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1 Introduction

A.V.Archangelskii and R.Wiegandt[1] was introduce the concepts of Connectedness and disconnectedness
in topological spaces. M.K.R.S.Veerakumar [14] was introduced the notion of y closed sets in topological
spaces. Maki [5] introduced the notion of A-sets in topological spaces in 1986. Lellis Thivagar introduced [4]
nano topological space with respect to a subset X of a universe which is defined in terms of lower and upper
approximation of X. The elements of nano topological space are called nano open sets. S.Krishnaprakash et.al
[3] innovative some concept of nano compact space and nano connected in nano topology. P.Subbulakshmi and
N.R.Santhi Maheswari [9]-[13]., introduced the new concepts of NA,(A) sets, NAy(A) sets, Niy generalized
closed set , Nhyg -continuous functions in nano topological spaces we also introduced Niyg -Open, Niyg -
Closed maps and Niyg -homeomorphisms in nano topological spaces. The aim of this paper is to introduce the
concepts of NAyg - compactness and Niyg -connectedness in nano topological spaces. We also investigate their
properties.
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2 Preliminaries

Definition 2.1. [7] Let U be a non-empty finite set of objects called the universe and R be an equivalence
relation on U named as the indiscernibility relation. Then U is divided into disjoint equivalence classes.
Elements belonging to the same equivalence class are said to be in discernible with one another. The pair (U,R)
is said to be the approximation space. Let X — U.

« The lower approximation of X with respect to R is the set of all objects, which can be for certain classified as
X with respect to R and it is denoted by Lr(X) . That is Lg(X) =Uxey {R(X) : R(X) < X}, where R(X) denotes
the equivalence class determined by X € U.

* The upper approximation of X with respect to R is the set of all objects, which can be for certain classified as
X with respect to R and it is denoted by Ur(X ).That is Ur(X) = Uyey {R(X) : RX) N X = o@}.

« The boundary of the region of X with respect to R is the set of all objects, which can be classified neither as X
nor as not X with respect to R and it is denoted by Br(X) . That is Br(X) = Ur(X) — Lr(X) .

Definition 2.2. [4] If (U,R) is an approximation space and X, Y — U, then

. Lr(X) ¢ X < Ur(X)

. Lr() = Ur(9) = ¢

.Lr(U) =Ur(U)=U

Ur(X'UY)=UrX) U Ur(Y)

CUR(XNY ) < Ur(X) N UR(Y)

.UR(XUY) 2 Ur(X) U URr(Y)

CUR(XNY) = Ur(X)NUR(Y )

. Lr(X) < Lr(Y ) and Ur(X) < Ur(Y ) , whenever X ¢ Y
- Ur(X®) = [Lr(X)]° and Lr(X) = [Ur(X)]*

10. Ur(Ur(X)) = Lr(Ur(X)) = Ur(X)

11. Lr(Lr(X)) = Ur(Lr(X)) = Lr(X)

©oo~NO O wWNE

Definition 2.3. [4] Let U be the Universe and R be an equivalence relation on'U and wr(X) = {U, ¢, Lr(X),
Ur(X), Br(X)}, where X < U . tr(X) satisfies the following axioms:
(1) Uand ¢ € twr(X).
(2) The union of elements of any subcollection of tr(X) is in Tr(X) .
(3) The intersection of the elements of any finite subcollection of tr(X) is in Tr(X) .
We call (U, tr(X)) is a nano topological space. The elements of tr(X) are called a nano open sets and the

complement of a nano open set is called nano closed sets.

Throughout this paper (U, tr(X)) is a nano topological space with respect to X where X < U , R is an
equivalence relation on U , U/R denotes the family of equivalence classes of U by R.

Definition 2.4. [4] If (U, tr(X)) is a nano topological space with respect to X . Where X < G and if A < G, then
(i) The nano interior of the set A is defined as the union of all nano open subsets contained in A and is
denoted by Nint(A) , Nint(A) is the largest nano open subset of A.
(if) The nano closure of the set A is defined as the intersection of all nano closed sets containing A and is
denoted by Ncl(A) . Ncl(A) is the smallest nano closed set containing A.

Definition 2.5. [4] Let (U, tr(X)) be a nano topological space and A — G. Then A is said to be
(i) Nano semi-open if A < Ncl(Nint(A)).
(i) Nano semi-closed if Nint(Ncl(A)) < A.

