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Abstract-In this paper, we prove fixed point theorem in a partially ordered metric space.
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Introduction

A number of authors generalize of the Banach contraction
principle in fixed point theorems. Recently, Bhaskar and Lakshmikantham[1] Ciric and
Lakshmikantham[2] [3]Sabetghadam,Masiha and Sanatpour[4] Luong and Thuan[5] have
worked in this field.

Some Definitions

Definition[1]- An Element (x,y) € XxX is said to be coupled fixed point of the mapping
F:XxX—X if F(x,y)=x and F(y,x)=y.

Definition[2]- Let (X,<) be a partially ordered set and F:XxX—X ,we say that F has the
mixed monotonic property if F(x,y) is monotonic non-decreasing in x and is monotonic
non-increasing in y, i.e.; for any x,y € X.

X1, X2 € X,X1 £ X2 => F(x1,y) < F(x2)y)

and Y1 , Y7 € X,X1 < X2 => F(%,y1) < F(x,y2)

Theorem: Let (X,<) be a partially set endowed with a metric d such that (X,d) is
complete. Let F : XxX—X be a mapping having the mixed monotone property on X.
Suppose there exist non-negative real numbers c€[0,1) with c<1 for each x,y,u,v €EX we
have

d(F(x,y), F(u,v)) = c d(x,u)[1+2{\d(x,u)+d(u,F(u,v))}7]

1 +{\/d(x!F(“!")"'d(u!F(x!Y))}z "'{\/d(x!F(X!Y))"'d(u!F(u!V))}z

Suppose either(i)F is continuous or
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(ii)X has the following properties (a) if a non- decreasing sequence {x»} in X converges to
some points x€X, then x» £ x vV n (b) if a non-increasing sequence {yn} in X converges to
some points y €X, then y» 2 y V n.Then F has a coupled fixed point.

Proof:- Choose xo,yo€X and set x1=F(xo, yo) and y1=F(yo, Xo). In this process, We get set
Xn+1=F(Xn, yn) and yn+1=F(yn ,xXn) Then by inequality we have

d(Xn,Xn+1 )=d(F(Xn-1 ,yn-1 ), F(Xn,Yn))

<c d(Xn-1,Xn)+[1+2{\/d()(n-1,Xn)"'d()(n,,F(Xn,Yn))}z]

[1 +{\/d(Xn-1 ,F(Xn,Yn))+d(Xn,F(Xn-1 ,¥n-1 ))}2 "'{\/d (Xn-1 y F(Xn-1 ,yn-1 ))"'d(Xn,F(Xn,Yn))}z]

< ¢ d(Xn-1,%Xn)+[1+2{Vd(Xn-1,Xn)+d(Xn,Xn+1)}2]

[1+{Vd(Xn-1,Xn+1)+d(Xn,Xn)}2 +{Nd(Xn-1,Xn) +d(Xn,Xn+1)}2]

< ¢ d(Xn-1,Xn)+[1+2{Vd(Xn-1,Xn+1)}2]

[1+{Vd(Xn-1,%n+1)}2 +{Vd (Xn-1,Xn+1)}2]

S ¢ d(Xn-1,Xn)*+[1+2 d(Xn-1,Xn+1)]

[1 +2 d(Xn-1,Xn+1)]
< ¢ d(Xn-1,Xn)
Similarly,

d(Yn,yn+1)=d[F(yn-1,Xn-1),F(¥n,Xn)]

< ¢ d(yn1,yn)*+[1+2{Vd(yn-1,yn)+d(yn,F(yn,Xn)}?]
[1+{Vd(yn-1,F (YnXn)) +d(¥n,F (yn-1,Xn-1))}2 +{Ncd(Yn-1,F (¥n-1,%n.1)) +d (Yn,F (¥n,Xn))}2]
¢ d(yn1,yn)*[1+2{Vd(yn-1,yn) +d(yn,yn+1)}]
[1+{Vd(Yn-1,Yn+1)+d(Yn,yn)}2 +{Vd(Yn-1,yn) +d(Yn,Yn+1)]
S ¢ d(ynt,yn)+[1+2{d(yn1,ym1)}2]
[1+{Vd(Yn1Yne1) 2 +H{Vd(Ynt,yn1)}2]

c_d(yn-1,yn)*+[1+2 d(yn-1,yn+1)]

IA

IA

[1 +2 d(Yn-1 ,yn+1 )]

IA

c d(yn1,yn) (i)

Which implies that
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d(yYn,yn+1) € € d(Yn-1,¥n) (i)

Adding equation (i) and (ii) we have

dn < € dn (i)
Let dn=d(Xn,Xn+1) + d(Yn,yn+1).In this manner we get
dnh € € dn-1 € ~mmmemmeeees S C" do cennnnnnnn '(iV)

If do = 0, Then (xo,y0) is a coupled fixed point of F.Suppose that do2 0, Then for eachr € N
We obtain by the triangle inequality we have

d(Xn,Xn-l-r) + d(yn,yn-l-r) s [d(Xn,Xn+1) + d(Xn+1,Xn+2)+ """"" + d(Xn+r-1,Xn+r)]+
[ d(yn,yn+1) + d(Yn+1,yn+2)+ """"" + d(yn+r-1,yn+r)]
=[ d(Xn,Xn+1)+d(Yn,Yn+1)1+[ d(Xn+1,Xn+2)+d(Yn+1,Yn+2)]+-mmmmmmm +

[d(Xn+r-1,Xn+r) + d(Yn+r-1,yn+r)]
S dn +dn+1 D + dn+r-1

< cn (1-cr) do/ (1-c) tends to 0 as n—x (v)

Therefore {xn} and {y»} are Cauchy sequence. Since X is a complete then there exist x, y
€ X such that

Lim xn=xand Lim yn=y
n— n—
Now we show that if the inequality (i) holds then (x,y) is a coupled fixed point .
We have,
X = Lim Xn+1 = Lim F(xn,yn ) = F(Lim Xxn, Lim yn) = F(x,y)
n— n— n— n—

and

y = Lim yns1 =Lim F(Xn,yn ) = F(Lim yn, Lim Xa) = F(y,x)

n—ox n—x n—ox n—o»

Therefore (x,y) is coupled fixed point of F.Suppose that the condition (a) and (b) holds.
The sequence {Xn} — X, {yn} > V.

d(F(x.y),F(xn,yn))

IJCRT1802634 ’ International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org 1469


http://www.ijcrt.org/

www.ijcrt.org © 2018 IJCRT | Volume 6, Issue 1 February 2018 | ISSN: 2320-2882

< ¢ d(x,Xxn) [1+2{Vd(X,Xn)+d(Xn, F(Xn,yn)}?]

[1+{Vd(%,F(xn,yn))+d(xn,F (3,y))}? +{Vd (3, F (x,y))*+d (%n,F (Xn,yn))}2]

< ¢ d(xx) [1+2{Vd(x,x)+d(x,x)}?]

[1+{Vd () +d (%,%)}2 +{\d (,%)+d(x,x)}?]
Letting n—~ we have d(F(x,y),x) <0

This shows that F(x,y)= x, Similarly we can show that F(y,x)=y.
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