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Abstract: Since various types of, fluid mechanics equations involves parameters which are not
bounded at least the space defining variable viz. ocean current, smoke from cigarette etc. When
solving these equations we apply various types of boundary conditions, subjected to these
boundary conditions, smooth solutions are available if subjected boundary conditions permits
solutions in the form of harmonic, algebraic and transcendental functions viz. trigonometric,
polynomial, rational, exponential and logarithmic functions. However, a dynamical system rich

of chaos is not bound to follow these functions. For e.g. take derivativeds(;% = cos x, notice the

change in parameter x and its degrees, for Taylor's series of
cosx =1—x*/2! + x*/4!—...
operations of integer order derivative gives
sinx =x —x3/3!+ x°/5!—...
Therefore an odd function changes to even function by operating integer order derivative
operator, what are intermediary states? During its course of motion fluid need not to switch from
one specific state to another but it must pass on through all intermediary states in contiguity.
Thus any complete solution must reflect all possible states. This article is an attempt to define a
smooth change representing all intermediary states through a precise fractional derivative for
O0<a<l.
1. Introduction

In applied Mathematics and Mathematical analysis, a fractional derivative of arbitrary order,
real or complex, first appeared in a letter to Guillaume de I'Hopital by Gottfried Wilhelm
Leibnitz in 1695 [1]. Later on contributed by Neils Henrik Abel [2], Liouville [3], Oliver
Heaviside [4], and foundation of the subject was laid by Liouville [5].
Some definitions of fractional derivatives and integrals

Let us assume that £ (x)is a monomial of the form f(x) = x*.The first derivative is as usual
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df (x)
! = = k k_l_
[l =—— x
More general results gives
(a) _ daf(x) _ k! k—a. 1 l
f (x)_—dxa _—(k_a)!x ;A €N (1.1)
after replacing the factorials with the gamma function,
d®x* rtk+1
= ( ) x4k > 1

dx® T'(k—a+1)
For k =1 and a = (1/2), of course a is replaced by any real or complex number for fractional
order derivative.

1
dzx ra+1) : 2 1
= X2
At TA-s+1) V@
For a general function f(x) and 0 < a < 1, the complete fractional derivative is

17 d [ f@®
r—adx) -t

Def(x) =

Riemann--Liouville fractional derivative
Computing nth order derivative over the integral of order (n — @),the o order derivative is
obtained. It is important to remark that n is the smallest integer greater than « (that is, n = [«]).

n n

d d
DEF() = =5 DEF() = 2 olETF ).

Caputo fractional derivative: Caputo's definition is illustrated as follows, where again n = [«]

f(n) (T)

Fn—a)) (= @i -

DEf(e) =
Caputo's derivative does not require fractional order initial condition while solving differential
equations.

Caputo--Fabrizio fractional derivative: Without singular kernel is given as

1 (. t-1)
e [ r@exp(-a =

CEDEf (L) = ) dr.

Nature of fractional derivatives

The a** derivative of a function f(x) at a point x is alocal property only when « is an integer;
this is not the true for non-integer power derivatives. Thus, a non-integer fractional derivative of
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a function f(x) at x = adepends on all values of f, even those far away from a. Therefore, it is
expected that the fractional derivative operation involves some sort of boundary conditions.
Fractional integral

Riemann--Liouville fractional integral:

Dif(0) = ddi®f () = ——— _ﬂbﬁflﬂﬂw

(' ()

Hadamard fractional integral:

Dif(©) = o7 () = f(w%lﬂ)—

(F( ) (I'(a)

Based on above formulae and approaches we define another form of fractional derivatives and
integrals, as all of the above form of definition involves evaluation of gamma function at
different real or complex number. Since evaluation of gamma function other than integers and
1/2, is a tedious task. Involvement of Gamma function also does not gives any insight about
evolution of system. To short out this problem, change approach from generalizing outcomes of
integer order derivatives to action oriented approach.

