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ABSTRACT: In this modern society, systems are complex enough and are designed to be operative for
a specified period. This specified period is called the mission time. Our aim is to get improvement in this
mission time. Availability analysis of each unit of equipment under given operating conditions is helpful to
design the units for a minimum failure and to develop a plan in advance for scheduled maintenance or
preventive maintenance. the authors have considered in this paper, a multi - component redundant complex
system for evaluation of various reliability parameters. Supplementary variable technique and Laplace
transform have used to formulate and solve the mathematical model. Laplace transform of various state
probabilities, reliability, availability and M.T.T.F. of the system have obtained. Some particular cases and
steady-state behaviour of the system are also given at the end. A numerical example with graphical illustration
has also been mentioned in last to highlight the important results. We may utilize this general approach to the
similar systems used in any industry or elsewhere.
Key Words: Non-Markovian system, supplementary variables technique, Laplace transform, asymptotic
behaviour etc.

1. INTRODUCTION

There should be no failure in any unit or part of unit of considered equipment, under specified
operating conditions during the whole period. This whole period consists of operating period, administrative
period and repair period. We may also increase the availability of any equipment by introducing redundancy at
design stage. This redundancy is generally of two type as standby and parallel redundancy.

Keeping all the above facts in view, the authors have considered in this paper, a multi - component
redundant complex system for evaluation of various reliability parameters. The whole system comprises of two
subsystems namely A and B, connected in series. The subsystem A consists of n-identical units in series and a
similar set of nidentical units in standby redundancy. On failure of 1 A-set of units we may change over the
2A-set of units on line with the help of an imperfect switching device. This subsystem A is of 1-out-of-n: F
nature.
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The subsystem B has two identical units in parallel redundancy and on failure of any one unit, the
system works in reduced efficiency state. The whole system can fail due to failure of either subsystem, due to
critical human-error and due to environmental reasons. If we are repairing both the units of subsystem B, the
system has to wait for repair. On the other hand, in repair of any single unit (from A or B) the repair facilities
are always available. Head-of-line policy has been used for repair purpose. This policy is nothing but the “first
come first served” policy. All the failures, waiting and switching follow exponential time distribution whereas
all the repairs follow general time distribution.

2. ASSUMPTIONS
The following assumptions have been associated with this chapter:
Initially, all the units are good.
In one step only one change can take place.
Failures are statistically independent.
All repairs follow general time distribution whereas all failures and waiting follow exponential time
distribution.
The switching device used, is imperfect.
The whole system can fail due to environmental failure and critical human - error.
The head-of-line policy has been used to repair purpose.
The system has to wait for repair, in case, both the units of subsystem B are failed.
Repair has given only if the system is either in degraded state or in failed state.
0. After repair, system works like a new and never damages anything.

=

= 00w

3. NOTATIONS
The following notations have been used throughout this chapter:

a/P : Failure rate of a unit of subsystem A / B.

Yei, Yoo : Failure rates due to environmental reasons.

Yhi, Yhy : Failure rates due to critical human-error.

(1-2) : Failure rate of switching device.

W : Waiting rate

ui(x) A/ pe(x) A : The first order probability that the subsystem 1A /2A
will be repaired in the time interval x, x + A)
conditioned that it was not repaired up to the time x .

E(Y)A/&(z) A : The first order probability that the single unit / both units

of subsystem B will be repaired in the time interval (y, y+
A) / (z, z+ A), conditioned that it was not repaired up to the
timey/ z.

N(T) A/ pe(u) A/ pn(v) A : The first order probability that the switching device
/environmental failure / human-error will be repaired in the
time interval (r, r+ A) / (u, u + A) / (v, v+ A) conditioned
that it was not repaired up to the timer/u/v.

