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INTRODUCTION

Fuzzy graph theory was introduced by Aziel Rosenfeld in 1975.Though it
IS very young, it has been growing fast has numerous applications in various
fields. During the same time Yeg and Bang have also introduced various
concepts in connectedness in fuzzy graphs. Mordeson. J. N. and Peng. C. S
introduced the concept of operations on fuzzy graphs. Sunitha. M. Sand
Vijaykumar . A discussed about the complement of the operations of the
operations of union, join, Cartesian product and composition on two fuzzy
graphs. The degree of a vertex in fuzzy graphs which are obtained from two
given fuzzy graphs using these operations was discussed by Nagoorgani and A.
Radha. K. In this paper we introduce the concept of a degree of an edge and
total degree of an edge in fuzzy graphs. We study about the degree of an edge in
fuzzy graphs which are obtained from three given fuzzy graphs using the
operations, Cartesian product and Composition. In general, the degree of an
edge in Cartesian product and Composition of three fuzzy graphs G;, G, and Gs
cannot be expressed in terms of these in G1, G2and Gs. In this paper, we find the
degree of an edge in Cartesian product and composition of three fuzzy graphs Gi,
G2 andGs in terms of the degree of some basic concepts.
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A fuzzy subset of a set V is a mapping ¢ from V to [0,1].A fuzzy graph G isa

pair of function G :(o,u) where o is a fuzzy subset 0 a non —empty set V and u is
symmetric fuzzy relation on a, (i.e)u(x, y) <denoted by G*(V,E) where EC
V x V. Throught this paper , Gi:(o1,11),G2(o2,42) and Gs(os,u3) denote three
fuzzy graphs with underlying crisp graphs Gi(V1E1),G2(V2,E2) and G3z(V3,E3)
with | Vil =p; i=1,2,3. Alsodg’i(u;) denotes the degree of uin G ;"

Let G (o, u) be a fuzzy graph on G*: (V, E).The degree of a vertex uis d ¢ (u)
= Yuzp M (U, V). Since p(u,v)>0foruveE, pu(u,v)=0foruveE. Thisis
equivalent to d ¢ (U) = Y vey M(U,V). The minimum degree of G is &(G) =
Adc(Vv) , V v € IV} and the maximum degree of Gis A (G)=V {dgs(v), VV E V}.

Let G: (o, p) be a fuzzy graph on G* (V, E). T he total degree of a vertex u
€V is denoted by td ¢ (u) .This is equivalent to td ¢(u)=d c(u)to (u).

The order and size of a fuzzy graph G are defined by O (G) = ), ey a(u)

And S (G) = Xuver 1 (U, V).

Let G: (V, E) be a graph and let e=u v be an edge in G*. Then the degree of
an edge e=u v is defined by d c*(u v) = d g= (u) +d = (Vv)-2.

DEFINITION:

Let G* =G1* Gy* Gsz*=(V,E) be the Cartesian product of three
graphs G1*,G2* and Gs* where V=V1x V2Xx V3 and E= {(u,u2) (u,v2) ( u,wz):u
EV,U2 Vo, W2 € E5} U {(ug,y) (v1,y) (W1,y): us, vi w1 €Esq, YE V4]

Then the Cartesian product of three fuzzy graphs G; Gz Gs is a fuzzy
graph. G=Gi1X G2 X G3 (0 1 X 02 X 03, Uy X Uz X U3z).

