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Abstract: In this paper our main interest is to introduce a new type of generalized open sets defined in terms
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l. INTRODUCTION

In 2018, B. Roy [9] introduced the notation of an operation on a topological space and introduced
the concept of y, open sets. In 2011 B. Roy [8] defined the concept of y,g - closed sets of topological space.
In 2002 Csaszar [1] introduced the concept of generalized open sets. We now recall some notions
defined in [1]. Let X be a non-empty set. A sub collection u € P(X) (where P(X) denotes the power
set of X) is called a generalized topology [1], (briefly, GT) if @ € u and any union of elements of
u belongs to u. A set X with a GT u on the set X is called a generalized topological space (briefly,
GTS) and is denoted by (X, w). If for a GTS (X, u), X € u, then (X, u) is known as a strong GTS.
Throughout the paper, we assume that (X, u) and (Y, A) are strong GTS’s. The elements of u are
called u —open sets and u —closed sets are their complements. The u —closure of a set Ac X is
denoted by ¢, (A) and defined by the smallest 4 —closed set containing A which is equivalent to the
intersection of all u —closed sets containing A. We use the symbol i, (A) to mean the u —interior of
A and it is defined as the union of all u —open sets contained in A i.e., the largest u —open set
contained in a (see [3, 2, 1]). In this paper, using gy, - open sets, we define and study the notions of

9¥. —To, 9y, —T1, 9y, —Ro, 9y, —Ra spaces.
I, PRELIMINARIES

Definition 2.1: [9] Let (X, ) be a GTS. An operation yu on a generalized topology p is a mapping from p
to P(X) with G € y,,(A), for each G € p. This operation is denoted by v, : u—> P(X).

Definition 2.2: [9] Let (X, p) be a GTS and y, be an operation on p. Asubset Gof (X, u)iscalled vy,
-open if for each point x of G, there exists a u-open set U containing x such that y, (U) € G.

A subset of a GTS (X, p) is called yu—closed if its complement is Y, —open in (X, w). We shall use the
symbol v, to mean the collection of all Y,—open sets of the GTS (X, p).
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Definition 2.3: [9] Let (X, ) be a GTS and Y, P(X) be an operation. It is easy to see that the family
of all Y, -Open sets forms a GT on X. The yu-closure of a set A of X is denoted by C Y, (A) and is defined
asC Y, (A =n{FFisa Y, - closed setand A < F}.

Definition 2.4: [8] Let (X, n) be a GTS and N P(X) be an operation. A subset A of X is said to be Y,
g -closed if C Y, (A) € U, whenever Ac Uand U isa Y, -open set in (X, w).

Example 2.1: let X = {1, 2, 3, 4} and u —open ={@, X, {1}, {2}, {3}.{1,3}.{1,2}{2,3},{1,2,3}}. Then (X,

: . AifleA
w) isa GTS. Now y,,: p—> P(X) defined by Y, (A) ={ 2 fOtherWise}

v, (A)open ={ @, X, {1}, {2}, {3},{1,3}.{1.2} {2,3}.{1.2,3}}
Y, (A)closed ={ 9, X, {2,3,4}, {1,3.4}, {1,2,4}, {2,4}, {3,4}, {14}, {4} }
vu 9 —closed set ={ @, X, {1,2,3}}

(yﬂ, B.)- IRRESOLUTE FUNCTION:

Throughout the rest of the paper, (X, ) and (Y, ) will denote GTS’s and yy: 4 — P(X) and
By: A — P(Y) will denote operations on p and A respectively.

Definition 2.5: A function f: (X, ) —(Y, A) is said to be (yu, By )-irresolute if for each x € X and
each B), -open set V containing f(x), there is a y -open set U containing x such that f(U) < V.

Example 2.2: let X = {1, 2, 3} and p = {0, X, {1}, {2}, {1, 2}.
Y= {9 X, {1}, {2}, {1. 2}
Y ={1 2, 3}and A = {0, X, {1}, {2}, {1, 2}.