Definition 2.6. [9] Let A be a subset of a nano topological space (U, tr(X)). A subset NA(A) is defined as
NA(A) = N{H/A = Hand H € NyO(U, tr(X)} .
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Definition 2.7. [9] A subset A of a nano topological space (U, tr(X)) is called a NA,, -set if A = NAy(A) . The
set of all NA,, -sets is denoted by NA, (U, tr(X)).

Definition 2.8. [10] Let A be a subset of a nano topological space (U, tr(X)). A subset N(A, y) closed if A=B
N C, where B is NA,- set and C is a Ny-closed set.

Definition 2.9. Let (U, tr(X)) be a nano topological space and A — G. Then A is said to be
(i) Nano semi generalized closed [2] (briefly Nsg closed )if Nscl(A) = G, whenever A = G and G is NS -
open in (U, tr(X)).
(if) Nano vy -closed [14] (briefly Ny -closed ) if Nscl(A) < G, whenever Ac G and G is Nsg -open
in (U, tr(X)) .
(iii) Nano Ay generalized closed [10] (briefly NAyg -closed) if Nycl(A) < H , whenever A cH and H is
N(A, v) -open in (U, w,r(X)).

Definition 2.10. [8] A function f : (U, wr(X)) — (V, r; (Y )) is said to be
(i) Nano Ay generalized continuous [8] (briefly NAyg -continuous) if the inverse image of every nano open
setin (V, T, (Y))is Nhyg -open in (U, tr(X)) .
(if) Strongly nano Ay generalized irresolute [13] (briefly NAyg -irresolute) if the inverse image of every
Nhyg -open setin (V, T, (Y)) is Nayg—open in (U, tr(X)).

Definition 2.11. [3] A nano topological space (U, tr(X)) is said to be nano connected if U cannot be expressed
as the union of two disjoint non-empty nano open set.

Definition 2.12. [3] A collection {Ai : i € I} of nano open sets in a nano topological spaces (U, tr(X)) is said
be nano open cover of a subset A in (U, tr(X)) if AC U; ¢ A; -

Definition 2.13. [3] A nano topological spaces (U, tr(X)) is said be nano compact if every nano open cover of
U has a finite subcover.

3 Nhyg - Connected
In this section, the concept of NAyg -connected spaces is introduced. Also their basic properties and
characterizations are discussed.

Definition 3.1. A nano topological spaces (U, tr(X)) is said to be NAiyg -connected if U cannot be written as a
union of two disjoint non empty NAyg -open sets.

Definition 3.2. A subset G of a nano topological space (U, tr(X)) is said to be Niyg -connected set in U if G
cannot be expressed as the union of two disjoint non empty NAyg -open setsin (U, wr(X)) .

Theorem 3.3. For a nano topological spaces (U, tr(X)) the following statements are equivalent.

(1) U is NAyg -connected.

(if) The only subsets of U which are both NAyg -open and NAyg -closed are the empty set ¢ and U .

(iii) Each NAwyg -continuous function of U into a discrete space V with at least two points is a constant

function.

Proof. (i) = (ii) Let U be a NAyg -connected space. Let A be NAyg —open and Niyg -closed subset of U . Then
U — A is both NAyg -open and NAuyg - closed in U . That implies, U is the union of disjoint NAyg -open sets A
and U < A. Since U is NAyg -connected either A=por U—-A=¢.Thatis, A=porA=U.

(if) = (i) Suppose that U = A U B, where A and B are disjoint non empty NAyg -open subsets of U . Then A
and B are proper subsets of U . Since A=U — B, A is NAyg -closed subset of U , then A is both NAyg -open
and Niyg -closed subset of U . Therefore by assumption, A=¢ or A =U, which is a contradiction. Thus U is
NAyg -connected.
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(if) = (iii) Let f: (U, tg(X)) = (V,tr (Y)) be Nhyg - continuous, where V is discrete space with atleast
two points. Then U is covered by Niyg —open and Niyg -closed covering {f X(y) : y € V } . By part (ii), f(y)
=¢@orU,foreachy e V. If fi(y)= ¢, forall ye V, then f fails to be a function. Therefore there exists atleast
one point say y1 € V, such that f1(y1) # ¢ and hence f(y1) = U, which shows that f is a constant function.

