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Abstract 
 

This paper is concerned with a three species food chain model whose population 

interacts with a mutualist. Holling type II functional response is considered to model the 

interactions between the prey and middle predator and the interaction between the middle 

predator and top predator is assumed to be governed by ratio dependent functional 

response. The mutualism is facultative in which mutualism occurs with the prey population, 

modelled by system of four autonomous ordinary differential equations. Conditions of the 

boundedness of system are established. Existence of equilibrium point and stability analysis 

of model is carried out by using usual theory of ordinary differential equations. It is found 

that if the maximal growth rate of the top predator is less than the death rate then top 

predator face extinction. Also we obtained the conditions that influence the persistence of 

system. Furthermore global stability of the system is shown graphically. It has been observed 

from numerical simulations that in the presence of mutualist population, prey increases and 

hence population of predator also increases, but in the absence of mutualism, population of 

prey decreases and hence predators population also decreases. 

 

Keywords:- Food chain, Facultative mutualism, Ratio-dependent, Boundedness, 

Extinction, Stability, Persistence. 

 

1. Introduction 
 

All species on earth are closely related to other species. In a simple view the interaction 

between the pair of species can be classified into two categories: predation (one gains and 

other suffers), competition and mutualism. In recent years, the concern for mutualism is growing 
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since most of the world biomass is dependent on mutualism ( Bashary and Branstein 2004). For 

example microbial species influence on the abundances and ecological function of related 

species (Holland et al., 2010). Many bacterial species co-exist in a syntrophic association 

(obligate mutulism); that is, one species cannot survive without the mutualist species. Whereas 

a facultative mutualists, benefitting from the presence of each other, may also survive in 

absence of each other. Mutualism is part of many significant systems and processes, such as 

mycorrhizol association, nitrogen fixation, gut faunas and floras, endosysmbiotic 

photosynthesis, pollination, endozoic algae etc .. 
 

Most models of mutualism are two dimensional (Dean (1983), Freedman (1987), 

Freedman et al. (1983), Boucher (1995)). There has been a fair amount of work on three 

dimension models, were the mutualism occurs between prey and predators perhaps both, or 

competitors were analysed by Rai et al. 1983 and expanded by Kumar and Freedman 1989. 

There is very little work on four dimensional mutualistic models. Rai and Freedman (1995), 

Freedman et al. (2001) considered mathematical models arising due to interaction of two 

competitors each with a mutualist have been modelled. Kumar and Freedman (1989 and 2001) 

has been analysed a food chain model in which facultative and obligative mutualism interactions 

occurs with the prey and first predator population. Compared to previous two, three and four 

dimensional models of mutualism, our model represent a more structure of facultative 

mutualistic systems, the mechanism by which one species benefit another, and effect of this 

beneficial interaction on first and top predators. Derivation of the model by basic principle of 

biology and the results obtained provide an important link between mathematical models and 

the eventual understanding of the dynamics of real world system. Here we address the question 

for the case in which existing community consist of two predators in which first predator capture 

only prey, top predator prey only first predator and prey is in a beneficial interaction with a 

mutualist. For example Pseudomyrmex- ant and Acacia tree mutualism. The ants defend these 

small trees against herbivorous, insect and vertebrates. The ants also chew away and sting any 

encroaching plants, clearing an area that may be up to 4yd(4m) in radius. In return, the plant 

gives ants the food they like. The plants also produce thorn that the ants hollow out for nests. 

These ants are eaten by Cyclopes did actyuls (silky anteaters) –harpy eagle eats anteater. 

 

The rest of the paper is organized as follows. In section 2, we present a brief sketch of 

the construction of the model. The boundedness of our model is studied in section 3. In section 

4 and 5, we have determined the boundary equilibrium point and their stabilities, it is seen that 

the mutualist-free boundary equilibrium point possesses nonempty stable and unstable manifold 

whenever the interior equilibrium point exists. Conditions which influence the persistence of 

system is studied in section 6. Computer simulations are performed to illustrate the feasibility of 

our analytical findings in section 7. At last general discussion of the paper is presented in 

section 8. 

 

 

2. Mathematical Model 
 

In this section we describe a model of interactions between a mutualist population and 

population of food chain. The mathematical formulation of facultative relationships between the 

http://www.ijcrt.org/


www.ijcrt.org                                        © 2020 IJCRT | Volume 8, Issue 4 April 2020 | ISSN: 2320-2882 

 

IJCRT2004190 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org 1437 
 

mutualist and the prey of the food chain is described. Mathematically this model can be 

represented by the following system of autonomous differential equations: 
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Here we have following assumption:  
1. The mutualist growth is of logistic type.  
2. The prey growth in the absence of predators is logistic and dependent of the mutualist. 
 
