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Abstract: Structural analysis plays a crucial role in the recent era for nonprismatic beams with different cross section, material
properties and many more. Due to high moment resistance and aesthetic nature these beams are widely used. But during service
condition these beams undergoes vibration where most of the energies is getting lost. If this energy can be saved in electrical
form, then it could be used in different fields further. Taking into consideration of the coupling of electro mechanical system the
present article deals with the finite element (FE) based modelling and analysis of a parabolic tapered piezolaminated cantilever
beam for voltage generation. The Euler-Bernoulli beam theory has been used in this approach. The governing equation of motion
for the proposed beam has been derived by the Hamilton’s principle. In order to solve the governing equation two noded beam
element with two degrees of freedom (DOF) per node has been considered. In this work the effect of structural damping has also
been incorporated in the finite element model. The effects of taper (both width and height direction) on output voltage have been
discussed.
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|. INTRODUCTION

Due to the flexible properties, piezoelectric structural materials can function as both sensors and actuators for monitoring and
controlling the response of a structure. In sensor applications, the strains in the piezoelectric material can be determined by
measuring the induced electric potential. Piezoelectric materials have been widely used in many applications. The piezoelectric
unimorph and bimorph, which can produce flexural deformation significantly larger than the length or thickness deformation of
the individual piezoelectric layers, have been used as electro acoustic transducers, medical devices, micro robot, and atomic
force microscope cantilevers due to the characteristics of miniaturization, high positioning accuracy, sensitive response, and
large displacement [1] In actuator applications, distributed forces can be affected by subjecting the piezoelectric material to an
appropriate electric potential. The phenomenon of piezoelectricity is useful for controlling the static and dynamic response of
various smart structures involving the process of transfer of energy between the mechanical domain to electric domain and vice
versa. Among the possibilities for voltage generators, piezoelectric materials have been generally more predominant because of
their strong ability to convert ambient mechanical energy into electrical energy[2]. Lead Zirconate Titanate (PZT) is the most
used piezoelectric material because of its high electromechanical coupling characteristics in single crystals [3]. The use of
piezoelectric elements attached to vibrating beam was studied to convert mechanical vibration energy for possible application in
powering wireless sensor nodes [4] In. that work it has been found that when a piezoelectric energy harvester device was made
to operate at frequency matching the vibrating frequency that is at resonance, the output electrical power generated was
maximized. Meanwhile, an analytical model of a beam was developed with attached PZT elements to provide an accurate
estimate of the power generated by the piezoelectric effect. The analysis of piezoelectric composite structures such as
piezoelectric laminated plates and beams requires efficient and accurate electromechanical modelling of both the mechanical and
electric responses such as mechanical displacements and electric potentials. The accurate response of these structures can be
obtained by solving the three dimensional (3D) coupled field equations with exact satisfaction of the mechanical and electric
boundary conditions and inter laminar continuity conditions [5]. A detailed bibliographical review of the finite element methods
applied to the analysis and simulation of smart piezoelectric materials and structures can be found in [6].

Non-prismatic beams whose cross-section profile changes gradually along their length are of great importance in
different fields of engineering. The advantages of using these beams due to their ability in meeting the architectural and
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aesthetical needs and optimizing the weight and strength of the structure. This particular advantage of non-prismatic members
plays a very important role in construction and performance of aerospace structures. The study of cantilevered vibration energy
harvesters has been focused on different aspects with the overall goal being to optimize the performance of existing devices. A
model of rectangular cantilevered vibration energy harvester was developed with different lengths and widths in order to explore
how the beam dimensions affected the matching resistance and power output [7] Results in their study have shown that with the
same length, the wider rectangular cantilevered vibration energy harvester can generate more than twice the power output. A
commercial finite element analysis (FEA) code ANSYS to explore the influence of dimensions on the current and power output
of rectangular cantilevered vibration energy harvester, including the length, width and thickness of vibration energy harvester as
well as tip masses. The study suggested that a wider but shorter beam was preferred since it generated larger current and power
output [8]. However, the resonance frequencies in their models were varied and the base acceleration inputs were incorrectly
normalized. The design of rectangular cantilevered vibration energy harvester have optimised by changing the geometrical
parameters and including large tip masses in order to achieve a fixed resonance frequency [9]. The exact solution of differential
equation in the linear case of free bending vibrations of nonuniform beam with rectangular cross-section using the factorization
method. This beam with constant width and parabolic thickness is a good approximation of the gear tooth profile. The case of the
beam with a sharp end is considered [10] .Free vibration of nonuniform rotating beam which has circular cross section and the
differential equation in term of hyper geometric function has been studied. The transverse vibration of beam in two cases of
cross section where the first case of circular cross section which had both ends sharp and the second case was rectangular cross
section for beam of one end sharp have been discussed [11] The mathematical model and numerical method for free vibration of
tapered piles embedded in two-parameter elastic foundations has been studied [12]. Euler-Bernoulli beam theory has been
considered for the analysis. The results prove that the proposed method is quite easy to implement, accurate and highly efficient
for free vibration analysis of tapered beam-columns embedded in Winkler- Pasternak elastic foundations.