(iii) = (ii) Let G be both Niyg -open and NAwyg - closed in U . Suppose that G # ¢ . Let V be a discrete
space with atleast two points, fix yo and y1 in V and yo # y1 . Define f: (U,mrX) —»
(V,tg (Y)) by f(X) = {yo}, for x € G and f(x) = {y1} , for x ¢ G. Let F be a nano open set in V. If F contains
yo alone, then f1(F) = G. If F contains both yo and y1 , then f}(F) = U .

Otherwise f-1(F) = ¢ . In all case f*(F) is NAyg -open in U . Therefore f is NAyg -continuous function.
Then by assumption f is a constant function. Therefore f(x) = yo or f(x) = y1, forall x in U . If f(x) = yo , for all x
inU,thenG=U.Iff(x)=y1, forall xinU, then G=o.

Theorem 3.4. If a space U is NAyg - connected space, then it is nano connected.

Proof. Let U be a NAyg - connected space. Suppose that U is not nano connected then U = AUB, where A and
B are disjoint non empty nano open sets in U . Since every nano open setis  NAwyg -open, A and B are disjoint
non empty Niyg -open sets in U . This contradicts the fact that U is NAyg - connected. Hence U is nano
connected.

Remark 3.5. The following example shows that the converse of the above theorem need not be true in general.

Example 3.6. Let U = {a, b, ¢, d} and with U/R = {{a}, {b}, {c, d}} and X = {a, d} . Then w=(X) ={U, ¢, {a},
{c, d}, {a, c, d}} . Then NAyGO(U, (X)) = {U, o, {a}, {c}, {d}, {a, b}, {a, d}, {c,d}, {a, b, c}, {a, b, d}, {a,
c, d}, {b, c, d}} . Here U is nano connected but not  NAyg -connected because U can be written as union of
two disjoint non empty NAyg -open sets {d} U {a, b, c} .

Theorem 3.7. f: (U, (X)) — (V,tx (Y)) is NAyg -continuous surjection and U is NAyg -connected, then V
IS nano connected.

Proof. Let U be NAyg -connected. Suppose that V is not nano connected. Then V = AuUB , where A and B are
disjoint non empty nano open sets of V. Since f is NAyg -continuous and onto, U = f1(A) u f(B) , where
f1(A) and f1(B) are disjoint nonempty Nyg -open sets in U . This contradicts the fact that U is Niyg -
connected. Therefore V is nano connected.

Theorem 3.8. If f: (U,tr(X)) — (V,t) (Y)) is Nhyg -irresolute surjection and U is NAyg -connected, then
V is NAyg -connected.

Proof. Assume that V is not NAyg -connected. Then there exist disjoint non empty Niyg -open sets A and B in
V such that V = A U B . Since f is Noyg -irresolute, f1(A) and f(B) are  Niyg -open sets in U. As f is a
surjective function, f1(A) # ¢ and f1(B) # ¢ , where U = f}(V ) = f (A U B) = f}(A) u f1(B) which is a
contradiction. This shows that V is NAyg -connected.

4 Nhyg -separated

In this section, the concept of Niyg -separated set is introduced. Also, their basic properties and
characterizations are discussed. Further, the relationship of NAyg -separated sets with  NAyg -connected sets
are examined.

Definition 4.1. Two non-empty subsets G and H of a spaces U are called Niyg -separated if Niygcl(G) N H =
G N Niygcl(H) = o.

Theorem 4.2. Any two disjoint non-empty Niyg -closed sets are NAyg -separated.
Proof. Suppose G and H are disjoint non-empty NAyg -closed sets. Then Niygcl(G) N H = G N Niygcl(H) =
G N H=¢.Hence A and B are NAyg -separated.
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Remark 4.3. The following example shows that the converse of the above theorem need not be true in general.

Example 4.4. Let U = {a, b, ¢, d} and with U/R = {{a}, {b}, {c, d}} and X = {a, c} . Then tR(X) = {U, o, {a},
{c,d}, {a,c,d}}.Let A={a}and B={b, d} . Then A and B are Nhiyg -separated but not both Niyg -
closed.