Br =19, X, {1} {2}, {1, 2}

(A ifl1eA
10 {{2} otherwise }

f(U) = {0, X{1}.{2}{1,2}
f(U) < V
lll.  PROPERTIES OF y, G -SEPARATION AXIOMS:

Definition 3.1: A space X is called gy, -To if and only if to each pair of distinct points x, y of X, there
exists a gy,,-open setcontaining one but not the other.

Example 3.1: Let X={1,2,3} and p={o,{1}.{1,2}.{2,3},X}. Then (X, p) is a GTS. Now yu: u—> P(X)

defined by yu (A) = { Aiglea
YA = {2,3}, otherwise

vu -Open set —{o.{1},{1,2}.{2,3} X}

vu -closed set-{o,{1}.{2,3}.{3}. X}

yu g-closed set -{o,{1},{2},{1,2}{1,3}.{2,3}, X}

vug-open set-{ ¢, {1}, {2}, {3}, {1,3}, {2.3}, X}

} Is an operation.

IJCRT2305248 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | b899


http://www.ijcrt.org/

www.ijcrt.org

© 2023 IJCRT | Volume 11, Issue 5 May 2023 | ISSN: 2320-2882

1 3 2 3 1 2
{1} {3} {2} {3} {1} {2}
{1} {23} {23 {1,3} {1} {23}

{13} {2}

Definition 3.2: A space X is said to be gu -To space if for each pair of distinct points of X there exists a gu-
openset containing one but not the other.

Clearly, every y, -Tois gy, -To.

Example 3.2: let X = {1,2,3,4} and p—open = { @, X, {1}, {2}, {3}, {4}, {1,2}.{1,3}, {1,4}, {2,3}, {2.4},
{3,43.{1,2,3}, {1,2,4}, {2,3,4}, {1,3,4}}

1 2 1 3
{1} {23} {1} {23}
{1} {24} {1} {34}
{1} {2} {1} {3t
{1} 1234} {1} {234}

{13} 2} {12} 3}
{14} {2} {14} {3}
{134} {2} {124} {3}
{13} {24} {12} {3.4}
{14} {2,3} {14} {2,3}
1 4 2 3
{1} 4} {2} 8}
{1} {24} {2} {13}
113 {34} 2} {34}
11} {234} 2} 1134}
{12} 4} {12} 3}
{13} {4} {24} {3}
{123} {4 {124} {3t
{12} {34} {12} {34}
{13} {2.43 {243 {13}
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2 4 3 4
2} {4} 3} {4}
{2} {34} {3} {14}
{2} {14} {3} {24}
{23 {134} {3 {124}

11,2} 14} 1,3} 14}
12,3} 14} 12,3} {4}
{123} {4} {123} {4}
{12} {343 {13} {24}
{23} {14} {23} {143

Definition 3.3: A generalized y,-closure of set A is denoted by gy, CI(A), is the intersection of all gy,-
closed sets that contain A.

We characterize gy, -To—spaces in the following

Example 3.3: let X = {1, 2, 3, 4} be any topological space.
p—open = { @, X, {1}{2}.{3}.{4}.{1,2} {1,3} {1,4} {2,3}.{2,4}.{3,4}.{1,2,3}{1,2,4},{2,3,4},{1,3,4}}

yuopen={ ,X,{1}{2} {3} {4} {1.2} {13}, {1.4}, {2,3} {24}, {3.4} {1.2,3}, {1,243 {2,3,4},{1.3.4}}
vH closed={ @,X,{1}.{2}.{3} {4}, {1.2} {1.3} {14}, {2,3}.{2.4} {3.4}.{1,2,3}.{1,2,4} {2,3,4}.{1.3.4}}
gYHCL(A)={D, X, {1} {2} A3} {4}.{1.2}.{1.3}.{1.4}, {2,3},{2,4}.{3,4},{1,2,3},{1,2,4},{2,3,4},{1,3,4}}

Theorem 3.4: If in any topological space X, g ypclosures of distinct points are distinct then X'is g yp -To.
Proof: Let X, y € X, X #y imply g yp cl({x}) # g yu cl({y}). Then there exists a point-z € x such that z
belongs one of two sets, say, g yu cl({y}) but not to g yp cl({x}). If we suppose that ze g yp cl({x}),
then z € g yp cl({y}) €z € g yp cl({x}),which is contradiction. So, y € x- g yp cl({x}),where X- g ypn
cl({x}) is g y -open set which does not contain X. Shows that Xis g yp -To.

