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ABSTRACT

A connected Roman dominating function f =(V,,V,,V,)on a semitotalblock graph T,(G)=H is a function
f :V(H)—){O,l, 2} satisfying the condition that every vertex u for which f(u):O is adjacent to at least one vertex
v for which f (v): 2such that <V1uV2> or <V2> is connected. The weight of a connected Roman dominating function

is the value f( (H)): f(v). The minimum weight of a connected Roman dominating function on a
(H)

veV
semitotalblock graph H is called the connected Roman semitotalblock domination number of G and is denoted by

VreT (G)
In this paper, we study the connected Roman domination number of semitotalblock graph H and obtain some results
oN 7qcr (G)in terms of elements of G, but not in terms of H . Further we develop its relationship with other different

domination parameters of G .

Subject Classification Number: 05C69.
Keywords: Semi total block graph, Roman domination and Connected Roman domination.
INTRODUCTION

All graphs considered here are simple (finite, undirected and loop less). For standard graph theory the terminology not
given here we refer [2] and [3]. Let G = (V, E) be a graph with vertex set V and edge set E, the open neighborhood

N (V) of the vertex v consists of vertices adjacent to v and the closed neighborhood of v is N [v] =VUN(v) . Fora

subset SV (G), we define N (S)= U N(v) and N[S]= U N[v]. The subgraph induced by S is denoted by (S).

For any graph G =(V,E) , the semitotalblock graph T,(G)=H is the graph whose set of vertices is the union of the

set of vertices and set of blocks of G in which two vertices are adjacent if and only if the corresponding members of
G are adjacent or the corresponding members of G are incident, see[6].

A set DcV is a dominating set if every vertex not in D is adjacent to atleast one vertex inD. The minimum
cardinality of a minimal dominating set D is called a domination number of G and is denoted by y(G).

A dominating set D is connected dominating set if an induced subgraph <D> is connected. The connected domination

number y.(G) of a graph G is the minimum cardinality of a connected dominating set. See[5].
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A dominating set D is atotal dominating set if the induced subgraph <D> has no isolated vertices. The total domination

number y,(G) of agraph G is the minimum cardinality of a total dominating set. See [5]
A Roman dominating function on a graphG = (V, E) is a function f:V —» {0,1,2} Satisfying the condition that every
vertex U for which f(u)=0 is adjacent to at least one vertex v for which f(v)=2. The weight of a Roman

dominating function is the value f(v)=">" f(v). The minimum weight of Roman dominating function on a graph G

veV

is called the Roman domination number of G and is denoted by 7,(G). See[1]

A Roman dominating function f = (VO,Vl,Vz) on a semitotal block graph T,(G)= H isa connected Roman dominating

function (CRDF) on G if (V1 uV2> or <V2> is connected. The connected Roman semitotalblock domination number

rer (G) of G is the minimum weight of a connected Roman semitotalblock dominating function of G .

We need the following theorems to prove our further results.

Theorem A[8]: For any graph G, 7,(G)< 74 (G).

Theorem B[8]: For any nontrivial tree T,y (T): 2y(T) if and only if every non end vertex of T is adjacent to
atleast one end vertex.

Theorem C[4]: If G is a connected graph with p > 3 vertices then y.(G)= p—k or y.(G)+k = p where k be the
number of end vertices of T .

Theorem D[7]: Forany graph G, g (G)S 7R (G)

Theorem E[9]: Let G be any (p,q) with p > 2 vertices then p < 4 (G).

RESULTS
In this section we illustrate the connected Roman semitotal block domination number by determining the value of
7rer (G) for several classes of graphs.

Theorem 1:
1. For any path P,, p >3 vertices,
a yeer(P)=p if p=45.

b. et (Py)=2k+n, if p=45.where k=34,..;n=12,...
C. Vrer (Pyuy) =2k +n+1,

2. For any graph G, if G is a block or G has exactly one cut vertex incident with blocks which are complete,
then . (G)=2.

Upper bounds for y .. (G):
We establish the upper bounds for the connected Roman semitotalblock domination number.

Theorem 2: For any non trivial graph G, 7..;(G)< 2y (G).