Theorem 4.5. If G and H are Nhyg -separated and A — G, Bc H, then Aand B are also  Niyg -separated.
Proof. Let G and H be NAyg -separated. Then NAygcl(G) N H=G N Niygcl(H)=¢ .Since Ac GandBc
H, NAygcl(A) < Niygel(G) and Naygcl(B) < Niygcl(H) which implies, NAygcel(A) N B < Niygel(G) N H =
¢ and hence Niygcl(A) NB=¢.

Similarly A NNAygcl(B) = ¢ . Therefore A and B are Niyg -separated.

Theorem 4.6. If G and H are both NAyg -openand if A=GN(U—-H)andB=HN (U-G), then A and B are
Niyg -separated.

Proof. Let G and H be NAyg-open subsets in U . Then U — G and U — H are NAyg -closed. Since Ac U-H,
Niygcl(A) < Niygel(U —H) = U —H and so Niygcl(A) N H = ¢ . Since BcH,NwgclA)NB=¢.
Similarly, NAygcl(B) N A= ¢ . Hence A and B are Niyg -separated.

Theorem 4.7. The subsets G and H of a space U are NAyg -separated if and only if there exist a NAyg -open
setsPand Qsuchthat GcPandHc Q,GNQ=pandHNP=¢.

Proof. Suppose G and H are NAyg -separated. Then Niygel(G) N H = G N Naygcl(H) = ¢ . Take Q = U —
Niygcl(G) and P = U — NAwygcl(H) . Then P and Q are NAyg -open setssuchthat Gc PandHc Q, GNQ =¢,
HNP=g¢.

Conversely, assume that P and Q are Niyg -open setssuchthat GcPandH<c Q,GNQ=¢o,HNP=9.
ThenGc U -Q,Hc U-—Pand U-Q, U-P are Niyg -closed which implies NAygcl(G) < Niygcl(U-Q) = U
—Q _U-Hand NAygcl(H) < Naygel(U-P)=U-Pc U — G. Then Niygel(G) < U = H and Naygcl(H)
< U—G. Hence H N NAygcel(G) = ¢ and G N NAaygel(H) = ¢ . Then G and H are Nayg -separated.

Theorem 4.8. Each two NAyg -separated sets are always disjoint.
Proof. Let G and H be NAyg -separated. Then G N Niygcl(H) = ¢ = Niygel(G)NH . Now GNH <
GNNAygcl(H) = . Then GNH = ¢ . Hence G and H are disjoint.

Theorem 4.9. A nano topological space (U, tr(X)) is NAyg - connected if and only if U is not the union of any
two NAyg -separated sets.
Proof. Let U is NAyg -connected. Suppose U = G U H , where G and H are Niyg -separated sets. By the
Definition 4.1, NAygcl(G) N H= G N Niwygcl(H) = ¢ . Since G < Niygcl(G) , G N Hc Nuygel(G)NH=
¢ . Therefore G and H are disjoint, also Gc U —H , Niygel(G) € U — H =G and Naygcl(H) c U-G =
H. Hence G = Niygcl(G) and H = NAygcl(H). Therefore G and H are Niyg -closed sets and
hence G = U — H and H = U —G are disjoint NAyg -open sets. That is, U is not Niyg -connected, which is
contradiction to U is a NAyg -connected space. Hence U is not the union of any two Niyg -separated sets.
Conversely, assume that U is not the union of any two Nlyg -separated sets. Suppose U is not Niyg -
connected, then U =G U H, where G and H are non empty disjoint Niyg -open sets in U . Since G = U —H and
H=U -G, NAygcl(G) N"H= (U —-H) NH = ¢ and G NNAygcl(H) =G N (U—-G) = ¢ . Thatis, G and H are
NAiyg -separated sets, which is a contradiction to our assumption. Hence U is NAyg -connected.

Theorem 4.10. If F< G U H, where F is a NAyg -connected set and G,H are NAyg -separated sets, then either
FcGorFcH.

