑞𝑘), 
           ⟹ 𝛼𝑟 ∈ 𝑌, 

which is a contradiction. 

Hence, in both the cases 𝑢𝑖 − 𝑣𝑗 ≠ 0  ∀ 𝑢𝑖 ∈ 𝑋  and   ∀ 𝑣𝑗 ∈ 𝑌. 

Similarly, it can be shown that 𝑙𝑐 − 𝑚𝑑 ≠ 0   ∀ 𝑙𝑐 ∈ 𝑋  and  ∀ 𝑚𝑑 ∈ 𝑌. 
Therefore,  

𝐴 =
1

𝑢𝑖−𝑣𝑗
 ,     

and 

   𝐵 =
1

𝑙𝑐−𝑚𝑑
, 

 
form Cauchy rhotrices of consecutive orders. We know that Cauchy rhotrices have non-zero determinant. Therefore, 

 𝑅𝑡 =< 𝐴, 𝐵 > is a maximum distance separable Cauchy rhotrix. 

 

Remark:  

 

The rhotrix of dimension 2𝑛 − 1 has coupled matrices of order 𝑛 ×  𝑛 and ( 𝑛 − 1)  × ( 𝑛 − 1 ). Therefore, to construct  𝑛 ×  𝑛 

matrix, we must use the field of order  𝑝𝑛 ,  where the number of conjugates will be 𝑛. 
 

Example 3.2 

 

Let the 5-dimensional rhotrix 𝑅5 has coupled   matrices  

 

  𝐴 = (𝑎𝑖𝑗)3×3
=

1

𝑢𝑖−𝑣𝑗
, 

and 

 𝐵 = (𝑏𝑖𝑗)2×2
=

1

𝑙𝑐−𝑚𝑑
, 

where 

               𝑢𝑖 , 𝑙𝑐 ∈ 𝑋 = {𝛼5, (𝛼5)3, (𝛼5)32
}, 

and 

                  𝑣𝑗 , 𝑚𝑑 ∈ 𝑌 = {𝛼7, (𝛼7)3, (𝛼7)32
},  

[(𝑖, 𝑗 = 1,2, 3 ), (𝑐, 𝑑 = 1, 2)]. 
 

where gcd(5, 7) = 1 and 𝛼 is the root of the irreducible polynomial 𝑝(𝑥) = 𝑥3 + 2𝑥2 + 1, then  𝑢𝑖 − 𝑣𝑗 ≠ 0, 𝑙𝑐 − 𝑚𝑑 ≠ 0, 𝐴 and 

𝐵  form  maximum distance separable Cauchy rhotrix 𝑅5 over  𝐹33 . 
 

Proof:  

 

Let the sets 𝑋 and 𝑌 be the conjugates of 𝛼5 and 𝛼7, where gcd(5, 7) = 1. 
Therefore, 

𝑋 = {𝛼5, (𝛼5)3, (𝛼5)32
} = {𝛼5, 𝛼15, 𝛼19}, 

and  

𝑌 = {𝛼7, (𝛼7)3, (𝛼7)32
} = {𝛼7, 𝛼21, 𝛼11}. 

 

So, matrix 𝐴 is given by 
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𝐴 =

[
 
 
 
 

1

𝛼5−𝛼7

1

𝛼5−𝛼21

1

𝛼5−𝛼11

1

𝛼15−𝛼7

1

𝛼15−𝛼21

1

𝛼15−𝛼11

1

𝛼19−𝛼7

1

𝛼19−𝛼21

1

𝛼19−𝛼11]
 
 
 
 

, 

 

 

                                                                                 𝐴 =

[
 
 
 
 

1

𝛼21

1

𝛼7

1

𝛼
1

𝛼3

1

𝛼11

1

𝛼21

1

𝛼11

1

𝛼9

1

𝛼7 ]
 
 
 
 

, 

 

                                                                                 𝐴 = [
𝛼5 𝛼19 𝛼25

𝛼23 𝛼15 𝛼5

𝛼15 𝛼17 𝛼19

]. 

 

Therefore,                                
    𝑑𝑒𝑡 𝐴 = 2 ≠ 0. 