Defined by,

(M1 XMz XU3) ((U, Uz) (U, v2)(u, Wz)) = 61 (U)Au(Uz V2 W2),
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VueVl, Us, Vo, WzEEZ

(MaXH2XH3) (U1, Y) (V1,Y) (W1, y)) = 02(y) AHz (U V1 W1),

VyeVy, Ug, Vi, WieE,

DEFINITION:

Let G* =G1* oGy* oGs*= (V, E) be the Composition of three graphs G;*,
Go*andGs*. Where V=V xV,xV; and E={( u,u2)(u,v2)(u,w2),ueV1,UzvoWo €

E2} U {(uyy)(V1,Y)(Wq, Y):Uq, Vi, Wie E, yeVo} U {(Ug, Uz)(V1, V2) (W1, W2) @ Uy
V1 W1€Eq,(wq, wy)€eE3}

Defined by,
(61 © 02 °63) (Uq, Uz, U3) =64 (Uq) Ao (Uz) Aos (Us), V( Uy, Uz, Us) €V

(Me pzopz)((u, uz) (u, v2) (u, wz) =c1(Y) Ay (Uz V2 W2),VUEV, Uy VoeE,, We
Es

(M1 opp p3)((uy, Y)(Vi, Y)Wy, ¥))=02(y) Aui(us vi wq),VyEV,,Vu,vieEy,
W1€E3

(M1 © Mzo p3)((uq, Uz) (V1, V2) (W1, Wp)) = 01 (uz) Aoz2(V2)Api(uy v we)V
Uzinin,vul V1€E1, W1€E3

If Gi (61,11 ),G2: (02,42 ),G3:(o3,U3 ) are three fuzzy graphs such that
,01< U>< 63 then 6,=>H,=>13 and vice versa.

EDGE DEGREE AND TOTAL EDGE DEGREE OF A FUZZY GRAPH

Edge degree of a fuzzy graph:
Let G: (o, 1) be a fuzzy graph on G*: (V, E). The degree ofanu v is

d c(u, v)=d g(u)+d (v)-2 1 (u, v).Since i (u, v) >0 foruveE, p (u, v)=0 foru
ve E
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This is equivalentto d ¢ (u v)
= YuveEyzv KU Y* Xyvery=2u LVY)F Xywerwzy (W Y).
The minimum degree of G are
5 e(G)=A{d (uvw),Vuvw € E}

Ae (G) =v{dcs (u v W),Yuvw € E}

Total Edge degree of a fuzzy graph:

Let G : (o, 4 ) be a fuzzy graph on G*:(V, E).The total degree of a vertex
u V is defined by

Tdg(uv)=dg(u)+d g(v)-i (U V).
Since p(u v)> 0 for uve E, p(uv)=0 for uv ¢E

This is equivalent to td 6 (U V) = Suyeg yo KUY * Eyves yu LOV) +
Zwyekyzw KYW) + Lupwer, 1 (Uvw)
=dc(Uvw)+ u (uvw)

EXAMPLE:

u (0.2) 0.2 v(0.4)

w(0.7) 06 x (0.6)
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de(1)=0.4),td (u)=0.6, 8(G)=0.4,A (G)=1.1.

d (uv)=0.5,td (uv)=0.7, d £ (G)=0.5, Ae (G)=1.1.

DEGREE OF AN EDGE IN CARTESIAN PRODUCT

By definition, for any (ur, uz, u3) VixVyxVzand ((ug, uz) (V4, Vo)
(W1, W5)) € E with us # vi,u2 =v2 (Or)u;=w,, Vi #=wi1 (0r)W2=Uz,W1=V1.

deixe2x3 ((uruz) (V1, V2) (W1, W2)) =

Z:(Ul, uz)(W1, w2)(ys, yz)eE(IJ.1X M2 X US) ((ul» uZ) (YI: YZ) (er WZ) (Y1,
Y2)#(v1, V2)

FE (w1, W) (y1, y2) (v, vo)eE(H1 X M2 X U3) (Y1, Y2) (W1, W2) (V1 ,V2))

(Y1, Y2)#(v1, V2)

FE (s, uz)(va, v2)(ya, y2)eE((H1XH2XH3) (U1, U2)(V1, V2) (Y1, ¥2))

(Y1, Y2)#(W1, Wz)

If Ui#Vy, Up=V,,
de,xG,xGs((U1, V1)(V1, V2)(Wq, W3))