D, . Also there exists a unique path between every pair of vertices of D,. Then |DC| =7, (G) Let the graph T, (G) has
{b,:1<i < n} number of block vertices corresponding to the blocks B, € G;i =1,2,....,n. Then V[T, (G)]=V(G)u{b, }
. Suppose there exists the sets D,, D, in T,(G) such that D, =D, and D, = {b,}. If f(V,)=¢, then some
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v, eD,1<k<i, v, efb}. Hence {v, uv,} forms a dominating set in T,(G) in which {v, uv,}eV, and if

(v, UV, ) is connected, then v, UV, |=2|D,|, which gives y.c;(G)=2y.(G). If f(V,)= ¢, for some v, eV(G) or
v, € D, also belongs to V,, then there exists v, cv, and v,, v, such that {v, uv_}eV,. If <vI UV, uv;n> is

connected , then ‘v, uVv, uv;n‘ < 2|D,|, which gives e (G)< 2y, (G).

Theorem 3: For any graph G with n blocks such that each block is complete, then .., (G)<2n.

Proof: Let G be any graph with n blocks such that each block is complete and f =(V,,V,,V,) be a y -function in
T.(G). Let {v,,v,,.....,v, } be the number of vertices incident with n blocks which forms a y_-setin G . If every end
blocks {B,;L<i<n} of G contains the vertices {v,} < {v, }, then{v, } eV, . Otherwise there exists some non end blocks
{B,;1< j <n} contains the vertices {vj}g {v,}, such that {v, }, (v} c v, and {v, }ev,, {v,}eV,. If <{vi}u{vj }> is
connected. Then {fv; Ju v, f < 2{{B, }U1{B, fi=2n. Hence y..,(G)<2n.

Theorem 4: Let G be any non trivial graph with G # P, p>6 then .., (G)< p.
Proof: Let G be any non trivial graph with G = P,, p > 6. Suppose G=P , p>6.Thenby Theorem 1, yc; (G)>p
, a contradiction. Hence G # P, p>6. Suppose G =P, with 1< p <5. Then by Theorem 1, the result is obvious.
Now let G be any non trivial graph with V(G) = {v,,v,,....,v, } and f =(V,,V,,V,) be a y. -function in T,(G)
.Further D, = {;,V,......., v;} 1<i <n be the number of vertices which forms a y, -set of G and v, fc {v;} be the
number of vertices of G such that V ve {vj } V —V has atleast two components. Suppose every vertex of V — {vj } IS
adjacent to atleast one vertex of v;. Then {vj }eV1 orV, and V — {vj }eVO. Otherwise there exists atleast one vertex
{v, } €V —{v, | which is not adjacent to {v, |. Let {B,;1<k <n} be the number of blocks in G such that v, < {B, }.
Then there exists the vertices {b,; 1<k <n} in T,(G) corresponds to the blocks {B, } of G such that {b, } eV, and
N(b, ) iv, feV, orV, which gives [Vy|+2V,| <|v,|.
Hence y..;(G)< p.

Theorem 5: For any nontrivial graph G, 7.1 (G)< 745 (G).

Proof: By Theorem 4 and Theorem E, 7.1 (G)< p < 745 (G).

Hence ypcr (G)S VRs (G)

Theorem 6: For any nontrivial graph G, 7p; (G)< 7.(G)+7,(G).

Proof: Let V(G)={v,,V,,....., v, } be the number of vertices of G.Let D, ={v,,V,,....,v;} 1<i<n be the number of
vertices of G such that D. <V and <DC> is connected. Further D, = {v;,V,,....,v, } 1<k<n be the number of
vertices of G and D, =V such that (D,) has no isolated vertices. Then |D |=7,(G) and [D|=7,(G). Let yp -set
Dy Such that |DRCT| = Yret (G) Since D, is connected. Therefore the set D, must contain atleast one vertex from
each block {B;;1<i <n}. Then the block vertices {b;;1<i<n} of T,(G) corresponding to the blocks {B;;1<i <n} are
adjacent to atleast one vertex of D,. Suppose f(V,)#¢ and f =(V,,V,,V,) be a yg.-function in T,(G) with V

v, €V,, 1<k <n. Then there exists atleast two vertices (u,w)e N(v, ) such that (U w)eV, . Also if there exist atleast
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one vertex v, < D, uD,, 1<m<n. Suppose v, belongs to only one block B of G. Then there exist a block vertex

beV[T,(G)] is adjacent to atleast one vertex of D, wD, such that beV, in which {v, Ufuuw}ub} forms a
connected component. Then |Dge;| <|D,|+|D;|. Suppose f(V,)=¢. Then ¥ v, e D, UD,, 1<I<n, v, €V,, also
{v,} forms a y..-set of T,(G) such that (v,) is connected, which gives |Dpcr|<|D|+|D,|. Hence
7eer (6)<7.(G)+7.(G).