3. Predation by the middle predator in the absence of mutualism is Holling type predation. 
 
4. A ratio- dependent functional response is considered for top predator population.  

 
Where t represent the time, u is the density of mutualist population at any time t, x(t), y(t), and 
z(t) denote the prey, predator and super predator densities respectively. The model parameters 

are assuming only positive values. For  2,1i ii pq   ,  and ic   are natural death rate of 

predators, conversion rate for predation of predators and capturing rates of predators 
respectively. L and k are the carrying capacity of mutualist and prey population.   being the 

intrinsic growth rate of prey and ,l m  are mutualism constants. The above assumptions are 

ecologically reasonable and exemplified.  

 

3.  Boundedness 
 

In theoretical biology, boundedness of a system implies that the system is biologically well 
behaved. The following theorem ensures the boundedness of the system (2.1). 
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4. Equilibria: its existence and stability 
 
 

The equilibria for our model are determined by solving following equation given below: 
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There are at most four non negative equilibrium points for our model 
1. In the absence of mutualist population and top predator population, the middle predator can    

    survive on its prey. Therefore equilibrium point )0,,,0( yxE is given by  
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     For existence, 11 qp  . 

     Due to extinction of middle predator there is no equilibrium point in the zx  plane.   

     Moreover neither y  nor z  can survive in the absence of prey species x  , hence there is    

     no equilibrium point in the zy   plane. 
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2. The positive equilibrium point )0,ˆ,ˆ,ˆ(ˆ yxuE exists in the interior of the first octant    

if )1(11 mlqp  and given by  
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first orthant ( 0,0,0,0  zyxu ) if there is positive solution to the following algebraic 
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It can be seen that  ),,,( ***** zyxuE exist if and only if 
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5. Local stability analysis 
 
      Now, in order to study the behaviour of solutions near equilibrium points, we need to 
compute variational matrix and characteristic equation of the system (2.1). The signs of the real 
parts of eigen values evaluated at a given equilibrium points determine the stability. The 
variational matrix for the system (2.1) is given by 
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Now we consider the various equilibrium states separately: 

The variational matrix )(EV at the equilibrium point )0,,,0( yxE is given by 
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Thus from the Routh-Hurwitz criteria, the necessary and sufficient condition for E to be 

asymptotically stable in yxu   plane if 0,0 31  bb  and .0321  bbb  

The variational matrix )(EV


 for equilibrium point ),,,,0( zyxuE


 is given by 
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The eigen value corresponding to u direction is 1 which is positive, gives unstable manifold, and 

the other three eigen values are the zeros of polynomial 
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Now in view of above calculation, we have following result. 
 
Theorem (5.1): Equilibrium state is locally asymptotically stable if and only if 

(i). 0      ,0    ,0 124  AAA . 
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This theorem directly follows from the Routh-Hurwitz criterion if lmxymua ***
1 )(  . Hence 

*E is locally asymptotically stable. 
 

 
6. Persistence 
          
        From biological point of view, persistence means the survival of all populations of in future 
time. Mathematically, persistence of a system means that strictly positive solutions do not have 
omega limit points on the boundary of non-negative cone. Butler et al [1986], Freedman & 
Waltman [1984&1985] developed following definition of persistence. 
 

Definition:  A population )(tN is said to persist (sometimes called strongly persist) 

if 0)(0)0(  tNN and 0)(inflim 


tN
t

. Further, a population )(tN  is said to persist 

uniformly (also known as permanence) if )(tN  persists and there exist 0  independent 

of 0)0( N , such that 


)(inflim tN
t

. Finally, we say that a system persists (uniformly) 

whenever each component persists (uniformly).  
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Theorem (6.1):    Assume that Mca 11  22 qp  and Bcq  21 then system is permanent. 
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From the fourth equation of system (2.1), we have   
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This completes the proof of the theorem. 
 

7. Numerical simulation 
 
         To facilitate the interpretation of our mathematical findings by numerical simulation, we 
integrate system (2.1) using fourth order Runga-kutta method under the following set of 
compatible parameters with the help of MATLAB Software package. Consider the following set 
of parameter values to study system (2.1), numerically. 
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5 , 5.10 k , 1.0m , 41 c , 7.02 c , 3.21 p , 32 p , 

,3L ,24.0l ,11 a ,4.0k ,11 q 5.12 q .                                                                   (7.1) 

 
For the above set of parameter values, we find that all the equilibrium point for the system exists 
and given by  

)0,0,0,0(0E , ),0,0,0,3(1E )0,0,5.1,0(2E ),0,0,9867.2,7168.3(Ê ),0,0774.1,7692.0,0(E

),1593.0,1593.0,4211.1,0(
~
E   )0,8625.1,0819.1,2445.3(E


 and  )3716.1,3716.1,9126.1,4590.3(*E  

 
It is found that all the conditions of theorem (4.1) and theorem (6.1) for stability and permanence 
are satisfied and roots of characteristic equation 

becomes i 03921.447811.0   ,81345.0  ,13293.2  . This shows that, unique positive 

equilibrium ),,,(* **** zyxuE  is locally asymptotically stable. 

 
          Figures have been plotted between dependent variables and time for different parameter 
values to shows changes occurring in population with time under different conditions. For the 

existence, stability and persistence ,1c ,2c 1p  and 2p  are recognized to important parameter. 

