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Abstract : This work is concerned with spectral Jacobi - collocation methods for Volterra integral equations of the second kind with a

weakly singular of the form ('[ = S)’“. When the underlying solutions are sufficiently smooth, the convergence analysis was carried out in
1
[ Chen & Tang, J. Comput. Appl. Math., 233(2009), pp. 938 - 9450 ]; due to technical reasons the results are restricted to 0 < u < E In

this work, we will improve the results to the general case 0 < ¢ <1 and demonstrate that the numerical errors decay exponentially in the
infinity and weighted norms when the smooth solution is involved.
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1. Introduction
We Consider the linear Volterra integral equations of the second kind with weakly singular kernels

y(t):g(t)+j(t—s)"’K(t,s)y(s)ds, tel. (1.1)

Where | = [O,T], the function g € C(I ), y(t) is the unknown function, g E(O,l) and

KeC (I x | ) with K (t,t) # 0 for t € | . Several numerical methods have been proposed for

(1.1) (see, fore.g., [1,5, 17, 18]). FOr (1.1) without the singular kernel (i.e., ¢ =0 ), spectral methods and the corresponding error
analysis have been provided recently [19].
As the first derivative of the solution y(t) behaves like Y (t)D t™ (see, for e.g.,[1]), it is difficult to employ high order

numerical methods for solving (1.1). In [4], a Jacobi- collocation spectral method is developed for (1.1). To handle the non-
smoothness of the underlying solutions, both function transformation and variable transformation are used to change the equation into

a new Volterra integral equation defined on the standard interval [—1,1]. However, the function transformation (see also [5] )

generally makes the resulting equations and approximations more complicated. We also point out a relevant recent work [8] where
we consider the case with 4 =1/ 2 ( the so- called Abel integral equations) and with non - smooth solutions. In [8], only coordinate
transformations are employed.

On the other hand, due to the presence of the singular factor (t —S)W in (1.1), even with the smoothness assumption of the

underlying solutions there are still difficulties in establishing a framework to obtain spectral accuracy (i.e., errors decay exponentially
with the increase the degree of freedom ). The study of establishing the framework was carried out in [3], but due to the technical
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1
reason the convergence results were obtained for 0 < uz < E only. The main purpose of this work is to extend the results in [3] to

more general values of ¢, i.e., O < g <1. The main technical difference between this work and [3] will be pointed out at the end of

section 2. Moreover, unlike [4,8], neither coordinate nor solution transformation will be used due to the smoothness assumption of the
underlying solutions.
2. Jacobi-Collocation methods

Let ™” (X) = (1— X)a (l+ X)ﬂ be a weight function in the usual sense, for ¢, f > —1. As
defined in [2, 7, 16], the set of Jacobi polynomials {J,‘f’ﬂ (X)}w . forms a complete
n=

Liw (—1, 1) — orthogonal system, where Li,w (—1, 1) is a weighted space defined by

Lia,ﬂ (—1,1) ={v:v is measurable and Hol . ,< o},

equipped with the norm

T, = Ul\u(x)f o’ (x)dez ,

and the inner product

(u,0) ., :jlu(x)u(x)a)”"ﬁ(x)dx, vuvel®,, (-11),

For a given positive integer N , we denote the collocation points by {Xi }iio, which is the set
of (N +1) Jacobi-Gauss points, corresponding to the weight @ (X) Let p, denote the space of all polynomials of degree not
exceeding N . Forany veC [—1,1], we can define the Lagrange interpolating polynomial

li’v e p, satisfying

Iv/u(x)=0v(%), 0<i<N, (2.1)
see, fore.g., [ 2,7, 16 ]. The Lagrange interpolating polynomial can be written in the form
N
15070 (x) =2 0(x )R (%),
i=0
(X) is the Lagrange interpolation basis function associated with {Xi }.N:o .
For the sake of applying the theory of orthogonal polynomials, we use the change of variable

where F

t=%T (1+x), s =%T(l+r),
and let
u(x)=yg(1+x)], f(x)=g@a+x)),

following [3], we obtain from (1.1) that

U(x)= £ ()+ [ (x=2)* R(x2)u(c)dr,  xe[-LL, @29
where B
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R(x7) =Gj B K(TE(H X),%(1+T)j.
(2.2b)

Firstly, equation(2.2a ) holds at the collocation points {X } on [-1,1], associated with @~

X
u(x)="f(x)+ .[(Xi —7) " K(x,7)u(r)dr, O<i<N. (2.3)
-1
In order to obtain high order accuracy for the volterra integral equations problem, the main
difficulty is to compute the integral term in (2.3). We rewrite the integral term as :

j’l(xi -7)“K (Xi’r)u (7)dz :j (1-6) " K, (Xi’ri (9)).1 (7:(0))d6, (2.4)

by using the following variable change

r=1, (9):“7’“%%_1, 0<[-11]

where
K.(x,7 () = [HTXJ R(x.7(6)).