Proof. Suppose Fz GandF¢z H.LetFi=GNFand F,=HN F. Since Fc GU H, F1and F, are non empty
setsand FFUFR,=(GNFUMHNF) =(GUH)NF=F.Since F1 c G, F, ¢ Hand G,H are NAyg - separated
sets, NAygcl(F1)NF2 < Niygel(G)NH = ¢ and FiNNAygcl(F) < G N Niygcl(H) = ¢ . Therefore F1 , F, are
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N\iyg -separated sets such that F = F1 U F2 . Hence by Theorem 4.9, F is not NAyg -connected, which is a

contradiction to F is NAyg -connected. Hence either Fc Gor Fc H.
Theorem 4.11. If F is NAyg -connected, then Niygcl(F) is also a Niyg -connected set.
Proof. Let F be a Nhiyg -connected set. Suppose Niygcl(F) is not Niyg-connected. Then by Theorem 4.9,

there exist NAyg -separated sets G and H such that NAygcl(F) = G U H. Since F is NAyg -connected set and F
< Nhygcl(F) =G H, by Theorem 4.10, either Fc Gor Fc H . If F c G, then NAygcl(F) < NAygcl(G) . Since
G and H are NAyg -separated sets, by Theorem 4.8, G # ¢, H# ¢ and NAiygcl(F) N H < Nhiygel(G) NH=¢
and hence H < U — NAygcl(F). Also H < G U H = Niygcl(F). Therefore H < (U —NAwygcl(F)) NNAygcl(F)

= ¢ . Which is a contradiction to H # ¢. Similarly, if F < H, we get a contradiction to G # ¢ . Hence Niygcl(F)
is a NAyg -connected set.

Theorem 4.12. Let F be a Nhyg -connected subset of a space U. If G is a subset of U such that F < G
Niygcl(F) , then G is NAyg -connected.
Proof. Suppose G is not NAyg -connected. By Theorem 4.9, there exist two non empty NAyg -separated sets A

and B such that G=A U B . Since Fc G=A U B and by Theorem 4.10, FcAorFcB. IfFcCcA
implies that, NAygcl(F) < Naygcl(A). Now Naygcl(F) N B < Niygcl(A) N B = ¢, which implies Niygcl(F) N
B=¢.Also A U B =G Niygcl(F), B < G < NAuygcl(F). Hence NAygcl(F)NB =B . ThenB =¢,

which is contradiction to B is non empty. Similarly, if F < B, we get a contraction to A # ¢. Hence G is NAyg -
connected.

Theorem 4.13. If G and H are NAyg -connected subset of a space U suchthat GN H# ¢ ,then G U His a
NAiyg -connected subset of U.

Proof. Suppose that G U H is not Niyg -connected. Then by Theorem 4.9, there exist two NAyg -separated
sets F, Ksuchthat GU H=F U K. Since Fand K are NAyg -separated, F, K are non empty setsand F N K
Niygel(F) NK=¢.SinceGcGUH=FUK,HcG U H=F U Kand G, H are NAyg -connected, by
Theorem 4.10,GcForGc KandHc ForHc K.

Case (i):IfGcFandHc F,thenG U Hc Fandso G U H =F. Since F and K are disjoint, K = ¢ which is
contradiction to K # ¢. Similarly, if G c K and H < K we get the contradiction.

Case (ii): If G Fand H c K, then GNH c FNK = ¢ . Then G NH = ¢, which is a contradiction to GNH # ¢ .
Similarly, if G c Kand H c F, we get the contradiction. Hence G U His NAyg -connected subset of a (U,

TRrR(X)).

Definition 4.14. A nano topological space (U, tr(X)) said to be Niyg —disconnected if and only if it is not
NXlyg -connected.

Remark 4.15. A nano topological space (U, tr(X)) is NAyg —disconnected if and only if U can be expressed as
the union of two disjoint non-empty NAyg-open sets.

Theorem 4.16. A space U is Niyg —disconnected if and only if there exists a non-empty proper subset of U
which is both NAyg -open and Niyg -closed in U.
Proof. Let G be a non-empty proper subset of U which is both NAyg —open and NAyg -closed. We have to

prove that U is NAyg -disconnected. Let F=U — G. Then Fisanon-emptysetand G U F=Uand G N F=¢.

Since G is both NAwyg -open and Niyg -closed, F is both NAiyg -open and Niyg -closed. Thus U can be written
as the union of two disjoint non-empty NAyg -open sets. Hence U is NAyg -disconnected.
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Conversely, let U be NAyg -disconnected. Then there exist non-empty NAiyg-open subsets G and F such that

X=GUF.Then F=U-G and G = U-F, which are NAyg -closed in U . Hence G and F are both NAyg -open
and Nuyg -closed in U.

