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ABSTRACT 

We outlined our findings on impact of the eigenvalue on electron-phonon coupling (e-p coupling) strength of the selected alkali 

metals Li, Na, K. In our study we primarily employed Harrison’s First Principle [HFP] pseudopotential technique and computed form 

factors of alkali metals and its binary alloys using different sets of eigenvalue. Further with the help of McMillan formalism the impact of 

eigenvalues on one of the fundamentally important SSP – e-p coupling strength, in case of alkali metals Li, Na, K carried out. Our 

studies give acceptable results. We also concludes that with choice of suitable eigenvalue the HFP pseudopotential technique can 

suitably reproduce SSP of metals. 
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I.INTRODUCTION 

This theory was based on the fundamental theorem (Cooper, 1956) which states that for a system of many electrons at low 

temperature a weak attraction,which is otherwise negligible, can bind two electrons together with opposite momenta (±k)forming the so 

called Cooper pair. Eliashberg (1960a, b) was able to derive a full treatment of the pairing interaction and show that phonons do indeed 

provide the glue which binds a Cooper pair together (at least in a conventional superconductor). 

A great number of metals and alloys were discovered that exhibit superconducting property. In addition to  recent discoveries of 

unconventional superconductivity in iron based superconductors Y. Kamihara et al. (2008) 

K. Ishida et al. (2009) there have been a large number of interesting developments and a surprising large superconducting transition 

temperature (Tc) of 20K for Li under pressure K Shimizu et al. (2002).The search for new superconductors and their understanding 

motivate an enormous amount of research work in condensed 

matter physics either due to the intriguing different mechanisms evolved or the possibility of new technological applications. 

All the conventional superconductors are well understood within the BCS theory asphonon mediated pairing of electrons that takes place 

only between electrons with opposite momenta (±k)and condensation of the resulting Bosonic gas. 

The study of e-p interaction has a long and distinguished history but it is only during the past two decades that quantitative and 

predictive calculation has become possible. First principle calculation of e-p coupling has got an unprecedented verity of application in 

many areas of condensed matter physics. 

The main aim of this paper is to place the study done on impact of eigenvalue on e-p coupling of alkali metals Li, Na and K. We 

have used HFP pseudopotential approach Harrison (1966). Also, Faber-Ziman (1965) form-factor for each of the constituents is used to 

calculate e-p coupling strength by means of HFP pseudopotential technique using well known McMillan formalism (1968).In this 

studyexchange and correlation of Vaishishta-Singwi (1972) form is employed. 
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The eigenvalues of the core electrons are one of the basic parameters in HFP pseudopotential theory. The different set of eigenvalues 

were taken and the influence of eigenvalues on fundamentally important SSP – e-p coupling strength in case of alkali metals Li, Na, K 

and its binary alloys Li-Na, Li-K and Na-K are studied. 

 

II. FORMALISM 

• Form Factor: 

The form factor w(k, q) = <k+q|w|k> is the Fourier transform of crystal potential in the reciprocal lattice. In our present paper the 

form factor w(k, q) of the constituent metals has been derived through the well-known HFP pseudopotential technique. In fact, the HFP 

technique has been claimed to be superior to the model potential techniques as no arbitrarily adjustable parameter is introduced and no 

arbitrary model is proposed. Although the HFP technique is much rigorous than the model potential technique and also free from 

arbitrariness in choosing a model and its parameter, it lagged behind due to some cumbersome calculations involved. However, this was 

employed by King and Cutler (1968) and Hafner(1975) along with their co-workers and is still a choice of few researchers. 

The non-local screened form factor may be expressed as- 

Where, symbols are those of Harrison (1966)viz 

 

 

here   is Hartree dielectric function given by 
 

Where, 

η = q /kF and, 

G(q ) is the exchange correlation function. 

We have used V-S exchange correlation function given as 
 

V-S exchange correlation satisfies compressibility sum rule and provides a better inter-ionic potential. 

Sunil, Sarfraz and, Mehar Khan (2017) has studied the electrical resistivity of Na, K and their alloy for different composition and 

computed acceptable result in the frame work of optimized model potential theory using Faber-Ziman formulism (1965) and find it quite 

capable of explaining the electrical resistivity of simple liquid alloys . In our present work also the non-local screened form factor of the 

alloy is computed by using Faber- 

Ziman Formalism, given as 

where and are concentration of constituent metals. 

• e-p coupling strength: 

Building on the earlier works of Elieshberg (1960), McMillan (1968) extended the BCS equation. From McMillan formalism the electron 

phonon coupling strength is given by – 
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Where, F(ω) is the phonon density of state, M is the atomic mass, 

 is the spin density of states at  α
2(ω) is the average of e-p interaction and 

   is the phonon frequency squared averaged McMillan (1968), 

and   is the electron-phonon matrix element averaged over the Fermi surface. 
 

