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Abstract: In this paper, we find a subclass of univalent analytic functions by fixing second, third, fourth Taylor coefficients. We 

investigate coefficient bounds, starlikeness, convexity, growth, distortion theorems, and extreme points for this class. 

 

Index Terms: Univalent functions 
   

Introduction 

Let S be the class of all functions of the form 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑛𝑧𝑛∞
𝑛=2   

which are analytic and univalent in 𝑈 = {𝑧 ∈ 𝐶: |𝑧| < 1}. 

Let T be the subclass [4] of S of all functions of the form 

 𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑛𝑧𝑛∞
𝑛=2  , 𝑎𝑛 ≥ 0                                                  (1) 

for 𝑧 ∈ 𝑈.  

A function f(z) ∈ T , is said to be starlike[1] of order α if 

  Re (
zf′(z)

f(z)
) ≥ α , 0 ≤ α < 1   

 A function f(z) ∈ T , is said to be convex [1] of order α if 

 Re (1 +
zf′′(z)

f′(z)
) ≥ α, 0 ≤ α < 1  

Silverman [2] proved that if 𝑓(𝑧) given by (1) is in 𝑇 and 𝑎2 > 0 then a sufficient condition for 𝑓(𝑧) to be in 𝑇 is given by  

                                   ∑ 𝑛(𝑛 − 1)𝑎𝑛 ≤ 2𝑎2
∞
𝑛=3                               (2)                                           

Now we introduce a subclass [3] 𝑇(𝑏, 𝑑, 𝐵𝑛) of 𝑇  by fixing 𝑎2, 𝑎3 𝑎𝑛𝑑 𝑎4 by imposing a generalized form of the condition (2) as 

follows: 

 𝑇(𝑏, 𝑑, 𝐵𝑛) = {𝑓 ∈ 𝑇: 𝑓(𝑧) = 𝑧 − 𝑏𝑧2 − 𝑑𝑧4 − ∑ 𝑎𝑛𝑧𝑛∞
𝑛=5 }   ∑ 𝐵𝑛𝑎𝑛+1 ≤ (2𝑏 − 𝑑𝐵3)∞

𝑛=4            (3) 

   where     0 ≤ 𝑏 ≤
1

4
, 0 ≤ 𝑑 ≤

1

24
, 𝐵𝑛 ≥ 𝑛(𝑛 + 1).                          

Section 1 

In section 1, we find a coefficient characterization for 𝑇(𝑏, 𝑑, 𝐵𝑛), a sufficient condition for starlkeness and a condition for functions 

in this class to be convex of order 𝛼. 
First we find a necessary condition for functions in 𝑇(𝑏, 𝑑, 𝐵𝑛) in terms of Taylor coefficients.  

Theorem 1: For 0 ≤ b ≤
1

4
, 0 ≤ d ≤

1

24
 , z ∈ U, a function 
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  f(z) = z − bz2 − dz4 − ∑ anzn∞
n=5 ∈ T(b, d, Bn) if and only if 

                        ∑ n(n + 1)an+1 ≤ 2b − 12d∞
n=4  . 

Proof: Let  f(z) = z − bz2 − dz4 − ∑ anzn∞
n=5  be function defined in the class T(b, d, Bn) 

             we have     ∑ Bn an+1 ≤ 2b − dB3 ∞
n=4   

                        ∑ n(n + 1) an+1 ≤ 2b − 12d ∞
n=4    

                       since     Bn ≥ n(n + 1)     

                      Hence     an+1 ≤  
2b−12d

n(n+1)
 ,        n ≥ 4 

        or       an ≤  
2b−12d

n(n−1)
,        n ≥ 5. 

    This completes the proof. 

 conversely, 

∑ n(n + 1)an+1 ≤ 2b − 12d∞
n=4  , 0 ≤ b ≤

1

4
, 0 ≤ d ≤

1

24
. 