 

Hence, 𝐴 is an MDS Cauchy matrix. 

Similarly,  

                                     𝐵 = [

1

𝛼5−𝛼7

1

𝛼5−𝛼21

1

𝛼15−𝛼7

1

𝛼15−𝛼21

]. 

 
 It can be easily verified that it is an MDS Cauchy matrix. 

 Hence, by Lemma 2.7, we can say that 

 

𝑅5 = ⟨

1

𝛼5 − 𝛼7

1

𝛼15 − 𝛼7

1

𝛼5 − 𝛼7

1

𝛼5 − 𝛼21

1

𝛼19 − 𝛼7

1

𝛼15 − 𝛼7

1

𝛼15 − 𝛼21

1

𝛼5 − 𝛼21

1

𝛼5 − 𝛼11

1

𝛼19 − 𝛼21

1

𝛼15 − 𝛼21

1

𝛼15 − 𝛼11

1

𝛼19 − 𝛼11

⟩, 

 

𝑅5 = ⟨

1

𝛼21

1

𝛼3

1

𝛼21

1

𝛼7

1

𝛼11

1

𝛼3

1

𝛼11

1

𝛼7

1

𝛼
1

𝛼9

1

𝛼11

1

𝛼21

1

𝛼7

⟩, 

 

  𝑅5 = ⟨

𝛼5

𝛼23 𝛼5 𝛼19

𝛼15 𝛼23 𝛼15 𝛼19 𝛼25

𝛼17 𝛼15 𝛼5

𝛼19

⟩. 

is an MDS Cauchy rhotrix. 

 

Example 3.3 

 

Let the 5- dimensional rhotrix 𝑅5 has coupled matrices  

 

𝐴 = (𝑎𝑖𝑗)3×3
=

1

𝑢𝑖−𝑣𝑗
 , 

 and 

𝐵 = (𝑏𝑖𝑗)2×2
=

1

𝑙𝑐−𝑚𝑑
, 

where     

𝑢𝑖 , 𝑙𝑐 ∈ 𝑋 = {𝛼2, (𝛼2)5, (𝛼2)52
}, 

 and 
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𝑣𝑗 , 𝑚𝑑 ∈ 𝑌 = {𝛼3, (𝛼3)5, (𝛼3)52
}, 

[(𝑖, 𝑗 = 1,2, 3 ), (𝑐, 𝑑 = 1, 2)]. 
 

where  gcd(2, 3) = 1 and 𝛼 is the root of irreducible polynomial 𝑝(𝑥) = 𝑥3 + 3𝑥 + 2 of 𝐹53 over 𝐹5, then, 𝑢𝑖 − 𝑣𝑗 ≠ 0, 𝑙𝑐 − 𝑚𝑑 

≠ 0, 𝐴 and 𝐵 form  MDS rhotrix 𝑅5 over  𝐹53. 

 

Proof:  

 

Let 

    𝑋 = {𝛼2, 𝛼10, 𝛼50}, 
and  

                   𝑌 = {𝛼3, 𝛼15, 𝛼75}. 
 

So, matrix 𝐴 is given by 

𝐴 =

[
 
 
 
 
 

1

𝛼2 − 𝛼3

1

𝛼2 − 𝛼15

1

𝛼2 − 𝛼75

1

𝛼10 − 𝛼3

1

𝛼10 − 𝛼15

1

𝛼10 − 𝛼75

1

𝛼50 − 𝛼3

1

𝛼50 − 𝛼15

1

𝛼50 − 𝛼75]
 
 
 
 
 

, 

 

 

𝐴 =

[
 
 
 
 
 

1

𝛼98

1

𝛼94

1

𝛼25

1

𝛼

1

𝛼118

1

𝛼98

1

𝛼118

1

𝛼5

1

𝛼94]
 
 
 
 
 

, 

 

𝐴 = [
𝛼26 𝛼30 𝛼99

𝛼123 𝛼6 𝛼26

𝛼6 𝛼119 𝛼30

]. 

 

𝑑𝑒𝑡 𝐴 = 2 ≠ 0. 
 

Hence, 𝐴 is an MDS Cauchy matrix. 