P, (t)/ P, (t) : The probability that at time ‘t’, the system is in operable
state due to working of 1A/2A set of units.
P3(r,t) A, Ps(r, t) A : The probability that at time ‘t’, the system is in

failed state due to failure of switching device. The elapsed repair time lies in the
interval (r, r + A).
Pe(u,t) A/ Pu(v,t) A : The probability that at time ‘t’, the system is in failed state
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P2(x,t) A/ Po(y, t) A

Py(y, ) A/ P (1)
Ps(t)/ Ps(z, t) A
Pio(x,t) A

S

AGs)

due to environmental reasons / human-error and elapsed repair time lies in the
interval (u,u+A)/(v,v+A).
: The probability that at time ‘t’, the system is in failed state
due to failure of subsystem A / subsystem A and 1B unit.
The elapsed repair time lies in the interval (X, x +A )/ (y,
y+A).
: The probability that at time ‘t’, the system is in degraded
state due to failure of 1B unit / 1B and 1A-set of unit and
elapsed repair time lies in the interval (y,y + A).
: The probability that at time ‘t’, the system is in failed state
due to failure of subsystem B and is waiting / ready for repair. The elapsed repair
time lies in the interval(z, z + A ).
: The probability that at time ‘t’, the system is in
failed state due to failure of subsystem B and 1A- set of units.
The elapsed repair time lies in the interval (x, x + A).
: Laplace transform variable.

: Laplace transform of function A (t).

6.4 FORMULATION OF MATHEMATICAL MODEL:

Using continuity argument, we obtain the following set of difference-differential

equations  governing the  behaviour of the model wunder consideration:-

4

L‘; +na A+ 2ﬂ+yel+th Pot) = [ Py (n) du + [ Piy)E() d y

+IOwPh(V>Z)Hh(V) dv + I:P2(x’z)/“l2(x) d x

+[ Po(z0)é(2) dz ———=()

{% +na+2p +yez+7h2+(l—/1)} Pi(t) =no A Po(t) +I:P3(r,f)n(r) dr

S
_%+§+uz(x>}m(x,r) -0 G
6 b
_E*E*”(”)}“’“” ~ 0 S
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Pe(u, t) Ph(Vs t) P3(I', t)

P(x,1)

L&(Y)

N

P(y, t)

Cpgo >ty

™

P (z,1)

Symbols : Failed {Waiting>

TRANSITION - STATE DIAGRAM
Fig —
?

[5+%+§(y)+nal+ﬁ}m(y,t) =0 )
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%w}psm B () + [ Pu(r0, () x ~——-=(6)
o0 0
_8Z+&+§l(z>} Po (z1) =0 -——=(7)

P +(1=2)+ na + B } Py (1) =2B P (1) +nad py(t)+ [ Py (r)n(r) dr

ot
———=(8
o 0
{E+5+n(f”)} Ps (r,1) =0 -——0)
o0 0
_5+5+§(y)} Py (»,1) =0 -—-==(10)
IR
_a+ el ul(x)] Pio (x,0) =0 -———=(1D
I
_£+§+ L, (u)} Pe(u,t) =0 ————(12)
o 0
{E+5+yh (v)} P,(v,t) =0 -——-(13)
Boundary conditions are:
P (0.0) = nct Pi() + | Po(yt) -E () cly BE—
p;(0,9=0-» 04y e (15)
P,(0,.)=2p P,y - (16)
Ps(0,)=wPsy e (17)
P, (0,=(1-» P, e (18)
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Py(0,t)=na P,(t) e (19)
Po(0,0=B Pty (20)
P.(0,)= yoPs®) +yo P, ®)» s (21)
O (R R o () A ¢ N p— (22)

Initial conditions are:
P, (0) =1 and other state probabilities at t =0 are zero ~  -------- (23)

6.5 SOLUTION OF THE MODEL:

Taking Laplace transforms of equations (1) through (22) by making use of initial

conditions (23), we may obtain:

[s +na/l+2ﬁ+yel+yhl]ﬁo(s) = 1+_Lw1_3e(u,s)ug(u) du
+[ Py )EG) dy + [ Pr(rs)p,(v) dv

+fﬁz(x,s)yz(x)dx +Lw]_96(z,s)§](z)dz

————— (24)
s+na +2B+y, +7, +1—z]ﬁl(s) =nal ?o(s)+fﬁs(r,s)n(r) dr

————— (25)
- }_
—+stu,(x)| P2(x,5) =0 -———(26)
| O0x
- }_
—+s+n(») | ps(r,s) =0 ————— (27)
| Or