=2 (U, u2) (Wi, wa)(ya, y2)eE(M1 XMz XMz ) (U, U2) (Y1, ¥2) (W1, W)
(Y1, yz)?f(Vl, VZ)

FZ wa, wa)(ya, y2)(va, vo)eE (M1 X 2 X U3) (Y1, Y2) (W1,
Wz) (V1; Vz))

(Y1, Y2)#(uq, Uz)
2 (U, u2)(va, v2) 1 y2)eE((Ma X M2 XH3) (U, U2)(V1, V2) (Y1, Y2))

(Y1, Y2)A(W1, W2)
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deixG,xcs((U1, Uz)(V1, Uz)(W1, W3)
=2 eV, y2eV .01 AH2 (U2, Y2) AR (W1, W2)
+Z yiev, ya#viHa (U1, Y1)AG2(U2) AU (W1, W2)
+Z yoevo(01(U1) AH2(Y2, V2)AH3(W1, W)
+X yoevi M1 (Y1, U1)AG2(V2) A3 (W1, W2)
L watya, yoeVop1 (Y2, W2) A2 (U, V2)AO3(V3)
+2 yievs, wazy s (W1, Y1) AR (U1, V1) AC3(V3)
If ui=w,, u #wy,
dG,xGxGs((U1, V1)(V1, V2) (W1, W3))

=2 Uz, uz) (Wi, wa)(ya, y2)E(Ha XMz X H3) (U, u2) (Y1, ¥2) (Wy,
WZ) (Y1, Y2)#(V1, V2)

X wa, wa)(y y2)(va, va)eE (M1 X P2 X U3) (Y1, Y2) (W1, W2) (V1, V2))
(Y1, Y2)A(us, Ug)
FE(us, u2)(va V), y2)eE (M1 XHaXHs) (U, U2)(V1, V2) (Y1, V2))
(Y1, Y2)A(W1 W2)
di,xG2xGs (W2, U2)(V1, V2) = X y,evs, yorus 61(U1) AR2 (Y2, U2) Az (W1, W2)
+Z y,eva, yiruHa (U1, Y1)AG2(U2) A3 (W1, Wo)
2 y,evi, yorvi 01(U1) AH2 (Y2, Uz))AH3(W1, W)
+Z watyz, yaeviHa (Y2, W2)AU2 (Uz, V2)AG3(V3)
+2 yievs, yomua Mz (U1, Y2)AH1 (W2, Uz)AG3(V3)
If wo=V,, W=V,
dG,xG,xGs((U1, V1)(V1, V2) (W1, W2))

=Z(us, uz)(wa, wa)(ys, y2)eE(H1 X2 X H3) (U, U2) (Y1, Y2) (W1, W)
(yl, yz)¢(V1, VZ)

FZ W, W2)(ya, y2)(va, v2)eE (M1 X P2 X H3) (Y1, Y2) (W1, W) (V4, V2))

(Y1, Y2)#(ug, Uz)
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FE(us ) (vav2) (yny2)eE((Ha X H2XH3) (U1,U2)(V1,V2) (Y1, 2))
(Y1,y2)#(w1,W2)

U6,1xGxG((V1,V2)(W1,Uz) = Zyseviyi=w,02(U2)AH2(V1,Y1) AH3 (W1, W2)
+Zy,evay=uH1 (U, Y1) AG1 (U1 ) A3 (W1, W2)
+2Zy,ev,01 (U1 ) AH2(Y2V2) AUz (W1 W2)
+Zy.eviHa (Y1U1)AG2(V2) A3 (W1 W)
+Z yieviMa(W1, Y1)AH1(U1, V1)AG3(V3)

2 yvoeVa, yomws M1 (Y2, W2)AH2(Uz V2)AG3(V3)

In the following theorems ,we find the degree of
(U1,V2)(V1,Uz),(Wa,Uz)(Ve,V2) and (Wq,W5)(V4,Uz) In G1X G ;% G 3in terms of
those in G, ,G, ,G3 in some particular cases.

