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ABSTRACT:

This article is intended for first year undergraduate student. This paper presents the generalization of two dimensional
Fourier-Laplace transform in the distributional sense.
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1LINTRODUCTION:

The Laplace transform is named after mathematician and astronomer Pierre-Simon Laplace, who used a similar
transform (now called z transform) in his work on probability theory.

Z=[X (x)e®™dx andZ=[X (x)e? dx

as solutions of differential equation but did not pursue the matter very far.

[ X(x)e~**a* dx,

These types of integrals seem first to have attracted Laplace’s attention in 1782 where he was following in the spirit of Euler in
using the integrals themselves as solutions of equations.

However,1785, Laplace took the critical step forward when, rather than just looking for a solution in the form of an integral, he
started to apply the transforms in the sense the was later to become popular. He used an integral of the form:

[ x* ®(x)dx,

Laplace also recognized that Joseph Fourier’s method of Fourier series for solving the diffusion equation could only apply to a
limited region of space as the solution were periodic.

2. TRIGONOMETRIC SERIES AND FOURIES SERIES:
Definition 2.1.
A series of the form

Ea +Z(ﬂﬂ cosnx + b, sin nx)

n=1
is called a TRIGONOMETRIC SERIES, where ¢y, a,, b, are real numbers.

Definition 2.2.
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Let f e L* [-5 |The FOURIES SERIES of f is the series

a
7D+Z{nﬂ cosnx + b, sinnx)

n=1

Where,

J_ T J_ T
Gy = - J‘ flx)cosnx dx, by =; j flx)sinny dx

The series

o

. 1 |
Z cpe™  with ¢, = o J‘ filxye ™ dx

n=—m

is also called the FOURIER SERIES of ‘ f ‘. The coefficients ¢}, are called the FOURIER COEFFICIENT and are usually
denoted by f (n) , i.e.,

1 |
Ffln) = 7 J‘f{x]e?'mxd.r.n EZ

the sum

n
S(fx) = Y (F ™)

n=-N
is called the N-th partial sum of the Fourier series.
3.FOURIER-PLANCHERAL TRANSFORM ON L*{RF} AND BANACH ALGEBRA
The Banach Algebra L* (R)

Now, we define a multiplicative structure on L*{R)

Definition 3.1.1

For f.g in L*(R), we define the convolution of f and g, denoted by 7 = g , is defined by

(@ = [ fx-ygGay.
»

For almost all x € R,
APPROXIMATE IDENTITY

Definition 3.2.1

By an approximate identity we mean a family {e;: 4 = 0} in L*(R¥) such that

If e, — fll, = 0as1- 0.

Now, we specify an approximate identity for L* (R} The same can be extended to the case of L* (R} for appropriate changes.

Here onwards, we consider a non-negative measurable function w which satisfies
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[t,f:(x]dx=l

A

and let

W= v (D.xeraso
tll!‘.l - A""F AJXE . =

Then we have

(F g = f 76— Yy

f Flor — A (v ds
R

Indeed

(F = 4G = [ £ = pa(y)dy

=J; fOMalx — y)dy

X —y

= L f(:n-‘il%#«'{T) dy

= J‘ Flx — As)y(s)ds
R
FOURIER-PLANCHERAL TRANSFORM ON L*(R)
Definition 3.3.1

Fourier transform of functions in L* (R} by extending the known definition from L*{&) N L* (R} toall of L*(&).

Lemma 3.3.2

Let f € Cp(R). Then

hiﬂ{f ;) (x) =flx) foreveryxeR

where yr; is as in set {yr;: 4 = 0} is an approximate identity for L*(R].
Proof:

Note that for every x € R,

(f 5w — FG) = j £ — 4s) — fG) pls) ds.

R

Note that
Ifx —as) — flx)  [w(s) < 2||fll uls) with w e L*(R) and

[fix—As — f(x)]yls) = Dasd — 0
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As f is continuous at x

4. TEST FUNCTIONS AND DISTRIBUTIONS

Test functions and distribution

Let Q be an open subset of B, We shall denote the vector space £ (17} by D(Q) and call this space as Space of test functions.
Definition 4.1.1.

A sequence ¢,) in D(Q) is said to converge to € D(Q)if

(i) There exists a compact set K < Q such that ¢,) < K for alln € & and
(ii)@™ @, = 8™ ¢ uniformly on Q for every « € Nf

Definition 4.1.2.

A distribution on Q is a linear function u on D(Q) such that for every g,) in D(Q), @, — ¢ inD(Q) implies ulg,) — ulgp).
The set of all distribution on Q is denoted by D’ (Q2).

Definition 4.1.3.

A sequence u,, ) of distributions on Q is said to converge to a distribution % on Q if ulg, ) = ulg) for every ¢ D(Q).

Definition 4.1.4.

A distribution u on Q is called a regular distributions if u=u; for some f € Lt (1) and in that case ug is said to be the

distribution 1 generated by f.
Theorem 4.1.5.

There exists a sequence i, of regular distributions which converge to a delta distribution. Infact, taking f;; = ?,};Eﬂ

Where

E,={xelx—al =1/n},

Uz,

—= 4y, asn — o«

Proof:

Let = ?};En where
E,={xelx—al < 1/n}
and letu, =u

T

Let ¢ £ D(Q.Then

uylp) = plxldx

3| o=

x-al<1i/n

Note that
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ane) =2 j o) dx

|x—al<ifn

lplx) — plal]ldx + pla)

|x—a|eiin

ra| =

and

3| o=

lo(x) — plal]dx

|I—|:|=.:J.."'i’!
[ — — — o0
lr—flglﬂgi;ﬂ |(F| '::I] e {ﬂ:] | 0 azn oo

Thus, u,{@) = @la) as n — =.

Definition 4.1.6.

For £ = 0.an £ — impulse function is a non-negative function &, (x) defined for —= < x < = such that

L [T 65, (dx =1,
2. 5.(x) =0 for x|l = =
3. 5.0} smase—0

Theorem 4.1.7.

For =z = 0.if & is an = — impulse function, then uz — &, as £ — 0. where &; is the delta- distribution at 0.

Proof:

The proof is along the sme line as that of Theorem (4.1.5)

Let ¢ be a continuous function defined on R and & {x) is an £ — impulse function.

Then we have

- 3

f plx) 6. (xldx = I o), (x)dx.

—m —E

Hence,
[ 00 5.0ax - 9| = | [ 005, W ax - [ p@ 6, CIax

Thus we have

f elx) 6. (x)dx — @(0)

< [hp(x) — 0016, (Wax.
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Since ¢ is continuous, for any given e = 0, there is an £ = 0 such thatle (x) — @(0)| < & whenever |x| < &.

Hence , for such an & = 0.we have

@

J‘:p(.r]ﬁs(x]dx—(p{ﬂ]

—==

< J‘|:p{x]—tp{l]]|55(x:|dx£ﬂ [smdx: «

That is for every & = 0, there is an £ = 0 such that

w

[ 060 5, ax - 0(0

-

= .

Thus,

o

J‘cp{.r] S (x)dx — @l(0) as & =0

and hence, us_ (@) — &yl@) as & — 0. where &y is the delta distribution at 0.

5. CONCLUSIONS:

In this paper, A Study on Fourier Series and Fourier Laplace Transform are described, some results on differential operator are
proved.
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