The results of numerical simulation are displayed graphically, in figure (1) the mutualist, prey, 
first predator and top predator populations are plotted against time. From figure it is noted for 
given initial values both the populations tend to their corresponding value of equilibrium point 

*E and hence coexist in the form of steady state assuring local stability of *E .  
 

       Now if we set a parameters of the system (2.1) as, 5 , 5.10 k , 1.0m , 41 c , 

7.02 c , 3.21 p , 32 p , ,3L ,24.0l ,11 a ,4.0k ,11 q 32 q .                                                                                                     

 
Then we observe from the figure (2) that the top predator populations become extinct as a result 
population of first predator increases and prey population become decreases, consequently 

)0 ,8625.1 ,0819.1 ,2445.3()0,,,( yxuE


is locally asymptotically stable. 

 
          In figures 3 (a-d), variation of mutualist, prey, mature middle predator and top predator 

populations with time for different values of 1c  is shown. It is observed from the figure that 

mutualist population become stable and each population decreases with the increase in 1c . 

Which is obvious as prey population decreases, the middle predator and top predator population 
also decreases.  
 

           From figure 4(a-d), we conclude that y  and z are decreasing function of 2c  , the 

capturing rate of top predators, whereas x and u is increasing function of 2c , which is obvious 

when capturing rate of top predator increases then the population of  middle predator decreases 
and then population of prey increases and hence mutualist population slightly increases. Again 
if middle predator population decreases then population of top predator become decreases 
. 
            From figure 5(a-d), we can depict that middle predator population decreases, mutualist, 

prey and top predator population increases with the increase in 2p , and finally attain their 

equilibrium levels. Which is obvious as the conversion rate for predation of middle predator by 
top predator are increases then the population of middle predator decreases and hence prey, 
mutualist and top predator population increases. 
 
          In figure 6(a-d), the variation of population with mutualist to prey, mutualist to middle 
predator, prey to middle predator and middle predator to top predator population is plotted for 
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different initial starts. The graph depicts that solution converges to the equilibrium point 
*E  for 

different initial starts, indicating the global stability of .*E  

  
         With the same set of parameters we found that when population of mutualist is absent, 
prey and both predator populations coexist in the form of stable equilibrium state. In figure (7), 
we see that in the presence of mutualist population, prey increases and hence population of 
predator also increases, but in the absence of mutualism, population of prey decreases and 
hence predator populations also decrease. 
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Fig. 1. Stable behaviour of yxu  , , and z . 
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Fig. 2.  Shows yxu ,, populations approach to their equilibrium values in finite t and the 

z population becomes extinct. 
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Fig. 3(a-d). Variation of mutualist, prey, middle predator and top predator populations with time 

for different values of 1c and other parameter of values are same as in (7.1). 
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Fig. 4(a-d). Variation of mutualist, prey, middle predator and top predator populations with time 

for different values of 2c and other parameter of values are same as in (7.1). 
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Fig. 5(a-d). Variation of mutualist, prey, middle predator and top predator populations with time 

for different values of 2p and other parameter of values are same as in (7.1) 
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Fig. 6(a-d). Variation of u with x ,u with y , x with y and y with z for different intial 

starts for the set of parameters as same as given in (7.1). 
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Fig.5. Comparison of populations (prey, middle predators and top predator) with 

and without mutualist population with the same set of parameters as (7.1). 
 

 
 

8. Conclusion: 

 
        In this paper, the effect of mutualist on prey population on a tri-trophic food chain model 
with mixed selection of functional response is proposed and discussed. The above situation is 
described by means of a system with four nonlinear differential equation. The analysis consist of 
equilibrial stability and persistence criteria.  
 
          The system is analysed for boundedness of solutions, equilibria and their stabilities, 
existence conditions for equilibrium points of the system are determined. The stability and 
instability of the equilibrium points of the system are studied by using the linear stability 
approach. Criteria for long time survival (persistence of population) of system is interpreted 
biologically and obtained the condition which influence the persistence of all populations. 

Mca 11  , 22 qp  and Bcq  21 , these result indicates that the capturing rate, conversion 

rate and death rate of top predator plays an important role for the permanence of solutions.  
  
          With the help of computer simulation, it is observed that when the maximal growth rate of 
the top predator is equal to the death rate then top predator faces extinction. So we observed 
that when top predators are absent, predator y   and prey x  coexist and show stable behaviour.  

From figure (5), we have found that when mutualist population is present then population of prey 
increases and hence population of both predators also increases, but in the absence of 
mutualism, population of prey decreases and hence predator’s population also decreases. The 
nonlinear differential equation (2.1) may be looked upon as the mathematical model for Acacia 
plant –ant–silky anteater Cyclopes didactyuls predator-eaters of ants such as –harpy eagle eats 
anteater etc. All our important mathematical findings and graphical representation of variety of 
solutions of system (2.1) are depicted by using MATLAB programming.   
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