EXAMPLE: u:(0.2) v4(0.4) w4(0.4)

.

0.1 0.2 0.

uz(o.s)‘ V,(0.3)  w,(0.2)

G, G, G;
(Ug,v1) (uq,v2) w1(0.4)
02
o b
0.1 0.1 0.1
(U2,V1) (u21V2)
S 02 w»(0.2)
GleZ G3
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(V1,W4)0.2 0.2 (uy,wy)0.2 0.2 (upwy)0.3 0.1  (vp,w)0.2

0.1

W,,w,)0.2

. (u1.w1)0.2 (.UQ,Wz)O.Z
G1xG,xG3 Graph

(Uq,v4)=v;,=0.2

(uq,v2)=U,=0.2

(uz,v1)=U,=0.3

(Uz,v2)=v,=0.3

d (Vl,Wl):0.4,6(G1XGZXG3)20.3,A(G1XGZXGg):o.S
td (V1,Wl):0.6.t6(G1szXG3):O.5,tA(G1xGZng):0.7

EDGE DEGREE:
d ((v1,W1),(u1,W1)=0.5,8(G1xG2xG3)=0.4,A(G1 %G, *xG3)=0.6.
td ((Vl,Wl),(Ul,W1)20.7,t6(G1XGZng):O.S,tA(GleZXG3)20.7.

THEOREM:

Let G1:(01,11),G2:(02,U2),G3:(03,U3) be three fuzzy graphs.
If 01<HU2>03,02=>L1=l3 then,

d 6,xG,xcs((U1,U2)(U1,V2)(W1,W>)) = 2de1(Uq)+de,(UzV2)+dea(We,W,),if
(Uq,uz)(uz,v2)(Wq,Wo)eE.

d G,xG,xGs((U1,U2)(V1,U2)(W1,W5)) = d1(U1v1)+2dc,(Uz)+dea(Wq,Wy),if

(U1,U2)(V2,uz)(Wq,W,)€E.
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Proof:

We have 61=>,>03,0,=>11 = 3.
(Ug,uz)(Uqg,V2)(Wq,W3)eE.
d 6,xG,xG;((U1,U2)(U1,V2) (W1,W5))
=Zy,eVa,y2cV201AH2 (Uz,Y2) ARz (W1, Wo)
2y, eVa,y,2Vi M1 (U1, Y1) A2 (U2) ARz (W1, W3)
+2y,ev2(61(U)AH2(Y2,V2) A3 (W1,W2)
+2y,ev;, M1 (Y1,U1) Ac2(V2) A3 (W1, W2)
tRwaty2yaevant (Y2, W2) A2 (U2, V2) A0 3 (V3)
+Eyevawizy M3 (W1,y 1) AR (U1,V1)A03(V3)
d 6,xG,xG;((U1,U2)(U1,V2)(W1,W5)) = 2dg1(Uq)+dg,(UzV2)+daa(We,W2),
d GyxGaxGs((U1,U2) (V1,U2)(W1,W5))
=Ly,ev.H2(Uz,Y2)
2y, eV y,#ViHa (U, Y1)
+Zy,ev:Ha(Y2,V2)
+Zysevi Ha(Y1,U1)
towaryayeeVoH1 (Y2, W2)
+Lyeviws=y 3 (W1y1)

d G1XG2xG3((u1lUZ)(VLUZ)(Wl!WZ)) = dGl(u1V1)+2dG2(u2)+dG3(W11W2)-
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DEGREE OF AN EDGE IN COMPOSITION.