 ∑ nan = 2b + 4d + ∑ anzn∞
n=5 ≤ 2b + 4d + ∑

2b−12d

n(n+1)
zn∞

n=5
∞
n=2 ≤ 1 

∴ 𝑓 ∈ T and hence 𝑓 ∈ T(b, d, Bn). 

Also,  ∑ Bnan+1 ≤ n(n + 1)
2b−12d

n(n+1)

∞
n=4 = 2b − 12d. 

  This completes the proof. 

In the following result we find sufficient condition for starlikeness of the class T(b, d, Bn). 

Theorem 2: A function  𝑓 ∈ T(b, d, Bn) , 0 ≤ b ≤
1

4
, 0 ≤ d ≤

1

24
 is said to be starlike of order α  for some  0 ≤ α < 1 if  

∑(n − α)|an| ≤

∞

n=5

(1 − α) − (2 − α)b − (4 − α)d 

Equality occurs for (z) = z − bz2 − dz4 −
(1−α)−(2−α)b−(4−α)d

n−α
zn ,     z ∈ U . 

 Proof: Let  𝑓 ∈ T(b, d, Bn)  is said to be starlike of order α if and only if 

                 Re (
z𝑓′(z)

𝑓(z)
) ≥ α , 0 ≤ α < 1  for z ∈ U. This is obtained by 

                      |
z𝑓′

𝑓
− 1| ≤ 1 − α, z ∈ U 

             For   z ∈ U, and 𝑓(z) = z − bz2 − dz4 − ∑ anzn∞
n=5   we have 

            𝑓′(z) = 1 − 2bz − 4dz3 − ∑ nanzn−1∞
n=5             (4)                   

                              these gives  |
z𝑓′

𝑓
− 1| 

= |
z − 2bz2 − 4dz4 − ∑ nanzn∞

n=5

z − bz2 − dz4 − ∑ anzn∞
n=5

− 1| 
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= |
z − 2bz2 − 4dz4 − ∑ nanzn∞

n=5 − z + bz2 + dz4 + ∑ anzn∞
n=5

z − bz2 − dz4 − ∑ anzn∞
n=5

| 

 

= |
−bz2 − 3dz4 − ∑ (n − 1)anzn∞

n=5

z − bz2 − dz4 − ∑ anzn∞
n=5

| 

 

                                    

≤
br + 3dr3 + ∑ (n − 1)anrn−1∞

n=5

1 − br − dr3 − ∑ anrn−1∞
n=5

 

 

                                   

≤
b + 3d + ∑ (n − 1)an

∞
n=5

1 − b − d − ∑ an
∞
n=5

 

Now the right hand side expression in above inequality is at the most 1 − α if 

      

b + d + ∑(n − 1)an

∞

n=5

≤ (1 − α)(1 − b − d − ∑ an)

∞

n=5

 

This is the given condition. Hence completes the proof. 

In the next result, we find a sufficient condition for convexity for the function in the classT(b, d, Bn). 

Theorem 3:  A function 𝑓 ∈ T(b, d, Bn), 0 ≤ b ≤
1

4
, 0 ≤ d ≤

1

12
 

  is convex of order α if           

∑ n(n − α)|an| ≤

∞

n=5

(1 − α) − 2(2 − α)b − 4(4 − α)d 

   0 ≤ α < 1 and  z ∈ U. 

Equality occurs when    𝑓(z) = z − bz2 − dz4 −
(1−α)−2(2−α)b−4(4−α)d

n(n−α)
zn, z ∈ U. 