The present article exclusively focused on generation of voltage from the piezolaminated tapered cantilever beam by using
finite element analysis. The governing equation of motion has been derived by using Hamilton’s principle. In order to solve the
governing equation two noded beam element with two degrees of freedom (DOF) per node has been considered. The effect of
structural damping has also been incorporated in the finite element model. The effects of taper (both the width and height
direction) on output voltage from non-prismatic beam is discussed and compared with the prismatic beam.

Il. MATHEMATICAL FORMULATION

The mathematical formulations of the present analysis involve the modelling of cross section of the beam, finite element
modelling and analysis of piezolaminated beam which are described in the following sections.

2.1. MODELLING OF CROSS SECTION OF THE BEAM

In order for modelling the cross section of the beam the proposed shape function profile has been considered as

A(X) = Ao(l— My %T(l_ I %]2 (1)

Where L is the length of the beam and Ao is the cross section area of the beam near the clamped end. The breadth and height
taper ratio are represented as r, and r respectively and could vary in the range of 0 to 1.

2.2. FINITE ELEMENT MODELLING OF PIEZOLAMINATED BEAM

' APPLICATION OF LOAD

PIEZO LAMINATED
PARABOLIC TAPERED BEAM

PIEZOELECTRIC

PATCH o — i
L %)

VOLTAGE GERATOR

Figure 1 Piezolaminated parabolic tapered beam with voltage generator
Figure 1 shows a cantilever beam of length ‘L’, subjected to a point load acting at its free end. A piezoelectric strip of
length ‘L, is attached in the cantilever beam near the fixed end. The mechanical and electrical behaviour of a
piezoelectric material can be modelled by two linearized constitutive equations. These equations contain two
mechanical and two electrical variables. The direct effect and the converse effect may be modelled by the following
matrix equations [13]
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Where{T},{S} are longitudinal stress and strain, [c] is the compliance matrix, {E} is the effective electric field, {D} is the
electric displacement, [e] is the piezoelectric coupling coefficient and [e] is the permittivity. The dynamic equations of the
system for voltage generation are derived using Hamilton’s principle.

t

ov = [lolke-pe+w =0 @
4
Where ‘0 is the variation, t; and t, are the starting and finish time, KE is the total kinetic energy, PE is the total potential energy

and Wp is the total work done by the external mechanical and electrical force. The sum of (KE—PE+Wp) is called the Lagrangian
La.
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V is the volume, w is the displacement, x is the position along the beam, v is the applied voltage, q is the charge, p is the density
and the subscripts b and p, represent the beam and the piezoelectric material respectively. Now putting Egs. (2), (4), (5) and (6)
in Eqg. (3) we get
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This equation can now be used to solve for the equations of motion of any mechanical system containing piezoelectric elements.
Considering the finite element procedure of the proposed modelled beam, the beam element is shown in Fig.2. with all degrees
of freedom at each nodes.