By definition, for any (u4,u,)eV1xV,xV; and
(U1,Uz)(V1,Uz)(Wq,W,)eE
de, +G, «Gs((U1,V1)(V1,V2) (W1,W3))
= (us,u2)(wawo)(yay2)eE(H1 0 Hz0 M3 ) (U1, u2) (Y 1,.y2) (W1,W2)
(Y1,y2)#(v1,V2)

2 wawa) (yny2)(vava)eE(H1 0 H20 M3) (Y 1,Y2) (W1, W2) (V4,V2))
(Y1,.Y2)#(ug,uy)

F 2 (1,02 (v v2)(yay2)eE((H1o M2 H3) (U1, U2) (V1,V2) (Y 1,Y 2))

(Y1,Y2)#(W1,W2)

By using cartesian product,
If u;=Vq,Ux#v,,Wi=Uy
dG,eG; oG5((U1,U2)(U1,V2) (U1, W2))
= Z(usu)unwa)(yay2)eE(H1 o Hzo13) (U1, uz) (¥1,52) (U1, W2)
(Y1,y2)#(u1,V2)
+E (s o)y y2)va v eE(H1 0 2o H3) (Y1, 2) (U1, W2) (U1,V2))
(Y1.Y2)#(uy,Uz)
2 (U200 )y y2)E((H1 0 M2 0 Hz) (U1, Uz) (U1, V2) (Y1, 2))
(Y1,Y2)#(u1,W2)
= X (UsWa) B2 (UrW2)eEs i =y: =wy,y5%v5,01 (U1) AH2 (U2, Y2) ARz (U1,W2)
2 (Uny)€Ea, (uswo)eBsup=ys 1 (U1,Y1) AG2 (U2) A3 (U, W2)
+ ZliyieEs Uotyz uawacEsH1 (U1Y1) AG2(U2) AG2(Y2) Az (U1 W2)

+ ZyvaeEnyi=usys#u,(01(U1) AU2(Y2,V2) AUz (W1, W2)
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2y ueEyo=vo M1 (Y1,U1)AC2 (V2)AM3 (U1, W2)  F20yoeEs uvaeVa,yatws
Hz(Ug,y2)Apz(ug,v2)Aos(us)

+ 2 01UzeEysWacEs yiru 3 (Y 1,W2) A (Ug,uz) Aoz (u3)
Xy urE 1 uwaeEs yz2vs M1 (Y1U1)AG2 (Y2) AG2 (U2) A3 (U W3)

+2y1W1€E1,V1W2€E2 \Y27£Uuz l-ll (ylwl)/\63 (yZ)/\GZ (VZ)/\U‘]- (V]_WZ)

[f ui=wy, wo=v,,v;#w;,
da, oG, oG5((U1,Uz)(U1,W2)(V1,V2))=
= Z(unu)viv2)yay2)eE(H10MzoM3) (U1 U2) (Y1,Y2) (V1,V2)
(V1.y2)#(u1,W2)
FE w2y vava)eE(H1 0 2o u3) (V1,Y2) (U1, W2) (V4,V2))
(V1.y2)#(u1,Uz)
X U u2) U v2) (yay2)eE((H10 Mz o H3) (U1, Uz) (U1, W2) (Y1, 2))
(Y1.y2)#(v1,V2)
= Z(UzW2)eEx(vava)eBaus#y;, 01 (U1) A2 (U1, Y1) AH2(V1,V2)
2 (Ury2)eEs, (vava)eBauo=y: M1 (U1,Y1) AG2(U2) ARz (V1,V2)
X syaeEa urtys vavaeEo M1 (U1Y1)AC2(U2) As2 (Y2) A2 (V1 V2)
+Zyovz€Es y1=v1,y22v2(01 (U1) AUz (Y2,V2) AH2 (V1,V2)
T2y ueByo=u, M1(Y1,U1)AG2(V2) A2 (V1,V2)
F20ay26Es VavaeEzya=us H3(U1,Y2) A2 (V1,V2) Aoz (Us3)
2 01UzeEyavacEayi2vi Mz (Y 1,V2) Ay (Ug,u2 ) Aoz (us3)
T2y UseErvivacEaystvaHa (Y1U1)AG2(Y2) Ac2 (U2) A2 (V1 V2)
2y Wi vavaeEs yoru: M1 (Y1W1) AG3 (Y2) Ac2(V2) A1 (U1 V2)
If U FW1, U #V,, Vi FW,