Similarly, it can be easily verified that  

 

𝐵 = [

1

𝛼2−𝛼3

1

𝛼2−𝛼15

1

𝛼10−𝛼3

1

𝛼10−𝛼15

], 

 

is an MDS Cauchy matrix. 

Hence, by Lemma 2.7, we can say that 

 

𝑅5 = ⟨

1

𝛼2−𝛼3

1

𝛼10−𝛼3

1

𝛼2−𝛼3

1

𝛼2−𝛼15

1

𝛼50−𝛼3

1

𝛼10−𝛼3

1

𝛼10−𝛼15

1

𝛼2−𝛼15

1

𝛼2−𝛼75

1

𝛼50−𝛼15

1

𝛼10−𝛼15

1

𝛼10−𝛼75

1

𝛼50−𝛼75

⟩, 

 

𝑅5 = ⟨

𝛼26

𝛼123 𝛼26 𝛼30

𝛼6 𝛼123 𝛼6 𝛼30 𝛼99

𝛼119 𝛼6 𝛼26

𝛼30

⟩. 

 

is an MDS Cauchy rhotrix. 
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Example 3.4 

 

Let the 7-dimensional rhotrix 𝑅7 has coupled matrices  

 

𝐴 = (𝑎𝑖𝑗)4×4
=

1

𝑢𝑖−𝑣𝑗
,   

and 

 𝐵 = (𝑏𝑖𝑗)3×3
=

1

𝑙𝑐−𝑚𝑑
, 

where 

𝑢𝑖, 𝑙𝑐 ∈ 𝑋 = {𝛼2, (𝛼2)2, (𝛼2)22
, (𝛼2)23

},  

 and 

𝑣𝑗 , 𝑚𝑑 ∈ 𝑌 = {𝛼3, (𝛼3)2, (𝛼3)22
(𝛼3)23

}, 

 

[(𝑖, 𝑗 = 1,2, 3,4 ), (𝑐, 𝑑 = 1, 2,3)]. 
 

where gcd(2, 3) = 1 and 𝛼 is the root of primitive polynomial 𝑝(𝑥) = 𝑥4 + 𝑥 + 1 of 𝐹24 over 𝐹2 then, 𝑢𝑖 − 𝑣𝑗 ≠ 0 and   𝑙𝑐 − 𝑚𝑑 

≠ 0, 𝐴 and 𝐵 are Cauchy matrices and form  MDS rhotrix 𝑅7 over  𝐹24 over 𝐹2.  
 

Proof:  

 

Here, the sets 𝑋 and 𝑌 are taken as the conjugates of 𝛼2 and 𝛼3, where gcd(2, 3) = 1. 
Therefore, 

                     𝑋 = {𝛼2, 𝛼4, 𝛼8, 𝛼16}, 
and, 

𝑌 = {𝛼3, 𝛼6, 𝛼12, 𝛼24}. 
 

So, matrix 𝐴 is given by 

𝐴 =

[
 
 
 
 
 

1

𝛼2−𝛼3

1

𝛼4−𝛼3

1

𝛼8−𝛼3

1

𝛼16−𝛼3

   

1

𝛼2−𝛼6

1

𝛼4−𝛼6

1

𝛼8−𝛼6

1

𝛼16−𝛼6

   

1

𝛼2−𝛼12

1

𝛼4−𝛼12

1

𝛼8−𝛼12

1

𝛼16−𝛼12

   

1

𝛼2−𝛼24

1

𝛼4−𝛼24

1

𝛼8−𝛼24

1

𝛼16−𝛼24

 

]
 
 
 
 
 

, 

 

 

𝐴 =

[
 
 
 
 
 
 
 

1

𝛼6

1

𝛼3

1

𝛼7

1

𝛼11

1

𝛼7

1

𝛼12

1

𝛼6

1

𝛼14

1

𝛼13

1

𝛼14

1

𝛼9

1

𝛼12

1

𝛼9

1

𝛼11

1

𝛼13

1

𝛼3 ]
 
 
 
 
 
 
 

, 

 

                                                                            𝐴 = [ 

𝛼9

𝛼8

𝛼2

𝛼6

   

𝛼12

𝛼3

𝛼
𝛼4

   

𝛼8

𝛼9

𝛼6

𝛼2

   

𝛼4

𝛼
𝛼3

𝛼12

]. 