Next, We give the following

Example 3.4: let X = {1, 2, 3, 4} be any topological space. Let 1,2 € X and 1#2
gyHCL(A)={@. X, {1}.{2}.{3}{4}{1.2}.{1.3} {14}, {2,3}, {2,4}.{3,4}.{1.2,3}.{1,24} {2,3,4}.{1.3,4}}

gyuCL({1}) = {1}

gyuCL({2}) = {2}

gyuCL({1}) # gyuCL({2})

Xis gyp-To Space.
Theorem 3.5: A space X is gyp-To if and only if g ypu Cl({x}) # g yu CI({y}) for every pair of distinct
points x, y of X.

Proof follows from th.3.4.

Theorem 3.6: Every sub space of a g yp -To space is g yp -To space.

Proof: Let x be a space and (Y, 7°) be a subspace of X where 7" is the relative topology of T on Y. Let X, y
be taodistinct points of Y. As Yc X, x and y are distinct points X. Since X is a g yp -To space, There exists

a gyp-open set G such that x € G but y € G. Then GNY is a g yp -open set in (Y, 7) which contains x but
does not contain y. Hence (Y, 77) isa g Y -To Space.
We, give the following
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Example 3.5: let X = {1, 2, 3, 4} be any topological space.

Yc XandY ={1, 2, 3}

u = {2 X{1}.{2}{3}{1.2}.{1,3}.{2.3}}
yu-open = {®, X{1}{2}{3}.{1.2}.{1,3}.{2,3}}
Yu-closed ={9, X{1}{2}{3}.{1.2}{1.3},{2,3}}
gyp-closed ={@, X {1}.{2}.{3}{1.2}.{1.3}.{2.3}}
gyp-open ={@, X{1}{2}{3}.{1,2}.{1,3}.{2,3}}

1 2 1 3
{1} {2} {1} {3}
{1,3} {2} {1.2} {3}
{1} {2,3} {1} {2,3}
2 3
{2} {3}
{1,2} {3}
{2} {13}

Definition 3.7: A function f: X -Y is said to be point g yy closure 1-1 if and only if X, y €X
such thatg v CI({x}) # g v CI({y}) then f(g yp Cl({x})) # f(g vy CI({y}))-
Example 3.6: Let f: R>R is a function. Let X ={1, 2,3,4}and Y ={1, 2, 3,4}. Let 3,4 ¢ X
gvuCL(A)={0,X {1}.{2}.{3}.{4}.{1.2}.{1,3}, {1.4}.{2,3} {2,4},{3.4}.{1,2,3}.{1,2,4},{2,3,4},{1.3.4}}
gvCL({3}) = {3}
gvuCL({4}) = {4}
gvuCL({3}) # gvuCL({4})
f(X) =X
f(gvuCL({3})) = {3}
f(gvuCL({4})) = {4}
f(gvuCL({3})) # f(9vuCL({4}))
A function f: R—R is said to be point g yp closure 1-1.
Theorem 3.8: If function f: X— Y is point -g vy closure 1-1 and X is g yp -To then fis 1-1
Proof: Let x, y € X with x #y. Since X is g yy -To, then g yuCl({x}) # gypCl({y}) by Theorem 3.5. But f
is point gy closure 1-1 implies that f(gypCI({x})) #f(gypCl({y})). Hence f(x) # f(y). Thus, fis 1-1.
Example 3.7: let X = {1, 2, 3, 4} and Y={a, b, c, d} be any topological space. Let f: X— Y be a function.
define, the function f(1) = a, f(2) = b, f(3) = c, f(4) =d and let 1, 4 X
gwCL({1}) ={1}
gvuCL({4}) = {4}
f(gvCL({1})) = {a}
f(gvuCL({4})) = {d}
f(gvuCL({1})) # f(gvuCL({4}))
f(1) # f(2)
f is one-one.