Proof: A function 

   f(z) = z − bz2 − dz4 − ∑ anzn ∈ T(b, d, Bn)∞
n=5  is said to be convex of order α  if and only if 

    Re (1 +
z𝑓′′(z)

𝑓′(z)
) ≥ α, 0 ≤ α < 1   

                  This is given by 

                                                   |
z𝑓′′

𝑓′
| ≤ 1 − α                                    (5)      

 

              Equation (4) gives  

                 𝑓 ′′(z) = −2b − 12dz2 − ∑ n(n − 1)anzn−2∞
n=5  
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          left hand side of the inequality (5) is 

|
−2bz − 12dz3 − ∑ n(n − 1)anzn−1∞

n=5

1 − 2bz − 4dz3 − ∑ nanzn−1∞
n=5

| 

                        

≤
2br + 12dr3 + ∑ n(n − 1)anrn−1∞

n=5

1 − 2br − 4dr3 − ∑ nanrn−1∞
n=5

 

≤
2b + 12d + ∑ n(n − 1)an

∞
n=5

1 − 2b − 4d − ∑ nan
∞
n=5

≤ 1 − α 

 

           by the given condition  

     

∑ n(n − α)|an| ≤

∞

n=5

(1 − α) − 2(2 − α)b − 4(4 − α)d 

. 

 This completes the proof. 

Section 2 

 In this section we discuss growth, distortion and extreme points for the functions of the class T(b, d, Bn). 

Now we find growth bounds for the functions in the class   T(b, d, Bn) with increasing Bn. 

Theorem 4:  For  B4 ≥
5(2b−12d)

1−2b−4d
   and  0 ≤ b ≤

1

2
, 0 ≤ d ≤

1

4
 

Let {Bn} be a non-decreasing sequence with Bn ≥ n(n + 1) for n ≥ 4. Then for f ∈ T(b, d, Bn) we have 

   max {0, r − br2 − dr4 −
2b−12d

B4
r5} ≤ |𝑓(z)| ≤ r + br2 + dr4 +

2b−12d

B4
r5. 

            where |z| = r, z ∈ U.  

  Equality occurs when 𝑓(z) = z − bz2 − dz4 −
2b−12d

B4
z5 . 

  Proof:  For z ∈ U , f(z) = z − bz2 − dz4 − ∑ anzn ∈ T(b, d, Bn)∞
n=5    

  B4 ∑ an+1 ≤ ∑ Bnan+1 ≤ 2b − 12d∞
n=4

∞
n=5 ,  

      since  ∑ an+1 ≤∞
n=5   

2b−12d

B4
   

   Further, 

     |𝑓(z)| ≥ max {0, |z| − b|z|2 − d|z|4 − |z|5 ∑ an
∞
n=5                (6)                     

                         ≥ max {0, r − br2 − dr4 − r5 2b−12d

B4
} 

    and 

         𝑓(𝑧) ≤ r + br2 + dr4 + r5 ∑ an
∞
n=5 ≤ r + br2 + dr4 +

2b−12d

B4
r5 

      This and (6) together complete the proof. 
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Now we find distortion bounds for the functions in the class   T(b, d, Bn) with increasing Bn. 

Theorem 5: For  B4 ≥
5(2b−12d)

1−2b−4d
 and  0 ≤ b ≤

1

2
, 0 ≤ d ≤

1

4
 

            𝑓 ∈ T(b, d, (n + 1)Bn) and Bn ≤ Bn+1, then 

       max {0, 1 − 2br − 4dr3 −
2b−12d

B4
r4} ≤ 𝑓 ′(z) ≤ 1 + 2br + 4dr3 +

2b−12d

B4
r4 

       where |z| = r, z ∈ U .  

Equality occurs when 𝑓4(z) = z − bz2 − dz4 −
2b−12d

5B4
z5 

    Proof:  For  z ∈ U, f(z) = z − bz2 − dz4 − ∑ anzn ∈ T(b, d, Bn)∞
n=5      

                We have      B4 ∑ nan ≤ ∑ Bnan+1 ≤ 2b − 12d∞
n=4

∞
n=5  

      From (4) 

|𝑓 ′(z)| ≥ max {0,1 − 2br − 4dr3 − ∑ nan} ≥ max {0,1 − 2br − 4dr3 −
2b − 12d

B4

∞

n=5

r4} 

and 

|𝑓 ′(z)| ≤ 1 + 2br + 4dr3 + r4 ∑ nan

∞

n=5

≤ 1 + 2br + 4dr3 + r4
2b − 12d

B4

 

  Where  |z| = r. This completes the proof. 