 

     det (𝐴) = 1 ≠ 0. 

 

Therefore, 𝐴 is an MDS Cauchy matrix. 

Similarly,   

𝐵 =

[
 
 
 
 
 

1

𝛼2 − 𝛼3

1

𝛼2 − 𝛼6

1

𝛼2 − 𝛼12

1

𝛼4 − 𝛼3

1

𝛼4 − 𝛼6

1

𝛼4 − 𝛼12

1

𝛼8 − 𝛼3

1

𝛼8 − 𝛼6

1

𝛼8 − 𝛼12]
 
 
 
 
 

, 

 

𝐵 =

[
 
 
 
 

1

𝛼6

1

𝛼3

1

𝛼7

1

𝛼7

1

𝛼12

1

𝛼6

1

𝛼13

1

𝛼14

1

𝛼9]
 
 
 
 

, 
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𝐵 = [
𝛼9 𝛼12 𝛼8

𝛼8 𝛼3 𝛼9

𝛼2 𝛼 𝛼6

]. 

 

is an MDS Cauchy matrix. 

Therefore, 

𝑅7 = ⟨𝛼6     
𝛼2

𝛼2

𝛼4

    

𝛼8

𝛼8

𝛼

𝛼
𝛼2

    

𝛼9

𝛼9

𝛼3

𝛼3

𝛼6

𝛼6

𝛼12

   

𝛼12

𝛼12

𝛼9

𝛼9

𝛼3

    
𝛼8

𝛼8

𝛼

    𝛼4 ⟩. 

 

 

 

 

is an MDS Cauchy rhotrix. 

 

 

IV.  Block Cauchy - like MDS Rhotrices over Prime Finite Fields 

 

In this section, firstly we define block Cauchy - like rhotrix and then construct block Cauchy - like MDS rhotrices using conjugate 

elements of finite fields. 

 

 

Definition 4.1   Block Cauchy - like Rhotrix:   
 

 Let 𝑅 = < 𝐶, 𝐷 > be a rhotrix  of dimension 2𝑛 − 1, where 𝐶 and 𝐷 are coupled matrices of order 𝑛 ×  𝑛 and (𝑛 − 1) × (𝑛 −
1) respectively. Then 𝑅 is a block Cauchy - like rhotrix when the even ordered couple matrix is a block Cauchy – like matrix. 

 

 

Theorem 4.2 

 

Let 𝑅 = < 𝐶, 𝐷 > be a rhotrix of dimension  2𝑛 − 1, whose coupled matrix 𝐶 is of even order and 𝐷 is of odd order, satisfying 

that matrix  𝐶 = [
1

𝐴𝑖−𝐵𝑗
]is  a block  Cauchy - like matrix where 𝐴1, 𝐴2, … . 𝐴𝑛, 𝐵1, 𝐵2 , … … 𝐵𝑛    is a set of   𝑚 ×  𝑚     matrices   

over  𝐹𝑞𝑚  and   𝐴𝑖 − 𝐵𝑗   0  for any  0 ≤  𝑖 , 𝑗 ≤  𝑛   and 𝐷 is  any  Cauchy  matrix having entries as conjugates. Then, 𝑅 = <

𝐶, 𝐷 > is a block Cauchy – like MDS rhotrix. 

 

Proof: 

 

As matrix 𝐷 is a Cauchy matrix, then by definition, matrix 𝐷 is non-singular and therefore, it is an MDS matrix.  Also, since 𝐶 is 

a block Cauchy – like matrix therefore, all its submatrices also form block Cauchy – like matrices and are non – singular. This 

implies 𝐶 is also MDS matrix. Hence, the rhotrix   𝑅 = < 𝐶, 𝐷 > is a block Cauchy – like MDS rhotrix. 