Theorem 3.9: Let f: X-Y is a mapping from gyu-To space X into gyu-To space Y. Then f is point-
gyuclosure 1-1 if and only if fis 1-1.

Proof follows from th.3.4. Above
Theorem 3.10: Let f: X —Y is an injective gy, -irresolute mapping. If Y is gy,-To then X is gy,, -To.
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Proof: Let X, y € X with x # y. Since f is injective and Y is gy,-To, there exists a gy, open set V, inY such
that f(x) €V, and f(y) & V, or there exists a gy, open set V, in Y such that f(y) €V}, and f(x) & V,, with f(x) #
f(y).By gy, irresoluteness of f, f*(V;) is gy,0pen set in X such that x € f*(V;) and y & f* (V) or (1) is
gy,open setin X such that y € f*(V},) and x & f* (V). This shows that X is gy,,-To.
Definition 3.11: A mapping f: X—Y is said to be always gy,-open, if the image of every gy, -open set of
X'is gy,-openin’Y.
Lemma 3.12: The property of a space being gy,-To is preserved under one-one, onto and always gy, -open
mapping.
Proof: Let X be a gy,-To space and Y be any topological space. Let f: X—Y be a one-one, onto always
gy,-openmapping from X to Y. Let u, v €Y with u # v. Since f is one-one, onto, there exist distinct points
X, yEX. Such that f(x) = u, f(y) = v. Since X is on gy,-To space. There exists gy,-open set G in X such
that x € G but y € G. Since f is always gyy-open, f(G) is an gy,,-open set containing f(x) = u but not containing
f(y) = v. Thus there exists an gy, -open set f(G) in y such that u € f(G) butv & f (G) and hence Y is an 9Yu-To
space.
i Next, we give the following
Definition 3.13: A sub set A of a space X is called a gy, D-set if there are two gy,,-open subsets U and V
such that U = X and A = U-X.

Clearly, every gy,—open set in gy, D-set.

We, give the following
Definition 3.14: A space X is called a gy, -Do if for any disjoint pair of points x and y of X there exists a
gy, D-set of X containing x but not y or a gy, D-set of X containing y but not x.

Clearly, every gy,— To space in gy, Do -space.
We prove the following
Theorem 3.15: If f: X—Y is gy, -irresolute surjective function and A is a gy, D-set in Y, then the inverse
imageof A is a gy, D-set in X.
Proof: Let A be a gy,D-set in Y. Then there are gy,-open sets U1 and U, in Y such that A = Ui—U;
and Ui # Y. By the gy,-irresoluteness of f, *(U1) and f*(U2) are gy,-open set in X. Since U1 # Y, we
have f 1(U1) #X. Hence f*(A) = f(U1)—f*(U2) is a gy, D-set.
We define the following
Definition 3.16: A space (X, p) is gy,,-T1 if and only if for X, y X such that X y, there exists a gy, -open set
containing X but not y and there is a gy,,-open set containing y but not x.
It is easy to verify the following:
e Every gy,-Tispace is a gy,-To space.
Theorem 3.17: A space X is a gy,,-T1 space if and only if{x} is gy,-closed in X for every x € X,
Proof: Let x, y be two distinct points X such that {x} and {y} are gy,-closed. Then X—{x} and Y—{¥}
are  gy,-open in X such that y € X—{x} but x ¢ X—{x} and x € X—{y} butye X—{r}. Hence, X is
an gy,-Ti space. Conversely, let X be an gy,-T:1 space and x be any arbitrary point of X. If y € X—{x},
then y # X. Now the space being gy,-T1 and y is a point different from x, there exists an gy,-open set Gy
such that y €Gy but x& Gy. Thus for each y € X—{x}, there exists an gy,.-open set Gy such that y € Gyc
X—{x}. Therefore U{y|y #x} c U{ G|y #x} c X—{x} which implies that X—{x} cU{ G \| y #x}
X—{x}. Therefore, X—{x} = U{ Gy|y # x}. Since Gy gy,—open in X and the union of gy,-open sets in X
is gy,-open in X, X—{x} is gy,-open in X and so {x} is gy,-closed.
Recall the following
Definition 3.18: A topological space (X, u) is y, Symmetric if for xand y in X, x€ y,CI({y}) implies ye
v, CI({x).
Definition 3.19: A topological space (X, u) is gy,-symmetric if for any x and y in X, x€ gy, CI({y})
implies y€ gy, CI({x}).
Theorem 3.20: If {x} is gy, -closed for each x in X then a space X is gy,-symmetric.
Proof: Suppose x € gy,cl({y}) and y & gy,cl({x}). Since {y}<= X— gy,cl({x}) and {y} is gy,-closed,
gy.cl({y}) X —gspel({x}). Thus x € X—gspcl({y}), a contradiction.
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Theorem 3.21: If a space X is extremely disconnected (i.e., closure of every open set is open) and gy,,-
symmetric, then {x} is gy,,-closed, for each x in X.
Proof: Suppose {x} = U where U is gy,-open and gy, Cl({x})&U. Then gy, CI({x }) N (X=U) = 0. Let
y € gy, CI({x })& (X—U). We have x € gy,CI({x}) & (X—U) and x& U, A contradiction. Hence {x} is
gy,~closed in X.
Corollary 3.22: If X is extremely disconnected, then X is gy, -T1 if and only if X
isgy,,-symmetric.
Proof: Obvious