dG1 oG, °Gs((u1 ) UZ) (Vl !VZ) (WllWZ))
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= Z(unu) v v2)yay)eE(H1 o HzoHz) (U1, u2) (V1Y 2) (V1,V2)
(V1.y2)#(v1,V2)
FE (i vy y2) wawo)eE(H1 0 P20 H3) (Y1,Y 2) (V1,V2) (W1, W2))
(Va.Y2)A(3,Uz) T2 (us,uz) (vav2) (v y2)eE((H10 Mz 0 M3) (U1,U2) (V1,V2) (Y1, 2))
(Y1,y2)AH(W1,W2)
= Z(Uzy2)eE2(viva)eEsw=y:,01 (U1) A2 (Uz2,Y2) A2 (V1,V2)
2 (uryn)eE, (viva)eEzuz=y: M1 (U1,Y1)AG2 (U2) A1 (U1,Us)

2 yseEx UzyzwawacEsH1 (U1Y1)AG2 (U2) AG2(Y2) A3 (W1 W)
—I—EszzEEZ:Y1=U1'W1W2€E3(61 (Vl)/\l.lz (yZ 1V2)/\“~3 (Wl ’WZ)
+2yvieEy,=vi M1 (Y1,V1)AG2 (V2) Az (W1,W2)

2y, vaeEr WawaeEs ya=u, M3 (W1, W2) AUz (V,V2) Ao (wWq)
+ 2 0Uz6E WayaeEayi=wa M2 (V1,V2) AR (W2,y 2 )AG 1 (W)

Xy wieEsuruzeEys=wa M1 (Y1W1)AG2(Y2) A2 (W2) A2 (V1 V2)
Xy wieE wiwsaeEs yazws 1 (Y1 W1)AC3 (Y2) AC2 (W2 ) ARz (W1wW3)

EXAMPLE: u10.2 V10.3 W103
(]
) )
0.2 0.1 0.1
U, 05 [ ) Vo 04 L W, 02 J
G, G, Gs
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(uq,vq) 0.2 0.1 (uz,v,)0.2 w; 0.3
i '
0.2 0.2 0.1
(uz,v1)0.3 (uz,v2)0.4 o w,0.2
01 G‘iGz G3
(Vl,Wl)O.Z 0.1 (U1,W1)0.2 0.2 (uZ,Wl)O.B 0.1 (Vz,Wl)O.S
0.1 0.1
o ®

(V4,w2)0.2 0.1 (vq,w3)0.2 0.2  (uzw;)0.2 0.1 (vz,w;)0.2
G10G,0G;

Edge in inside of value in all is 0.1 Of GpG2G3z ; Ge Gzin 0.2

(U1,V1)=Vq

(U1,V2)=Uy

(Uz,V1)=U,

(Uz,V2)=V;

d (V1,W1):O.5,6(G1°G2°G3):O.S,A(GloGzoGg ):O7
td (Vl,Wl)=0.7,t6(G1°GfG3)=O.7,tA(G1°G2°G3)=1.
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EDGE DEGREE:

d ((vi,wi)(uy, wqp))=1, d6(G10G20G3)=0.8,
dA(G10G20G3) = 1.2.

td((v,w1)(ug,wWq))=1.1,

td3(G10G,0G3)=0.8,

t dA(G10G,0G3)=1.3

CONCLUSION:

In this paper, have found the degree of edges in G;xXG,xG;3 and G4[G,]Gs in
terms of the degree of vertices and edges in G4,G, and Gz and also in terms of
the degree of vertices in G,*,G,*and Gz* under some conditions.

They will we more helpful especially when the graphs are very large. Also
they will be useful in studying various conditions, properties of Cartesian
product and composition of three fuzzy graphs and used to further study for edge
regular on some fuzzy graphs.
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