 

Example 4.3 

Let 𝑅 = < 𝐶, 𝐷 >  be a rhotrix of dimension 7 where  matrix  𝐶 = [
1

𝐴𝑖−𝐵𝑗
] is  a block  Cauchy - like matrix, where 

{𝐴1, 𝐴2, … . 𝐴𝑛, 𝐵1, 𝐵2 , …… 𝐵𝑛} is  a set of 𝑚 ×  𝑚  matrices over 𝐹23 which are pairwise commutative and 𝐴𝑖 − 𝐵𝑗    0  for any  

0 ≤  𝑖 , 𝑗 ≤  𝑛 of dimension 4 and 𝐷 any Cauchy matrix of dimension 3 with entries as conjugate elements of 𝐹23. Then, 𝑅 = <

𝐶, 𝐷 > is a block Cauchy – like MDS rhotrix over 𝐹23, where 𝛼   is  a root of irreducible  polynomial  𝑥3  +  𝑥 +  1 =  0. 

 

Proof:  
  

Let  𝐹23 an extension field of 𝐹2, and 𝛼  be a root of the irreducible polynomial 

𝑥3  +  𝑥 +  1 =  0. 

Consider  

𝑋 = {𝛼, 𝛼2, 𝛼3, 𝛼4, 𝛼5, 𝛼6, 𝛼7, 𝛼8}, 
and  

𝑌 = {𝛼2, 𝛼4, 𝛼6, 𝛼8, 𝛼10, 𝛼12, 𝛼14, 𝛼16}. 
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where elements of set 𝑌 are conjugates of the respective elements of set 𝑋. Consider matrix  

 

𝐶 = [

1

𝐴1−𝐵1

1

𝐴1−𝐵2

1

𝐴2−𝐵1

1

𝐴2−𝐵2

], 

 

where 𝐴𝑖  − 𝐵𝑗    0  and 𝐴1, 𝐴2, 𝐵1 , 𝐵2  are 2 ×  2 matrices such that elements of first row of each matrix are from set 𝑋 and 

elements of second row of each matrix are from set 𝑌 as given below 

 

𝐴1 = [ 𝛼 𝛼2

𝛼2 𝛼4]    ,       𝐵1 = [𝛼
3 𝛼4

𝛼6 𝛼8]  ,   𝐴2 = [ 𝛼5 𝛼6

𝛼10 𝛼12]   ,    𝐵2 = [
𝛼7 𝛼8

𝛼14 𝛼16
] 

 

 𝐴1 − 𝐵1 = [ 𝛼 − 𝛼3 𝛼2 − 𝛼4

𝛼2 − 𝛼6 𝛼4 − 𝛼8], 

which implies,     

    𝐴1 − 𝐵1 = [𝛼
7 𝛼

𝛼7 𝛼2]. 

 

Therefore,    

det(𝐴1 − 𝐵1) = 𝛼4 ≠ 0. 

 

also, 

𝐴1 − 𝐵2 = [ 𝛼 − 𝛼7 𝛼2 − 𝛼8

𝛼2 − 𝛼14 𝛼4 − 𝛼16], 

Thus,         

                                                                                    𝐴1 − 𝐵2 = [𝛼
3 𝛼4

𝛼6 𝛼
]. 

and       

det(𝐴1 − 𝐵2) = 𝛼6 ≠ 0. 

 

Similarly, 

                                                                                    𝐴2 − 𝐵1 = [𝛼
2 𝛼3

𝛼4 𝛼6], 

 

det(𝐴2 − 𝐵1) = 𝛼3 ≠ 0. 
and                                           

             𝐴2 − 𝐵2 = [𝛼
4 𝛼5

𝛼 𝛼3],  

 

                               det(𝐴2 − 𝐵2) = 𝛼2 ≠ 0. 
 

This gives, 

                 
1

𝐴1−𝐵1
= [𝛼

5 𝛼4

𝛼3 𝛼3], 

 

                                                                                        
1

𝐴1−𝐵2
= [𝛼

2 𝛼5

𝛼7 𝛼4], 

 

                
1

𝐴2−𝐵1
= [

𝛼3 𝛼7

𝛼 𝛼6
], 

 

                                                                      
1

𝐴2−𝐵2
= [ 𝛼 𝛼3

𝛼6 𝛼2]. 