Figure 2 Nodal degrees of freedom of the proposed parabolic tapered beam element

The displacement field in terms of shape function can be represented as

wix ) =[N, Jla} ()

w/(x,t) =[N, Ha}
Where [Ny] and [Ne] are the shape functions for displacement and rotation and {q} is the nodal displacements. The element has
been assumed with one electrical degree of freedom at the top of piezoelectric patch. The voltage has been assumed to be
constant over an element and vary linearly through the thickness of piezoelectric patch. For a thin piezoelectric patch, the

component of the electric field in the thickness direction is dominant. Therefore the electric field can be accurately approximated
with a non-zero component only in the thickness direction.

el ©

p
Using the above equations the variational indicator has been found to include terms that represent physical parameters. By doing
this the equations describing the system become more recognizable when compared to those of a typical system and help give
physical meaning to the parameters in the equations of motion. By solving the governing equation the mass matrix for the system
for both beam element and piezo element can be derived as
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Lp T
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and [mp]: (j)p[NW] ppAp[NW]dx

(10)

Similarly the stiffness matrix for the beam and the piezo element can be derived as
I-b

el H%T ” Ib[%}dx (11)
- ([T ¢, [T

From the governing equation the electromechanical coupling matrix, kps, and the capacitance matrix, kqp, have been found which
can be represented as

koo ]=- j’ Z[%T e'[B, v, (12

[kpp]= I[Bvre[Bv]de (13)

Now putting the above elemental matrices then the governing equation become

t
oz = [[ea M1+, ThO |- o™ 0,1+, Thof+
E (14)
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Where d(g) and J(v) indicates the variation of the corresponding variables. Taking the integral of the above equation creates two
coupled equations. The two equations shown below are coupled by the previously defined electromechanical coupling matrix Kop.

11+ [m , ThiC) + ko 1+ [k T ®) — [k o ) =:§1[NW]TQi (t)
and

koo J1®) + [k i) = 0

The Eqg. (15) now represents the electro-mechanical system and can be used to determine the motion of the beam. The first part
of the equation defines the mechanical motion and the second part of the equation defines the electrical properties of the system.
In addition to this, the system should have some type of additional mechanical damping that needs to be accounted for. If only
the electrical damping is accounted for the model will over predict the actual amount of voltage generated. The amount of
mechanical damping added to the model was determined from experimental results. This is done using proportional damping
methods and the damping ratio that is predicted from the measured frequency response function. With the damping ratio known,
proportional damping can be found as [14]

[c]=afmy ]+ m i+ plko 1+ ko | (1)
Where o and f are determined from
& = L for wherei=1,2..n  (7)
Za)i 2
Where ¢ is the damping ratio found from frequency response of the structure. Hence the Eq. (15) will become
nf

[ 1+ [mp Jeioy+TeTa) + ko 1+ e  Jac) - e ity = El[Nw]T QGt) (g
[k Ja(®) + [k pp M) =0

From the Eq. (18) it has been seen that, due to the coupling between the mechanical and electrical components, the displacement
in the piezoelectric materials induces the electric charge on the electrode. The mass matrix and stiffness matrix have been
calculated by numerical integration using Gaussian quadrature. The global set of equations are found after assembling the
elemental mass and stiffness matrix as

[M ]q(t) + [C]C](t) + [K]q(t) - [K ob }/(t) _ i[NW]T Q (t) 19)
[K o Jact) +[K o Mty = 0 i
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Where [M], [C] and [K] are the global mass, damping and stiffness matrices of the system consisting of both beam and
piezoelectric element. The terms [Kps] and [Kpp] are the global coupling and dielectric matrices of the system. The above
equation represents the dynamic governing equation of the Piezolaminated beam

2.3. STATE SPACE REPRESENTATION

This method is used to derive the uncoupled equations governing the motion of the free vibrations of the system in terms of
principal coordinates by introducing a linear transformation between the generalized coordinates q(t) and the principal
coordinates #(t) [15]. The displacement vector q(t) can be approximated by using a transformation matrix between the
generalised coordinates and the modal coordinates as

qt) =on(@r) 20

Where ¢ is the modal matrix containing the eigenvectors representing the vibratory modes. Representing Eq. (19) in the state-
space form as

U =[AKX3+[BHU} (21
{y}=[CKX}

Where [A] is the system matrix, [B] is the input matrix,[C] is the output matrix, {X} is the state vector and {u} is the input
vector.