Theorem 7: For any tree with n blocks and ¢ >1 cut vertices, 7. (T)<n+c.

Proof: Suppose T be a tree with n blocks and A= {v,,V,.,.....,v, } be the number of cut vertices of T such that |A|=¢
.Let {b,,b,,....., b, } be the number of block vertices of T, (T ) with respect to the blocks {B,,B,,....., B, } of T such that
|bn| =n. Since every block is K, in T andeach v, € A1<k <n isadjacent to its corresponding block vertex in T, (T )
such that v, eV, or V,, then the (V[T, (T )]~ A) is not connected it follows that {N(b,)~ A} forms y . -set in T, (T)

such that e, (T)<n+c. Therefore y...(T)<n+c.

Again as the number of blocks B, of T increased by atleast one block of T then atleast one cut vertex and one block
vertex are increased in T, (T ), which gives y..;(T)<n+c.

The connected domination, Roman domination and connected Roman semitotalblock domination are related by the
following inequality.

Theorem 8: For any graph G, 7xr (G) < 7.(G)+ 7, (G)-1.

Proof: Let G be any graph and f =(V,,V,,V,) be a y. -function with connected Roman dominating set Dgc, in

T,(G) such that |Dgcr| = 7zer (G). Now we consider the following cases.

Casel: Suppose G be any tree and kK be the number of end vertices in G . Let f = (vovlvz) be a y,-functionin G
and f(\/l'): ¢.ThenV u, (\/2 N DC) such that u, €V, . Suppose there exist a vertex We(\/o' N Dc). Then weV, or
there exists the vertices w,,w, €V, N D,. Clearlyw, eV,, w, €V, or w, €V,, W, €V,. Suppose some U, € (\/2 N DC)
. Then u, ¢V, and u, €V, . Also there existsu,,u, €V, N D, where as (u, Uu,)eV,. Hence (V, UV,) forms a

connected Roman dominating set in T,(G), which gives |Dge;| < |D,|+|Dg|-1.

Thus ygcr (G)S 7c(G)+ 7R(G)_1'
Case2: Suppose G is not a tree. Then we consider the following subcases.

Subcase2.1: Assume G be a graph with {Bi 1<i< n} blocks and C be the number of cut vertices in G such that
every vertex of B, are adjacent to atleast one cut vertex ¢ of G. Then V ve (\/2 N DC), v eV, and if there exist a
vertex UV, N D,, then ue N(v) and hence ueV,. Also if there exists weV, "D, and N(w)eV, nD,. Then

weV, and N(w) €V, which gives |Dger| <|D,|+|Dg| 1.

Hence 7/RCT(G‘)S 7c(G)+7R(G)_1-
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Subcase2.2: Assume G be a graph with {Bj 1< )< n} blocks such that atleast one vertex of each block is not adjacent

toacutvertex ¢. Then V B; in G there exist the corresponding block vertices v; eb; in T,(G) and hence v, €V,

also N(v;) "D, €V, orV,, which gives |Decr| <|D,|+|Dg| —1. Hence yuer (G) < 7. (G)+ 7 (G)-1.

In the following theorem, we establish the relation of y..;(G) with »_(G) and blocks of G .

Theorem 9: For any graph G with n blocks 7., (G)<7,.(G)+n.

Proof: Let G be any graph with {B,;1<i <n} be the number of blocks of G and f =(V,,V,,V,) be a y.. -function in
T,(G).

Further S ={v,,V,,....,V, } < V(G) be the set of all vertices with deg(v)> 2. Then there exists a minimal vertex set
S < S, which covers all the vertices of G . Clearly S forms a minimal y -set of G . Suppose the subgraph <S> has
only one component. Then S itself is a connected dominating set of G . Otherwise, if the subgraph <S> has more
than one component, then attach the minimum number of vertices {w,}<V(G)-S', where deg(w,)>2, which are

between the vertices of S such that S, =S U {Wi} forms exactly one component in the subgraph <Sl>. Clearly, S,

forms a minimal y_-set of G. Further k be the number of end vertices of G . Then we consider the following cases.
Casel: Suppose k = ¢. Then k =0<n. By Theorem C, 7.(G)+k = p. Also by Theorem 4, 7. (G)< p.