Hence,          

                                                                                    𝐶 = [ 

𝛼5

𝛼3

𝛼3

𝛼

   

𝛼4

𝛼3

𝛼7

𝛼6

   

𝛼2

𝛼7

𝛼
𝛼6

   

𝛼5

𝛼4

𝛼3

𝛼2

]. 

 

 

                                                                                             

                                                                   

Therefore, 𝐶 is a block Cauchy-like MDS matrix. Now, 
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                                                          𝐷 =

[
 
 
 
 

1

𝛼−𝛼3

1

𝛼−𝛼6

1

𝛼−𝛼12

1

𝛼2−𝛼3

1

𝛼2−𝛼6

1

𝛼2−𝛼12

1

𝛼4−𝛼3

1

𝛼4−𝛼6

1

𝛼4−𝛼12]
 
 
 
 

, 

 

        𝐷 =

[
 
 
 
 

1

𝛼7

1

𝛼5

1

𝛼6

1

𝛼5

1

𝛼7

1

𝛼3

1

𝛼6

1

𝛼3

1

𝛼7]
 
 
 
 

. 

 

 

            𝑑𝑒𝑡 (𝐷)   =  1 ≠  0. 

Therefore, 𝐷 is an MDS Cauchy matrix.  

Hence,  

𝑅 = ⟨𝛼      
𝛼3

𝛼
𝛼6

    

𝛼3

𝛼2

𝛼7

𝛼4

𝛼6

    

𝛼5

𝛼7

𝛼3

𝛼7

𝛼
𝛼7

𝛼2

   

𝛼4

𝛼2

𝛼7

𝛼4

𝛼3

    
𝛼2

𝛼
𝛼4

    𝛼5 ⟩ 

is a block Cauchy-like MDS rhotrix. 

  

Example 4.4 

 Let 𝑅 = < 𝐶, 𝐷 > be a rhotrix of dimension 7, where matrix 𝐶 = [
1

𝐴𝑖−𝐵𝑗
] is  a Block  Cauchy - like matrix, where 

{𝐴1, 𝐴2, … . 𝐴𝑛, 𝐵1, 𝐵2 , …… 𝐵𝑛} is  a set  of 𝑚 ×  𝑚    matrices over 𝐹33  which  are  pairwise commutative and  𝐴𝑖  − 𝐵𝑗    0  for 

any  0 ≤  𝑖 , 𝑗 ≤  𝑛  of dimension 4  and 𝐷  is  any  Cauchy  matrix  of  dimension 3 with entries as  conjugate elements of 𝐹33.  

Then 𝑅 is a block Cauchy – like MDS rhotrix over 𝐹33,  where 𝛼 is a root   of   irreducible   polynomial  𝑥3 + 2𝑥2 + 1 = 0. 

 

Proof: 

 

Consider  𝐹33  be  an extension field of  𝐹3 and 𝛼  be  a root of  irreducible polynomial        

  𝑥3 +  2𝑥2 +  1 =  0. 
Let  

𝑋 = {𝛼, 𝛼2, 𝛼3, 𝛼4, 𝛼5, 𝛼6, 𝛼7, 𝛼8}, 
and 

            𝑌 = {𝛼3, 𝛼6, 𝛼9, 𝛼12, 𝛼15, 𝛼18, 𝛼21, 𝛼24}. 
 

where elements of set 𝑌 are conjugates of the respective elements of set 𝑋. Consider a matrix  

     

     𝐶 = [

1

𝐴1−𝐵1

1

𝐴1−𝐵2

1

𝐴2−𝐵1

1

𝐴2−𝐵2

], 

 

where  𝐴𝑖 − 𝐵𝑗    0  and 𝐴1 , 𝐴2 , 𝐵1 , 𝐵2   are 2 ×  2 matrices such that elements of first row of each matrix are from set 𝑋 and 

elements of second row of each matrix are from set 𝑌 as 

 

𝐴1 = [ 𝛼 𝛼2

𝛼3 𝛼6]    ,       𝐵1 = [𝛼
3 𝛼4

𝛼9 𝛼12]  ,   𝐴2 = [ 𝛼5 𝛼6

𝛼15 𝛼18]   ,    𝐵2 = [
𝛼7 𝛼8

𝛼21 𝛼24
]. 

