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 Abstract :   In this paper we introduced the new concept of interval valued sequence space )(, IR where  k is a  sequence  of  

positive  numbers. We present the different properties like completeness, solidness, AB property etc.  
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I. INTRODUCTION 

 

Mathematical structures in general, have been constructed with real or complex numbers. In recent years, these mathematical 

structures are replaced by fuzzy numbers or interval numbers and these mathematical structures have been very popular since 1965. 

Interval analysis is based upon the very simple idea of enclosing real numbers in intervals and real vectors in boxes. This 

ideology makes it possible to obtain guaranteed results on computers by direct transposition to interval variables of classical 

numerical algorithms usually operating on floating point numbers.Interval arithmetic is a tool in numerical computing where the rules 

for the arithmetic of intervals are explicitly stated. It was first suggested by P.S.Dwyer [2] in 1951. Development of interval 

arithmetic as a formal system and evidence of its value as a computational device was provided by R.E.Moore [8],[9] in 1959 and 

1962. 

A set consisting of a closed interval of real numbers x  such that bxa   is called an interval number. A real interval 

can also be considered as a set. We denote the set of all real valued closed intervals by I . Any element of I  may be called 

closed interval and denoted by x~ . That is, }.:{],[~
rlrl xxxxxxx  An interval number x~ is a closed subset of real 

numbers. Let rl xx and  be respectively referred to as the infimum (lower bound) and supremum (upper bound) of the interval 

number x~ . If ]0,0[~ x , then x~ is said to be a zero interval. It is denoted by 0
~

. 

For  Ixx 21
~,~

, we define 21
~~ xx   if and only if rrll xxandxx 2121 

 

)}:{~~
212121 rrll xxxxxxxx   

)},,,max(),,,min(:{~~
212121212121212121 rrlrrlllrrlrrlll xxxxxxxxxxxxxxxxxxxx   

The set of all interval numbers I is a complete metric space defined by  

 },max{)~,~( 212121 rrll xxxxxxd   

In the special case ],[~
1 aax  and ],[~

2 bbx  ,we obtain usual metric of  . 

Let us define transformation f:N    , k f(k)= ,~
kx then )~(~

kxx  is called sequence of interval numbers. kx~
 
is 

called kth term of sequence )~(~
kxx  , 

i  denotes the set of all interval numbers with real terms. 

A sequence )~(~
kxx  of interval numbers is said to be convergent to the interval number 

0
~x if for each  >0 there exists a 

positive integer k0 such that )~,~( 0xxd k  for all kk0 and we denote it by 0
~~lim xxk

k
 .Equivalently 0

~~lim xxk
k

 iff

rkr
k

lkl
k

xxandxx 00 limlim  . 
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II MAIN RESULTS 

Definition 2.1. 

Let )
~

(
~

k  be a positive sequence of  interval numbers such that 0
~~

k for all k. We define the subspace of  interval numbers  

)(IR as )(, IR . )(, IR represent the set of all sequences of interval numbers    )(~ IRxk  such that )(~~
IRx   . 

That is,   )(~~
:)(~)(, IRxIRxIR k     

Theorem 2.2. 

)()(, IRIR    if and only if )0
~

,
~

(suplim k
k

D   

Proof. 

 Suppose )()(, IRIR    . Let   )(~
~

, IRx
x

k 


 then )(~~
IRx   . Also for given 0 , there exists  Nn 0 such  

that 


 









0
~

,
~~

k

k
k

x
D for all 0nk  . Suppose )0

~
,

~
(suplim kD  , then there exists a subsequence }{ kn such that 

MD
kn )0

~
,

~
( for some  0M .Therefore  M

k

n

k

n kk
},max{

11


.
This implies that MM

k

n

k

n kk
 },

11

  

 Now , we define a sequence  














k

k

n

nx



~

of interval numbers   by 

  








knif

knifx

k

k

n

n

]0,0[

]1,1[
~

  

Note that    )(~ IRx
kn   

but Mx
k

nn kk


1

 MxMx
k

nn

k

nn kkkk


11

,,  and Mx
k

nn kk


1

 ,which contradicts the fact that 




 









0
~

,
~~

k

k
k

x
D . Therefore  )0

~
,

~
(suplim kD  . 

 

 Conversely,suppose  )0
~

,
~

(suplim kD  .Then there exists 0M such that MD
kn )0

~
,

~
(  for all k.

  

   
)()(, IRIR   

       
(2.1) 

Let )(~ IRx  ,then
M

x
D

k

k 













0
~

,
~

 
Now, 





































M
M

x
DD

x
D

k

k
k

k

k
k

.

0
~

,
~

)0
~

,
~

(0
~

,
~~

 

Hence 


 









0
~

,
~~

k

k
k

x
D . Therefore )(~~

IRx   . Hence   )(~
~

, IRx
x

k 


 .  