 

In the next theorem, we discuss the extreme points of the class T(b, d, Bn). 

Theorem 6: The class T(b, d, Bn) is a convex subfamily of T. 

Proof: For  f(z) = z − bz2 − dz4 − ∑ anzn∞
n=5   and  g(z) = z − bz2 − dz4 − ∑ bnzn∞

n=5  

          belonging to T(b, d, Bn) we have  

    h(z) = λf(z) + (1 − λ)g(z) 

=λ[z − bz2 − dz4 − ∑ anzn∞
n=5 ] + (1 − λ)[z − bz2 − dz4 − ∑ bnzn∞

n=5 ] 

          = z − bz2 − dz4 − ∑ [λan+(1 − λ)bn]zn∞
n=5   

          = z − bz2 − dz4 − ∑ Anzn∞
n=5  . 

Since f and g  are in  T(b, d, Bn) ⊆ T and T is convex [3] hence h ∈ T.  

∑ BnAn+1 =

∞

n=4

 λ ∑ Bnan+1 + (1 − λ) ∑ Bnbn+1 ≤ 2b − 12d

∞

n=4

∞

n=4

 

Because 𝑓 and g are in T(b, d, Bn). Thus h ∈  T(b, d, Bn) and the theorem is proved. 
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     Following result characterizes function in T(b, d, Bn). 

    Also, we discuss the extreme of points of the classT(b, d, Bn).   

     Theorem 7: Let Bk ≥
(k+1)(2b−12d)

(1−2b+12d)
> 0.     0 ≤ b ≤

1

4
, 0 ≤ d ≤

1

12
   f3(z) = z − bz2 − dz4   and 

  fn(z ) = z − bz2 − dz4 −
2b−12d

Bn
zn+1, n ≥ 4  are the extreme points. Then f ∈  T(b, d, Bn) if and only if f(z) can be expressed as  

               f(z) = ∑  λn
∞
n=3 fn(z ) 

               Where  λn ≥ 0  for n ≥ 4 and ∑  λn = 1∞
n=3 . 

      Proof: Suppose that  f(z) can be expressed as (4). Then we have          

f(z) = ∑  λn

∞

n=3

fn(z ) = z − bz2 − dz4 − ∑
(2b − 12b)λn

Bn

zn+1

∞

n=4

  

which can be expressed as  f(z) = z − ∑ Anzn∞
n=2  where A2 = b, A3 = 0, A4 = d, An =

(2b−12b)λn

Bn 
  for n ≥ 5. 

  The function f(z) is analytic in U.  Since, ∑ nAn ≤ 1,∞
n=4  we have  f ∈  T.  

   Further    ∑ BnAn+1 ≤ 2b − 12d,∞
n=4  

    Hence we have 𝑓 ∈ T(b, d, Bn). 

Conversely, suppose that 𝑓 (z) = z − bz2 − dz4 − ∑ anzn∞
n=5  belongs to the class T(b, d, Bn) 

 Since ∑ Bnan+1 ≤ 2b − 12d,∞
n=4  for n ≥ 4 we may put 

  λn =
Bnan+1

2b−12d
, (n ≥ 4) and  

   λ3 = 1 − ∑  λn
∞
n=4 . Therefore, we have 

 𝑓(z) = z − bz2 − dz4 − ∑ anzn∞
n=5   

    = λ3(z − bz2 − dz4) + ∑  λn
∞
n=4 (z − bz2 − dz4 −

2b−12d

Bn
zn+1) 

     = ∑  λn
∞
n=3 fn(z ). 

This completes the assertion of the theorem. 
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