Next, we have the following invariant properties.
Theorem 3.23: Let f: X—Y be a gy, -irresolutes injective map. If Y is gy,,-T1, then X'is gy,,-T1.
Proof: Assume that Y is gy,-T1. Let X, y €Y be such that x+ y. Then there exists a pair of gy,-open sets u,
v in Y such that f(x) € U, f(y) € V and f(x) € V, f(y) € U. Then x € f1(U), ye f}(V) ,x € fi(U)and y €
f1(V). Since f is gy,-irresolute, X is gy,-Tu.
Corollary 3.24: A topological space (X, u) is gy,-T1 if and only if every finite subset of X is gy,,-closed.
We, define the following
Definition 3.25: A space X is called gy,-D. if for any distinct pair of points x and y of X there exists a
gy,-Dset of X containing x but y and a gy,,-D set of X containing y but not x.

Clearly, every gy,—T1 space is gy,—D1 space.
Theorem 3.26: If Y is a gy,-D1 and f: X—Y is gy, -irresolute and bijective, then X is gy,-D1.
Proof: Suppose that Y is a gy,-D: space. Let x and y be any pair of distinct points in X. Since f is
injective and Y is gy,-Ds, there exist gy,-D sets Gx and Gy of Y containing f(x) and f(y) respectively,
such that f(y) ¢ Gx and f(x) ¢ Gy. By Theorem 3.15, f(Gy) and f(Gy) are gy,-D sets in X containing x
and y respectively. This impliesthat X is a gy,,-D1 space.

We, define and study the concept of gy,,-Ro spaces in the following:
Definition 3.27: Let X be a topological space and A c X.Then the generalized u -kernel of A denoted by
gy, ker(A), is defined to be the set gy, -ker(A) =n{Gegy, O(X)|AcG}.
Lemma 3.28: Let X be a topological space and x € X. Then y € gy,,-ker ({x}) if and only if x € gy, CI({y})

Proof: Suppose that y € gy,-ker ({x}). Then there exists a gy,-open set V_containing X such
that y € V. Therefore, we have x € gy, CI({y}). Conversely, Suppose that x € gy,-ker ({y}). Then
there exists a gy,-open set V contaning y such that x €V.Therefore, we have y € gy, CI({x}).
Lemma 3.29: Let X be a topological space and A be a subset of X. Then gy,-ker (A)
= {x € X| 9y,,CI({x}) n A+ @}.