This implies that  )()( , IRIR   
      

(2.2) 

From (2.1) and (2.2),  )()(, IRIR   .This completes the proof.
 

Theorem 2.3. 
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If )
~

(
~

k  and )~(~
k  are any two fixed sequences of  Interval numbers  and if MD k )0

~
,~( for all k and for some 0M

where 

k

k
k




 ~

~
~  then )()( ,, IRIR   . 

Proof. 

Suppose MD k )0
~

,~( for some 0M .Then   M
k

k

k

k
k


11

,maxsup  . 

This implies that M

k

k

k 

1




and M

k

k

k 

1




 

From this, we get k

k

k
M   and

k

k

k M       (2.3) 

Let   )(~
~

, IRx
x

k 


 .Then )(~~
IRx  .Therefore for given 0  , there exists Nn 0 such that 

M

x
D

k

k
k




 










0
~

,
~~

for all 0nk   

Hence  
M

xxxx
k

kk

k

kk

k

kk

k

kk
k


 

1111
,,,maxsup    (2.4) 

Using (2.3) and (2.4), we get 













M
M

xMx
k

kk

k

kk

11

 

Similarly, 













k

kk

k

kk

k

kk

x

xx

1

11

,

,

 

Hence    
k

kk

k

kk

k

kk

k

kk
k

xxxx
1111

,,,maxsup  

This implies that 


 









0
~

,
~

~

k

kx
D  . Therefore   )(~

~

, IRx
x

k 


 .  Hence )()( ,, IRIR  
. 

Remark 1. 

        The condition stated in theorem 2.3 is not necessary. Let us define a sequence of  interval numbers  )
~

( k as follows 

 


















!

1
,

!

1
)

~
(

kk
k , where Nk and ])1,1([)~( k  for all k. Then )0

~
,~(D and )0

~
,

~
( kkD   are bounded sequences. 

Thus by theorem 2.2. )()()( ,, IRIRIR   . Therefore, )()( ,, IRIR    But MD
k

k 













0
~

,~

~




is unbounded. 

Remark 2. 

The metric of )(, IR  is given by 

 

























 k

k

kk
k

k

k

k

kk
k

k

k

k

k

k
yxyxyx

d

1

1

1

1

, ,maxsup
~~










 

And )(, IR is a metric space with respect to  ,d . 
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Now  )(, IR  is endowed with two topologies. One is the metric topology  given by the metric d
~

. The other topology   

 , whose metric is  ,d . 

Theorem 2.4. 

 If )0
~

,
~

(suplim kD  then  is finer than  , . 

Proof. 

It is enough to prove if











k

kx



~
is a sequence of  interval numbers  converging to 



x~
in )),(( ,  IR , then the sequence of interval 

numbers  converging to 


x~
in )),(( ,,  IR . 

Consider the identity mapping I from )),(( ,  IR  to )),(( ,,  IR . Take 0
~~




x
where 0

~
is the zero element of )(IR . 

Since 










k

kx



~
converging to 0

~~




x
in )),(( ,  IR , for a given 0 , there exists a positive integer Nn 0  such that 














0
~

,
~

k

kx
D   )(~, , IRxk 

 

Then },max{sup},max{sup
~

,
~

111111

,

k

k

k

k

k

k

k

k

k

k

k

k

k

k

k

k xxUxx
yx

d 














 

where },max{
11 k

k

k

kU  since )0
~

,
~

(suplim kD 
 

Therefore, 
 











 0

~
,~

~
sup},max{sup

1111

k

k

k

k

k

k

k

k

k

k

k

x
DUxx


  

This implies that  


 U
x

d
k

k 









0
~

,
~

,  

Hence 










k

kx



~
converging to 0

~~




x
in )),(( ,,  IR .  Hence  is finer than  , . 

Theorem 2.5. 

)),(( ,  IR is a complete metric space if  0)0
~

,
~

(inflim kD  . 

Proof. 

Let 

 

  







n

nx



~
be a interval number fundamental sequence in )(, IR . Then for a given 0  there exists Nn 0  such that  

 

 

 

 

  


 







m

m

n

n xx
d

~
,

~

, for all 0, nmn   

For each k, we have 

 ),(
)()(

,

m

k

n

k xxd for all 0, nmn   

       

















 k

k

m
k

n
kk

k

k

k

m

k

n

kk
k

xxxx

1
1

1

1

,max





 for all 0, nmn      (2.5) 

Let 0)0
~

,
~

(inflim  kDL 
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},max{inflim
11 k

k

k

kL         (2.6) 

By using (2.5) and (2.6), we get 
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xx
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k
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k
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11

,
  

Hence 

 

  







n

nx



~
is a interval number fundamental sequence in IR and since IR is complete, 
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(2.7) 
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~
is in )(IR , we have
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0
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,
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By using (2.7) and (2.8), we get 
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Hence   )(~ IRxk  and so )(, IR is complete.  
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