{8i+s+§(y)+noc/l+ﬁ} Pi(y,s) =0 ————(28)
y
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[s + w] Ps (s) =P }_’4(s)+J'O°°ﬁlo(x,S)ul xdx ———— (29)
{ a }_

—+5+E ()| Pe(z8) =0 30)
dz

[s +1=A+na +B] Pi(s) =2B Pi(s)+na L E(S)Jrj:ﬁg(r,s)n(r) dr

————— (31)
o }_
—+s+n(r) | Ps(r,s) =0 --——(32)
or
-, -
a—+s+§(y)} Po(y,s) =0 -———(33)
0y
o }_
—+ 5+ p1,(x) | Po (x,5) =0 -———(34)
| Ox
5 }_
—+s+u,(u)| Pe(u,s) =0 -———(3%)
Ou
- }_
—+s+u,|Prw,s) =0 e (36)
OV
Pr(0,5) = na Pi(s) +[ Po(n)edy  ————- (37)
P3(0,5) = A=A Pi(s) (38)
Ps(0,s) = 2B Po(s) (39)
Ps(0,5) =wPs(s) (40)
Ps(0,s) = (1-A)P:(s) (41)
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Ps(0,s) = na Pr(s)y (42)
Pu(0,s) = BPi(sy  ————= (43)
Po0,9)= yu P4y, PO (44)
Pr(,9)= P 4y (45)

Equation (28) gives on integration, using (39):

Pi(y,s) = 2p EO(S).e—(Hna/HB)y—Ii(y) dy

— Pa(s) = 2 Po(s) -Di(s+nai+p) ————(46)

Integration equation (28) by using (38), we get

Pi(s) = (1-A) Pi(s) Ds(s) o (47)

Equation (25) gives on simplification

Pi(s) = A(s)Po(s) o (48)
where
na
AGs) = @ —— 7+ 00000 0w RN (49)

s+n)L+Zﬁ+ye +7’hn+(l_l) s Ds(s)

Integration equation (32) by using (41), we get

Ps(s) = (1-A) P+(s) Ds(s) o (50)

Equation (31) gives on simplification

P:(s) = B(s) Po(s) (1)

where

B(s) = 2B[ A(s)+nad-Di(s+narA+p1 52)
s+na+B+(1—-21)s Ds(s)
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Integrating equation (33) by using (42), we get

Ps(s) =naB(s) Po(s)-Do(s) (53)

On integrating equation (34) by making use of (43), we get

Pu(s) = BB(s)-Po(s)-Dwo(s) (54)

On integrating equation (35) by making use of (44), we get

P(s) = [yel +y, A@) | Posypesy o (55)

Integrating equation (36) by making use of (45), we get

Pi(s) =l 41y APy Dy oo (56)

Integrating equation (26) by making use of (37), we get

Pa(s) =na|A(s)+ B(s) So(s) |- Po(s)-Da(s)  ———mo (57)

Equation (29) gives on simplification

Ps(s) =C(s) Po(s) (58)
where
cs) = L pppistnaripyiBes) Suw] 000000 (59)
S+w

Integrating equation (30) by using (40), we get
Ps(s) =wC(s) -Po(s)-Ds(s) (60)
Finally equation (24) gives on simplification by making use of relevant relations:

Po( 5) = % ————— 61)
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where,

E(s) = s+nadl+2p +yel+yhl—[yel+7’ezA(S)J Se(s) = 2B Sa(s+nak + B)
_[?hl + },th (s)] E;,(s) -na [A (s)+ B(S)-§9(S)] S2 (s)
—wC(s)-Se(s) e (62)

Thus, we have finally the Laplace transforms of various state probabilities as below:

— 1

PO( S) = % _____ (63)
— _As
Pi(s) = _E ®) (64)

no[ A(s)+B(s) So(s)]

Pa(s) = E(s) 20 A )
Bos) 1-2) ,?ZS)A(S) ————— (66)
Pus) = 2PDAGs E+(Z;xil+ﬂ) ————— (67)
Ps(s) = gg _____ (68
Pats) ”’C(});ﬁ“‘” ————— (69)
Prls) = le(;S)) ————— (70)
Pus) = UZABeD (71)