Hence yqer (G)< p=7.(G)+k < 7.(G)+n. Therefore y..;(G)< 7. (G)+n.

Case2: Suppose k = ¢ . Then consider the following subcases.

Subcase2.1: Assume G # K, . Then V {v, } e K;1<k <n there exist the blocks n € B, such that k <n. By Theorem
C, p=7.(G)+k <y.(G)+n.Also by Theorem 4, y..;(G)< p.Hence yue;(G)< 7.(G)+n.

Subcase2.2: Assume G =K, . Then by Theorem 1, y..;(G)=2=1+1=y_(G)+n. Therefore y..;(G)<y.(G)+n.
Lower bound for y .. (G):

In the following theorem, we obtain the lower bounds for y..;(T).

Theorem 10: For any non trivial tree T, #(T)+c¢ < y. (T ), where ¢ be the number of cut vertices of T .

Proof: Suppose G be a non trivial tree with V = {v,,V,,...., v, }. Then there exists a set V' <V such that V"' = »(T).
b, } be

1™n

Now for any non trivial tree T with B,;1<i<n be the number of blocks of T . Then in T,(T), let {o,,b, .....
the set of block vertices corresponding to B, in T,(T ). We consider a function f =(V,,V,,V,) be a y. -function in

T,(T).Now C, cC and V {v,} e C,. Then {v,}eV,. Otherwise V {v,} e C, if {v,}&V . Then {v,}eV,. It follows that
the connected induced subgraph (V, UV,) or (V,) is yuer (T). Hence p(T)+c < yuer (T).

In the following theorem, we obtain y.,(T) for which the lower bond is attained with connected Roman domination
number of T .
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Theorem 11: Let T be any non trivial tree. Then ypc (T) < yper (T).

Proof: Let T be any non trivial tree and f =(V,,V,,V,) be a y. -function in T, (T ). Suppose n, = {v,,V,,....., v, } be
the number of non end vertices of T adjacent to atleast one end vertex and n, = {v,,V,,.....,v,} 1<i<n be the number
of end vertices of T not adjacent to end vertices. Then we consider the following cases.

Casel: Suppose n, =¢. Then every non end vertex of T is adjacent to atleast one vertex. By Theorem 14,
Veer (T)=2y(T). Also by Theorem B, y,.(T)=2y(T). Hence e (T)=rper (T).

Case2: Suppose n, #¢. Then V {v,}en;i=12,.n, {v,}cV,. Now consider {n,,n,}< {n,}. Suppose V uen,,
ueV,. Then there exists atleast one vertex wen, and wc N(u) which gives weV,. Suppose u =¢. Then there
exist {h,;i=12,..,n}en, such that {h,}eV,. But {v,}eV, and {uw}eV,, which gives yq.(T)< 7ser(T). Hence
Vrc(T) < Veer (T).

Theorem 12: For any non trivial tree T , then y,(T) < yper (T).

Proof: From Theorem A and Theorem 11, 7. (T) < #ac (T) < 7per (T). Hence 75 (T) < yper (T).

Theorem 13: For any tree T . Then yg (T)< yper (T).

Proof: By Theorem D, 7 (T)< 7x(T) and by Theorem 12, 7, (T)< 7ner (T). Hence yeg (T)< 7per (T).

In the following theorem we establish the equality result.

Theorem 14: For any non trivial tree T, if every non end vertex of T is adjacent to atleast one end vertex. Then
7RCT(T):27(T)'

Proof: Let T be any non trivial tree . Further f =(V,,V,,V,) be a yq. -function with connected Roman dominating

be the number of non end vertices of T adjacent to atleast one end vertex. Then there exists a minimal y-set D of T
such that |D|:y(T)= n,. Let {B;1<i<n} be the number of blocks of T corresponding to the block vertices
{o,;1<i<n} of T,(T). Since each v e n, is incident with atleast two blocks and is adjacent to {k Ub, } in T,(T) with
the property |kub|=N,|, |n|=N,| and VM,|=¢, which gives |Dpe;|=N|+2V,|=¢+2n =2D|. Hence
Veer (T)=2/(T).
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