 

Now, 

𝐴1 − 𝐵1 = [𝛼 − 𝛼3 𝛼2 − 𝛼4

𝛼3 − 𝛼9 𝛼6 − 𝛼12
], 

    

and                                               

                          det(𝐴1 − 𝐵1) = 𝛼20 ≠ 0. 

. 

Similarly, 
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           𝐴1 − 𝐵2 = [ 𝛼 − 𝛼7 𝛼2 − 𝛼8

𝛼3 − 𝛼21 𝛼6 − 𝛼24], 

 

              det(𝐴1 − 𝐵2) = 𝛼18 ≠ 0. 
and 

 

                                                                            𝐴2 − 𝐵1 = [ 𝛼5 − 𝛼3 𝛼6 − 𝛼4

𝛼15 − 𝛼9 𝛼18 − 𝛼12],  

 

                                                                               det(𝐴2 − 𝐵1) = 𝛼2 ≠ 0. 

also, 

            𝐴2 − 𝐵2 = [ 𝛼5 − 𝛼7 𝛼6 − 𝛼8

𝛼15 − 𝛼21 𝛼18 − 𝛼24], 

                                                                             det(𝐴2 − 𝐵2) = 𝛼10 ≠ 0. 

Now,                                               

             
1

𝐴1−𝐵1
=

1

𝛼20 [ 𝛼2 −𝛼18

−𝛼25 𝛼17 ], 

           

Therefore,                               

             
1

𝐴1−𝐵1
= [ 𝛼8 2𝛼24

2𝛼5 𝛼23 ]. 

 

In the same way,                                  

             
1

𝐴1−𝐵2
= [ 𝛼2 2𝛼6

2𝛼25 𝛼5 ], 

 

             
1

𝐴2−𝐵1
= [ 𝛼19 2𝛼5

2𝛼16 𝛼4 ], 

                 

and          

                                                                      
1

𝐴2−𝐵2
= [𝛼

4 2𝛼12

2𝛼 𝛼11 ]. 

 

So,                                          

                  𝐶 = [

𝛼8 𝛼11 𝛼2 𝛼19

𝛼18 𝛼23 𝛼12 𝛼5

𝛼25 𝛼18 𝛼4 𝛼25

𝛼3 𝛼10 𝛼14 𝛼11

]. 

 

Therefore, 𝐶 is a block Cauchy- like MDS Matrix.  

also, 

 

                 𝐷 =

[
 
 
 
 

1

𝛼−𝛼2

1

𝛼−𝛼6

1

𝛼−𝛼18

1

𝛼3−𝛼2

1

𝛼3−𝛼6

1

𝛼3−𝛼18

1

𝛼9−𝛼2

1

𝛼9−𝛼6

1

𝛼9−𝛼18]
 
 
 
 

, 

 

                                                                     𝑑𝑒𝑡 (𝐷)  =  2 ≠  0. 
So, 𝐷 is an MDS Cauchy matrix.  

Therefore,  

𝑅 = ⟨𝛼3     
𝛼25

𝛼22

𝛼10

    

𝛼18

𝛼13

𝛼18

𝛼13

𝛼14

    

𝛼8

𝛼
𝛼23

𝛼3

𝛼4

𝛼9

𝛼11

   

𝛼11

𝛼14

𝛼12

𝛼16

𝛼25

    
𝛼2

𝛼13

𝛼5

    𝛼19 ⟩ 

                                                                                      
 

                           

is a block Cauchy-like MDS rhotrix. 
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V.  Conclusion   

 

In the present paper, the construction of MDS Cauchy rhotrices is generalised by taking the elements as conjugate elements of 

finite fields. This is an extension of the earlier work as the elements have been generalised here. Also, we defined Block Cauchy -

like rhotrix which is an enrichment in the literature of rhotrix. Further, we constructed MDS rhotrices using  block Cauchy-like  

rhotrices whose entries  are  the conjugates elements of finite fields. These constructions may have vast applications in the field of 

cryptography and coding theory. 
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