E(s)
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Pois) = ‘B(;)(Qfg - )

> _ B-BG) Dol
Puo(s) = £G) (73)

_ A() | De
Pe( $) :lYeﬁVezE((:))J ©o (74)

s, +75,,46) ]| Dats)

Pu(s) = e T (75)
where,
A(s) = i W . (76)

S+nl+2ﬂ+ye +7p +(1—=A4) s Ds(s)

B(s) = 2B [A(s) + nad Ds(s+naA+p) (77)
s+no+B+(1-21)s Ds(s)

C(s) - fw [2;3 Di(s +nod + ) + B(S)-Elo(s)] ————— (78)

and
E(s) = s+nod+2B+y, +7, fl_yel 17, AG)] 5:(5) ~ 2B Sa(s + nak + )
—[yhl—#yth(s)] Sh(s) —na [A(s)+B(s)- §g(s)] S2(s)

—wC(s)Ss(s) (79

6.6 ERGODIC BEHAVIOUR OF THE SYSTEM:

By using Abel’s Lemma in probabilities; viz.
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limsF(s) =lim F(t)= F (Say)
s—0 t—>o©

, provided the limit on R.H.S. exists; one can obtain the

following time independent state probabilities from equations (63) through (75):

1

e (80)
A
N 81)
p, - relAs+Bil o, o (82)
E'(0)
py = =AM A4y (83)
£'(0)
Ve @ W B
Ps = £'0) Da(nal + ) (84)
Ch
Ps = &0 T (85)
w Ci
Ps = £0) & N M- (86)
B
R 87)
Ps = A=~Bv . (88)
E'(0)
no - Bi
Py = E'(O). s e (89)
P B-B -Mv  ———— (90)
E'(0)
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v, +7, |
= i e 1 2 1
P. £ (0) M, 91
A1
- b/hthzJ M. (92)
E'(0)
where,
A = nod ©3)
1/1/1+2ﬁ+;/62+yh2
s _  2B[Atnad Dinod+p) o4)
noa+f
Ci = E[2;3 Di(noA+pBy+B] (95)
w
Mi: = - 8 'i(0) 7 B —— (96)
and
E' (0) =|di E(S)J —————— 97)
A) s=0
6.7 PARTICULAR CASES:
(a)When all repairs follow exponential time distribution
S = —M N kand i, D) = — i &k etc,
Setting (k+p) (k+p) in equations (63)
through (75), one can obtain
Pols) = —— ___(93)
~F(s)
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6(s)

Pi(s) = ) -—==(99)
na | G(s)+H(s)-(i] Ik

P2 (s) = Ste ( ! ] ————— (100)

F(s) s+ U,

= B a-~H6s (L Yy

Ps(s) = o (s+n] (101)

Do) = 2B I 0

PaO) = e Grnantpad) (102)

Ps(s) = ;(2) ————— (103)

> N w-1(s) . Ly

Ps (s) = 0 (H(SJ (104)

Pr(s) = ]; ((‘;)) ————— (105)

= 3 a-yHyHS (VY

Ps (s) = 8 (Hn] (106)

S oo na - H (s) . Ly

Po(s) = o (w&] (107)

= N B-H(s) (L Y}

Puo (s) = o) [sw]} (108)

D _ yel+yezG(S) . rr

P.(s) = 6 v (109)
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> B YOO T
Pi(s) = o o (110)
where,
G(s) = net 111
s+nﬂ,+2ﬁ+}/e+yh+(l—l)( *: j
2 2 K 77
1
23 {G(S)-l- na - }
H(s) = (s+nar+p+5, (112)
s+no¢+ﬂ+(1—/'L)( 5 ]
s+n
_ . 1 T |
Is) = S+W|:2ﬁ (s+nod+p+¢&) THE) [“‘#1]:’ (113)
and

y = . _ He | _ S
F(s) —s+noc/'t+2,8+grel+yhL ['yel+'yelG(s)] [eryJ 2ﬁ(s+na)1.+ﬁ+§)