In pseudopotential approach the average I2 over the Fermi surface is given by 

 

Where, kF and EF are the wave number and Fermi energy, respectively. A dimensionless average of the pseudopotential is given by 

 

From this, the value of λ has been obtained as Sharma et al. (2003) 

 

 

where, w(k, q) is the screened Pseudopotential form factor M is ionic mass 

Z is the valence of the corresponding metallic ions 

 

is the band mass of electron 

 

 is the average square phonon frequency of metal 

 

q is the momentum transfer N is the ion number density 

We further simplified the expression as below - As N can be expressed as- 

 

Putting the value of N from equation (10) to the equation (9) , we get 

 

 

Taking , i.e.,          or,  

 

As                        and, for  

 

Thus, changing the limits, we have 

 

 
In present work we used this simplified expression for computing the value of λ for alkali metals.  
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III. COMPUTATION 

The form factor of alkali metals Li, Na, Kof Sunil and Mehar Khan (2017) is used in present work. All the varients with eigenvalue 

of Herman-Skillman (1963), Hafner (1975) and Clementi (1965) near melting points are used. In this computation exchange and 

correlation of Vaishishta-Singwi form is employed. Input Values are tabulated in Table-1 below – 

Table-1 Input Values 
 

 

Properties 

 

Li 

 

Na 

 

K 

Melting point 453.69 K 373.15 338.15 
 

 352 K 157 K 59.4 K 

Atomic weight (M) 6.94 22.99 39.10 

 

 1.19 1.00 0.94 

Z 1 1 1 

a.u 1.4541 2.0234 2.6370 

Atomic volume( ) 153.3334 278.0259 531.1665 

Fermi wave vector( ) 0.5780 0.4740 0.3820 

Fermi energy( ) 4.76 3.20 2.12 

V-S 

constants 

A 

B 

1.00714 

0.29857 

1.07783 

0.28554 

1.16730 

0.27051 

 
IV. RESULTS AND DISCUSSIONS 

The alkali metals, in particular, are generally believed to be the metals which most closely obey the simple nearly-free-electron model 

pioneered by Wigner and Seitz (1933). Indeed, their Fermi surfaces are nearly spherical, reflecting the weak electron–ion scattering 

(pseudopotential). A HFP pseudopotential technique, in terms of electron-ion pseudopotential, is presented for the electron-phonon 

coupling constant λ. The phonon parameters, needed in the calculation, are characterised by a single average square frequency  , 

which is 

evaluated after Allen and Cohen (1969). This corresponds to a reduction of  causing an increasing in the electron – phonon 

coupling strength λ.  

The computed value of λ is placed in Table-2 below. The impact of eigenvalues on the e-p coupling strength can be comprehended from 

this table.  
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Table-2: Electron-Phonon Coupling Strength with Eigenvalue of HS = Herman-Skillman, H = Hafner and C = Clementi 

Alkali metals Eigenvalue of value of λ Values by other researchers 

 
Li 

HS 1.1723 [1.0979, 1.7386, 1.8709, 1.9337, 1.5411]* [0.10, 0.15, 0.45]** 

[0.11, 0.21] § , [0.37, 0.53, 0.568]##, [1.09, 1.73, 1.87, 1.93, 

1.54]# 

H 0.7155 

C 0.9390 

 
Na 

HS 0.3404 
[0.2626, 0.4184, 0.4518, 0.4673, 0.3772]* [0.12] *§, [0.27]§, 

[0.15, 0.19, 0.23, 0.28]¥, [0.26, 0.37, 0.42, 0.45, 0.47]# 
H 0.3435 

C 0.4160 

K HS 0.4789 
[0.3477, 0.5845, 0.6346, 0.6584, 0.5254]* [0.11] §; [0.12, 0.12, 

0.145]**; [0.14, 0.22]##; [0.35, 0.53, 0.58, 0.63, 0.66]# 
H 0.3136 

C 0.3136 

  

  

 
V. CONCLUSIONS 

HFP pseudopotential technique based on BCS theory and well known McMillan's formalism are used to compute the electron-phonon 

coupling strength ( λ ) of alkali metals Li, Na, K and its binary alloys Li-Na, Li-K and Na-K. Different set of eigenvalues is used to 

observe its impact on the values of λ. As HPF technique and McMillan’s formalism are based on various approximation reproduct ion of 

exact value is not desired. However, with proper choice of eigenvalues our results are quite acceptable as compared to the values 

obtained by previous researchers. Our computation reveals that if the core energy eigenvalues is appropriately chosen the 

superconducting state parametersare reasonably reproducible by the HFP pseudopotential technique. Similar conclusion has 

been arrived by other researchers Yadav, Rafique, Prasad and Prasad (2008); Yadav, Rafique and S. Kumari (2009); 

Chakrabarti (2016); Rafique, Mitra and Shrivastva (1983); Chakrabarti and Shahi (2016) with different superconducting 

systems. 
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