I1l. RESULT AND DISCUSSION

With consideration of the mathematical formulations discussed, a MATLAB code has been established for analysis of
parabolic tapered piezolaminated beam (with different width and height taper) for output voltage and the responses so obtained
has been compared with without taper beam. The developed MATLAB code has been validated and the results so obtained have
been compared with the available existing results. A uniform cantilever beam of rectangular cross section is considered for
validation of present code. The dimensions of the beam are (700x45x7) mm. Material properties for the beam are considered as
E =69 GPA, p = 2712 kg/m® and p = 0.3. The free end of the beam is subjected to 1 N of impulse force. The length of beam has
been divided into a number of small elements and the convergence results for different element size has been finalised. It has
been found that for twenty numbers of elements it shows a good result with very less percentage of errors. The fundamental
frequencies are calculated by using the present code developed and compared with the exact solution [16] presented in Table 1.
From Table 1 it has been observed that results obtained from the present developed code are in good agreement with the exact
results published.

Table 1 Comparison of natural frequencies of cantilever beam

Natural frequency(rad/sec) Present code Exact [16] Percentage of error
01 39.619 39.538 0.20
02 248.846 248.569 0.11
03 698.780 697.968 0.11
04 1374.664 1373.338 0.09

For electro-mechanical validation the results obtained are compared with the already published results-by Hwang and Park
[17]and Tzou and Ye [18]. For this case a cantilever bimorph beam (100x5x1) mm has been considered which is made up of two
PVDF layers. The bimorph beam has been subjected to an external voltage. Bending moment.is caused due to the induced
internal stresses which powers the bimorph beam to bend. The bimorph beam has been discretized into five equal finite
elements. The deflections have been calculated at five nodal points by applying a unit voltage across the thickness direction. The
results so obtained have been presented in Table 2. It has been found from the table that the developed code is in good agree ment
with the available existing results. Further it has been found that the results show a very less difference with less percentage of
error.

Table 2 Transverse deflection of piezoelectric bimorph actuator

Distance(mm)from fixed end Deflection(pum) Deflection(pum) Deflection(pm)
Hwang and Park [17] Tzou and Ye [18] present code
20 0.0131 0.0138 0.0139
40 0.0545 0.0552 0.0554
60 0.1200 0.1240 0.1247
80 0.2180 0.2210 0.2218
100 0.3400 0.3450 0.3465

As the developed code has been validated with the existing results, further analysis has been carried out with the developed code
for the same number of elements and same mass and stiffness matrices. In order to find out the frequency response of the
proposed parabolic tapered beam with the application of impulse load some geometric dimensions of the beam has been
considered. For these three sets of taper values of the proposed beam has been considered as 0.3, 0.5 and 0.7. The variation of
both width and height tapers has been limited within this ranges. Four sets of variation has been formulated such as r,=0.3,
rn=0.5; r,=0.3, r=0.7; n,=0.5, r,=0.3 and r,=0.7, r,=0.3. in order to compare the responses with the Piezolaminated beam
without taper. The various properties of the piezo patch are thickness of the piezo patch=0.5mm; Density=7500Kg/m?; Young’s
Modulus=60.6 Gpa; Piezoelectric stress coefficient (e31) =16.6 C/m?; Permittivity (e33) =25.55nF/m. The frequency response
has been found by applying a load of 1 N at the free end of the proposed Piezolaminated beam. The variation of driving
frequency has been from 0 to 500 Rad/Sec.
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Figure 3 Frequency responses of Piezolaminated without tapered (r,=0.0, r»=0.0) beam.
Figure 4 represents the frequency response of Piezolaminated beam without taper (i.e. r,=0.0, r,=0.0). From the figure it has
been found that the first and second resonant frequencies have been found at 65 rad/ sec and 475 rad/ sec where there is sudden
change in amplitude caused due to resonance. The peak amplitude ratio completely depends on the amount of material damping
considered in the analysis which again depends on the mass and stiffness matrices.
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Figure 4 Frequency responses of Piezolaminated tapered (r,=0.3, r,=0.5; r,=0.3, r,=0.7; r,=0.5, rn=0.3 and r,=0.7, r,=0.3) beams
Figure 4 represents the frequency responses of the parabolic tapered beam with four sets of variation of both width and height
taper such as r,=0.3, rn=0.5; r,=0.3, r,=0.7; r,=0.5, r,=0.3 and r,=0.7, r,=0.3. From the figure it has been found that by keeping
the width taper fixed as 0.3, with increase in height taper from 0.5 to 0.7 the both resonant frequencies have been reduced along
with the increase in amplitude ratio. The amplitude ratio has become 0.17 for r,=0.3, r=0.5, where as its value coming to be
0.55 for rp,=0.3, r,=0.7. Similarly by keeping the height taper fixed as 0.3, with increase in width taper from 0.5 to 0.7 the both
resonant frequencies have been reduced along with the increase in amplitude ratio. The amplitude ratio has become 0.12 for
r,=0.5, rn=0.3, where as its value coming to be 0.17 for r,=0.7, r,=0.3. From this it has been found that with increase in height
taper by keeping width taper remains constant, produces an increase in amplitude ratio as compared to increase in width taper by
keeping height taper remains constant.