_[yhl”hlG(S)][ - J —HG{G(SHH (s).(sé_;)}[ Hy }
=

S+, S+ U,

- wl(s)-(ij ————— (114)

s+&,

it is interesting to note that

1
s

Sum of equations (98) through (110) =

(b)  Evaluation of up and down state probabilities:

We have,
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Pu(s) = 1 1+§ nak :
' (s+nad+2B+y, +y,)| [(s+ni+2B+y, +y, +(1-2)|

2P } ————— (116)

_l’_
(s+nadl+2p)

On inverting this, we get

Py (1) = (1+L+N)ef(m'“2ﬁ+7’el s
_l_]V[e‘(nﬂw—Zﬁ-rj/u2 +}/}12 +(1-A)) ¢ +Qe—(nal+ pe (] 17)

where,

_ nai _
n/l(l—a)—yelfyhl+ye2+yh2+(1—k)

————— (118)
VR B
Yo ¥ Vit B
————— (119)

Note that Pp,(©® =1 L s (120)
AISO, Pdown (t) = L= Pup (t) """"" (121)
(¢) Reliability evaluation:
we have,
R(s) = L. (122)

- S+nad+2B+y, +y,
On inverting this, we get
R(1) = e—(nal + Zﬁ +;/q+7/m)t ______ (123)

(d) Mean time to system failure (M.T.S.E):
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MTSF. =lmR(s) e (124)

§—0

— MTSF. =lim !
s=0 S+nal+2ﬁ+ye Y

1
(nad+2p + Vet yhl)

= MTSF. =

(¢)  Numerical computation:

For a numerical example, let us consider the values

n=50=0.01,A=0.06, 3=0.02,1=0.01, vy, =y, = 0.001, v, = v, = 0.002, w = 0.005, =
& =0.004, u, =0.003, w,=0.007, p.=0.04,w,=0.03 and t=0,1,2------- ,10.

6.8 CONCLUSION OF THE PAPER:

When we plot various graphs, shown in the figs (2) through (6), we observer that:

(1)  Availability of the considered system decreases slowly and for t=7and § it
remains nearly same, after this it again decreases approximately in the constant
manner.

(i1))  Reliability of the considered system decreases rapidly up to t = 5 and thereafter it
decreases smoothly.

(i11) When we make increase in the value of a the M.T.S.F. decreases at the constant rate
and for a = 0.07 and 0.08, it remains nearly the same.

(iv)  When we make increase in the value of B the M.T.S.F. decreases rapidly initially up

to B = 0.07 and thereafter it decreases solely in constant way.

t Py, ()
0 1

1 0.992998
2 0.986628
3 0.980012
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4

0.972939

0.965384

0.957365

0.948918

0.940078

O [0 [ [N |[n

0.930878

[S—
S

0.921351

Pdown (t)

0

0.007002

0.013372

0.019988

0.027061

0.034616

0.042635

0.051082

0.059922

O (RN QA (NN | |WRI[ || (=

0.069122

—_
O

0.078649

Table — 1

Time Vs Availability

Table — 2
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Time Vs Pdown(t)

Fig-3

R (1)
1
0.95599748
0.91393118
0.87371591
0.83527021
0.79851621
0.76337949
0.72978887
0.69767632
0.66697681
0.63762815

Sl |wlanns|win|—|o|=

Table- 3

Time Vs Reliability

Reliahility->

Fig-4
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@ M.T.S.F.
001 | 22222223
0.02 | 20.833334
0.03 19.607843
0.04 | 18518518
0.05 17.543859
0.06 16.666667
0.07 15.873015
0.08 15.151515
0.09 14.492753
0.10 13.888889
B M.T.S.F.
0.01 | 40.000000
0.02 | 22.222223
0.03 15.384615
0.04 11.764705
0.05 9.523809
0.06 8.000000
0.07 6.896552
0.08 6.060606
0.09 5.405405
0.10 4.878049

Table-4

Table-5

Failure rates Vs MITSF

Alfa Vs MTSF Beta Vs MTSF

Alfa/Beta-->

Fig-5
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