Proof: Let x € gy,-ker (A) and suppose gy,CI({x})=@. Hence x € X| gy, CI({x}) which is a gy,-open
set containing A. This is absurd. Since x € gy, -ker (A). Consequently, gy,CI({x})n A= @. Next,
let gy, Cl({x}) n A+ @ and suppose that x gy,-ker(A). Then there exists gy,-open set U containing A
and x€ U. Letyé gy,CI({x}) c A. hence, U is a gy,-neighbourhood of y where x ¢ U. But this is a
contradiction, Therefore x € gy,,-ker(A) and the claim.

Now, we define the following
Definition 3.30: A space X is said to be gy,-Ro space if every gy,-open set contains the gy,-closure of
each of its singletons.
Clearly, every gy,—Ro space id gy,—T1 space.
We recall the following:
Definition 3.31: A topological space (X, i) is said to be gu -Ro space if every gu -open set contains the
gu -closure of each of its singletons.
Theorem 3.32: For any topological space X the following properties are equivalent:
(i) Xis gy,-Ro space;
(i) Forany F € gy, C(X, u) x € F=FcU and x¢U for some U€ gy, C(X, u);
(iii) For any F € gy, C(X, w) x € F=Fn gy, Cl({x})=¢;

(iv) For any distinct points x and y either gy, CI({x})= gy, CI({y}) or

97.CI({x})
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07, CI{y}) = ¢.
Proof: (i) = (ii): Suppose F € gy, C(X, u) and x & F. Then by (i) gy,Cl({x}) c X|F. Set U = X gy,
({x}) thenUuU € gy, O(X,u) FcUandx ¢ U
(if) = (iii): Let F € gy,C(X, u), x&F. Therefore, there exists U € gy, O(X, u) Such that Fc U and x ¢
U. Since U € gy, O(X, 1) Un gy, Cl({x})=¢. and Fn gy, CI({x})= ¢.
(ili) = (iv): Suppose that g y, CI{x}) # g vy, CI{y}) for distinct points x, y € X
There exist z € gy, CI({x}) such that z & gy, CI({y}). One can also assume that z € gy, CI({y}) such that
z & gy,CI({x}). There exists V€ gy, O(X, ) such that y & V and z € V. Hence x € V. Therefore we
obtain x & gy, CI({y}). By (iii) we obtain gy, CI({x})n gy,CI({y}) = ¢. The proof of otherwise is similar.
(iv)=(i): Let V€ gy,O(X,u) and x €V. For each ygV, x#y and x & gy,CI({y}). This show that
9%.CIOP) # 9v, CIEYD- By (V) 97, CI{3) N gy, CI{Y}) = ¢ for each y € X|V. Hence gy, Cl(p{HARIN
(U{ 97, CI{y}Il y X|V}= ¢. On the other hand, since V€ gy, O(X, ) and y & X|V. We have gy, CI({y}) c
X|V. Therefore X[V = U{ gy,CI{y}| y X|V}. Therefore we obtain (X|V) n gy,ClI({x}) = ¢ and
9y.CI({x}) € V. Hence (X, u) is gy,-Ro space.

Finally, we define and study the following.
Definition 3.33: A space X is said to be a gy,-R: if for x, y in X with gy, CI({x})# gy,CI({y}), there
exists disjoint gy,.-open sets U and V such that gy, CI({x}) < U and gy, CI({y}) c V.
Definition 3.34: A topological space X is said to be gu -R: space if for x, y in X with gu CI({x})

g u CI({y}), there exist disjoint g u -open sets U and V such that g u CI({x}) is a subset of U and g u
CI({y}) is asubset of V.

Theorem 3.35: If X is gsp-R1, then X is gsp-Ro-space.

Proof: Let U be a gy,-open and x € U. If y € U then since x © gy, CI{y}), 9v,.CI{x}) © gv,CI{y}).
Hence there exists a gy,-open V such that gy,CI({x}) c V and x € V, which implies y c gy, CI({x}).
Thus gy, CI({y}) c U. Therefore (X, u ) is gy,-Ro space.

Conclusion: If we replace u by different GT’s or y,, by different operators, we can obtain various forms of
generalized closed sets and related continuous functions.
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