Figure 5 represents the open circuit voltage response of a Piezolaminated beam without any taper. From the figure it has been
observed that the open-circuit voltage at first resonant frequency is 2.4V/mm where as for second resonant frequency is
0.6V/mm. It has been observed that the open circuit voltage decreases at the resonant frequencies as the driving frequency

increases.
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Figure 5 Voltage responses of Piezolaminated without tapered (r,=0.0, r,=0.0) beams
In order to find out the open circuit voltage of the proposed beam, a load of 1N has been applied at the free end. Figure 6
represents the open circuit voltage response of a Piezolaminated parabolic tapered beam with four sets of variation of both width
and height taper such as r,=0.3, r,=0.5; r,=0.3, r=0.7; r,=0.5, r,=0.3 and r,=0.7, r,=0.3.
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Figure 6 Voltage responses of Piezolaminated tapered (r,=0.3, r,=0.5; r,=0.3, rn=0.7; r,=0.5, rh=0.3 and r,=0.7, r,=0.3) beams
From the figure it has been found that by keeping the width taper fixed as 0.3, with increase in height taper from 0.5 to 0.7 the
open circuit voltage increases to around 46% at first resonant frequency. Further by keeping'the height taper remains constant as
the width taper increases from 0.5 to 0.7, there has no substantial changes in open circuit voltage at the first resonant frequency.
The open circuit voltage for this case is 4V/mm. The open circuit voltage response of the piezolaminated beam without taper in
time domain has been shown in Figure 7. The analysis is carried out for time period of 2 sec. From the figure it has been
observed that the open circuit voltage response dies out after sometime. This is due to the presence of structural damping. The
damping effect due to the pressence of electric circuit is caused by principle of conservation of energy,which is responsible for
reduction in amplitude. The impulse dies out faster due to this damping effect until a critical value is reached. The maximum
open circuit voltage without tapered beam has been found to be 0.0093V/mm.
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Figure 7. Time domain response of voltage generated from the Piezolaminated without taper (r,=0.0, r,=0.0) beam.
Figure 8 represents the time domain response of open circuit voltage of proposed Piezolaminated parabolic tapered beam with
four sets of variation of both width and height taper such as r,=0.3, r,=0.5; r,=0.3, r,=0.7; r,=0.5, r,=0.3 and r,=0.7, rn=0.3.
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Figure 8 Time domain response of voltage generated from the Piezolaminated tapered (r,=0.3, rn=0.5; r,=0.3, rn=0.7; r,=0.5,

rh=0.3 and r,=0.7, r,=0.3) beams
From the figure it has been observed that with increase in height taper from 0.5 to 0.7 by keeping the width taper remains
constant, the open circuit voltage incresess from 0.0184 VV/mm to 0.0206 V/mm. Similarly with increase in width taper from 0.5
to 0.7 by keeping the height taper remains constant, the open circuit voltage increases from 0.0201 V/mm to 0.0251 V/mm. From
the analysis it has been observed that with increase in width taper predominates over increase in height taper for voltage
generation. It has also been observed that the amplitudes of open circuit voltage decreases as the time period of vibration
increases.

IV. CONCLUSION

The present article focused on voltage generation from a piezolaminated parabolic tapered beam with finite element (FE) based
modelling. The beam has been modelled using the Euler-Bernoulli beam theory formulation. Two noded beam elements with
two degrees of freedom at each node have been considered in order to solve the governing equation of motion. From the analysis
it is observed that piezolaminated parabolic tapered beam produces more voltage for a given length of PZT patch as compared to
piezolaminated beam without taper due to uniformity distribution of strain. Further it is observed that the variation of width taper
keeping height taper constant, more voltage can be generated than variation of height taper keeping width taper constant.
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