2. Main Results
Theorem 1.Formula for fractional derivatives based on effect of action

1 : it6 1
Dkx™ = exp (hmf __m(foznl_e i d9) dt).xm

r—1

Proof.Instead of looking at outcome of action of integer order derivatives, we focus on action of
fraction order of derivative operator.Take f(x) = x" i.e. monomial of degree n, and D be

derivative operator, suppose D%th, order derivative acts on x", and gives
Dix™ = i (r)x"~ 1/, 2.1)
Again apply operator D%on both side of equation (2.1), and get
DEDix™ = Dix™ = () Dix™ /0 = h(n)p(n — (1/k))x"~ @/,

1
where, 1, is function of degree of x,at the time of operator takes action on it.Now suppose Dk
operated on both side of equation (2.1)k times then we get

D ... Dix™ = Dx" = p(m)p(n — (1/k))...h(n — ((k — 1)/k)) %", 2.2)

Since Dx™ = nx""*, compare it with equation (2.2) and get

@ (n=(2).w(n- () =n

Take logarithm on both side to get

S logip(n — (i/k)) = log n. (2.3)
Multiply on both side of equation (2.3) by (1/k) to get
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K1 /R)logp(n — (i/k)) = () log n. (24)

Take k — oo, and put (i/k) = u; (1/k) = du then summation in equation (2.4) changes to
integral as below

1 1
floglp(n —wdu = (log n) f du = log n.
0 0

Put n — u = v, then integral changes to

f:_l logy(v)dv = log n. (2.5)
Differentiate equation (2.5) with respect to n, by using Leibnitz rule of differentiation under
integral sign, to get

logyp(n) — logy(n—1) = (1/n). (2.6)
Solve equation (2.6) to get
m i 21 elt@ )
— 3 m__
logy(n— (1/k)) = | lim f = f T @0 |dt |.x"
m 0
k
Thus we get
0 N . m i 21 elt@ m_l
Dkx™ = exp ll_r)r} f oamit — ] f = do |dt |.x &
m— 0

Now we can replace (1/k) bya, 0 < a < 1, to get arbitrary order fractional derivative.
Corollary 1. Corresponding fractional order integral is derived to be

m 21
a1 o i elt@ ol
D kx™ = [kx™ = —lim - - . Tk
X % exp lim e L TP do |dt |.x
1 0
M=%
Fractional derivative for special functions
) m 21 . _1
Dice™ 2 l : T o )ae |
ke” = ex 1im - -
P\701 ) ez —1 1—rei® m!
m=0 m-1 0
k

And corresponding fractional integral

1
2 1 . m i 2m eltt ™
D7ke* = [ke™ = Yi_oexp (— lim fm_%m(fo —dg) dt)

1-re—i0 m! €.

Remark 1.Likewise we could define fractional derivative and integral to other special functions.
Remark 2.Thisapproach could be easily applied and be replaced in place of usual formulae we
use in fluid mechanics.

IJCRT2003451 | International Journal of Creative Research Thoughts (JJCRT) www.ijcrt.org | 3312


http://www.ijcrt.org/

www.ijcrt.org © 2020 IJCRT | Volume 8, Issue 3 March 2020 | ISSN: 2320-2882

Acknowledgement: There is no author other than the corresponding author mentioned in this
paper, This paper is in final form and no version of it will be submitted for publication
elsewhere. I am highly obliged to reviewers for their valuable comments.

References
[1] Katugampola, Udita N, A new approach to generalized fractinalderivatives,Bulletin of
Mathematical Analysis and applications 6(4):1-15.
[2] Niels Henrik Abel (1823), "Oplosningaf et Par OpgavervedHjelpafbestemtelntegraler
(Solution de quelquesproblemes a l'aided'intégralesdefinies, Solution of a couple of problems by
means of definite integrals)”, Magazin for Naturvidenskaberne, Kristiania (Oslo): 55--68.
[3] Podlubny, Igor; Magin, Richard L.; Trymorush, Irina (2017), "Niels Henrik Abel and the
birth of fractional calculus”, Fractional Calculus and Applied Analysis, 20 (5): 1068--1075.
[4] For a historical review of the subject up to the beginning of the 20th century, see: Bertram
Ross (1977). "The development of fractional calculus 1695--1900", HistoriaMathematica, 4: 75--
89.
[5] Liouville, Joseph (1832), "Mémoiresurquelques questions de géométrie et de mécanique, et
sur un nouveau genre de calcul pour résoudreces questions", Journal de I'EcolePolytechnique,
Paris, 13: 1--69.

Department of Mathematics Govt. Post Graduate College Gopeshwar, Chamoli, Uttarakhand,
India 246401
E-mail address:rajeshkrmaurya@gmail.com

IJCRT2003451 | International Journal of Creative Research Thoughts (JJCRT) www.ijcrt.org | 3313


http://www.ijcrt.org/
mailto:rajeshkrmaurya@gmail.com