Example 4.17. Consider the nano topology on .Since is a non-empty proper subset of U which is both NAyg -
open and Niyg -closed, the space U is NAyg - disconnected.

Remark 4.18. Suppose a subset A is Niyg -disconnected. Then there exists two disjoint ~ NAyg -open sets G
and Fsuchthat GNA#¢,FNA#¢,(GNAN(FNA)=¢and (GNA) U(FNA)=A.

Theorem 4.19. Let (U, (X)) be a nano topological space and let A be a subset of U. Then A is nano
disconnected if and only if there exist non-empty sets G and F both Niyg —open (NAyg —closed) in U such

that GNA#¢o,FNA#9p,AcGU FandGNFcU-A

Proof. By Remark 4.18, A is NAyg -disconnected if and only if there exist nonempty sets G and F both NAyg -
open (Niyg -closed) in U such that GNA £ ¢ , F NA# ¢, (GNA)N(F NA) = ¢ and (GN[(.)-7TA) U (F NA) =
A. Now (GNA)N (F NA) = ¢ if and only if (GN F) NA) = ¢ ifand only if GN F < U —A and (GNA) U (F NA)
=Aifandonly if (G UF)NA = Aifand only if AcGUF.

5 Nhyg - compact spaces

In this section the concept of NAyg - compact spaces using NAyg -open sets are introduced and some of their
properties are discussed.

Definition 5.1. A collection {Ai : i € I} of NAyg -open sets in a nano topological space (U, twr(X)) is
called NAyg -open cover of a subset A in (U, wr(X)) if Ac Y; ¢ (AQ) .

Definition 5.2. A nano topological space (U, tr(X)) is called NAyg —compact if every NAyg -open cover of (U,
tr(X)) has a finite subcover.

Definition 5.3. A subset A of a nano topological space (U, tr(X)) is called NAyg -compact relative to U if for
every NAyg -open cover of U has a finite subcover.

Definition 5.4. A subset A of a nano topological space (U, tr(X)) is called NAyg -compact if A is Niyg -
compact of the subspace of (U, tr(X)) .

Theorem 5.5. A Nhyg -closed subset of NAyg -compact space is NAyg - compact relative to (U, tr(X)) .
Proof. Let A be a NAyg -closed subset of a nano topological space U. Then U — A'is Niyg -openin U .

Let H={Ai:i e I} be a NAyg -open cover of A by NAiyg -open subsets in U . Then H U {U — A} is a Niyg —

open cover of U . Since U is NAyg -compact, then there exists a finite subcover say {A1, A2, ....As, (U - A)}.
Then {A1,A2, ..An} is a finite Nhyg -open cover of A . Hence A is NAyg -compact relative to U .

Theorem 5.6. Every NAyg -compact space is nano compact.

Proof. Let U be NAiyg -compact. Let {Ai : i € I} is a Nhiyg -open cover of U . Since every nano open set is
NAiyg -open. Since U is NAyg -compact, then Niyg -open cover {Ai : i € I} of U has a finite subcover, say {Ai
-1=1, 2,...n} for U . Hence U is hano compact.

Theorem 5.7. Let f: (U,tr(X)) = (V,tk (Y)) be surjective, NAyg —continuous function. If U is Nlyg -
compact, then V is nano compact.

Proof. Let {Ai :i e I} be a nano open cover of V . Since f is NAyg -continuous function, then {f1(A) :i e I} is
Niyg -open cover of U . Since U is Niyg -compact, {f }(A) :i e I} contains a finite subcover say {f 1(A) : i
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= 1..n} . Since f is surjective, then {A1, A2, ...An} is a finite subcover of {Ai:i e I}, for V. Hence V is nano
compact.

Theorem 5.8. If a function f: (U,tg(X)) —» (V,7tx (Y)) is Nayg —irresolute and a subset A of U is Niyg
compact relative to U, then the image f(A) is NAyg -compact relative to V.

Proof. Let {Ai : i € I} be any collection of Niyg -open sets in V such that f(A) = U;eA;. Then
Ac Ui f71(A)), where {f (Aj) :i e I} is Nayg -open set in U . Since A is NAyg compact relative to U, there
exists finite subcollection {A1, Az, ..., An} such that Ac U; ¢ f72(A;). Therefore f(A)cUj e A;. Hence f(A) is
NAyg -compact relative to V .
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