Next, using a (N +1) — point Gauss quadrature formula relative to the Jacobi weight {CU. }IN:() :

the integration term in (2.3) can be approximated by
1

[(2-0)" R (x5 (0)(x (0))dor sz (%7 (8.)1(z (6,)) @, @)

a
where the set {Hk}:j:o coincides with the collocation points {X; }io is the set of (N +1) Jacobi Gauss, or Jacobi Gauss - Radau,

or Jacobi Gauss - Lobatto points, corresponding to the weight @ *°. We use u, 0<i< N, to approximate the function value

U(Xi)’ 0<i<N, and use

N
UN(X):Z(;UJFJ'(X) (2.6)
j=

to approximate the function U (X), namely U (Xi ) ~U;, U (X) ~u" (X), and

u(z(6,))~ ;zoujﬁ. (z(6,)).

then, the Jacobi-collocation method is to seek U" (X) such that {ui }.N=o satisfies the following
collocation equations:

N N
u=f(x)+>u, (Z K, (%.7(6,))F;(z (Hk))a)k) 0<i<N. @.7)

i=0 k=0
We close this section by pointing out the technical difference between this work and [3]. The main difference is the choice of {Xi}in
(2.3) and {6 } in (2.5). In this work, {X } is associated with @ *~* and {€ } is associated with @ *°, i.e., they are different ; but
in [3] both are associated with w*°, i.e., X = Q Note our analysis requires to use the Lebesgue constant for the Lagrange

interpolation polynomials associated with the zeros of the Jacobi polynomials (for details, see Lemma 3.3). It will be demonstrated
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that if {Xi} and {Hk} are chosen differently, we can make better use of appropriate Lebesgue constants. This in turn will extend our

analysis to the general values of .
3. Some useful lemmas
Throughout the paper C will denote a generic positive constant that is independent of N but which will depend on the length T

of the interval | =[0,T] and on bounds for the given functions f, K which will be defined in (2.2b ), and the index z. We first

0
introduce some weighted Hilbert spaces. For simplicity, denote 6,0 () = (a—ju(x) , etc. For non-negative integer m, define
X

Ho, (-11)={v:dwel?,, (-11),0<k <m},

with the semi- norm and the norm as

1
2
ol ... =(z|u|wj |

o], or =|
| m,o®?

respectively.

To bound approximation errors of Jacobi polynomials, only some of the | —norms appearing on the right - hand side of above norm
enter into play. Thus, it is convenient to introduce the semi - norms

m
H’“N(ll)L Z ‘

V|2 (-11) |
k=min(m,N+1) WAL

Lemma 3.1. ([2, 15]) for any function v satisfying v € H;‘aﬁ (—1,1) ,with —1< «, f <1, we have

jofes =lo

HU— Iﬁ'ﬂuu <CN-™ |
wa

a/} 1
m;N
wf !

Hu— I“’ﬁuH < CNEm |u
N 1,0 P

for the three families of Jacobi points.
Let us define a discrete inner product. For any U, v € C[—1,1], define

N
= D u(x,)o(x,)e,. (3.1)
j=0
Lemma 3.2. ([2,15]) If v € H:}‘M (=1,1) for some m>1and ¢ € p,, then for the three families of Jacobi Gauss integration we
have
©.9),,., ~©.8),| <N ],

From [10], we have the following result on the Lebesgue constant for the Lagrange interpolation polynomials associated with the
zeros of the Jacobi polynomials.

Lemma 3.3. Let {FJ.(X)}:_\IO be the N -th Lagrange interpolation polynomials associated with the Gauss points of the Jacobi
polynomials. Then

O®logN),~1< a, ,6’<71
le‘jv ‘m = max Z‘F (x)‘

xe[-1,1]

( j y =max(a, ), otherwise.

For r>0and ke [0,1], (o3 ([—l,l]) will denote the space of functions whose

r _th derivatives are Holder continuous with exponent K, endowed with the usual norm
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oo (x)-akv(y)|
||u||r = max max ‘8“ )|+ max sup ‘ () EU(y)-
o<k<r xe[-11] O=K<r yoryel-11] |X - y|

When k =0, C"° ([—1,1]) denotes the space of functions with r continuous derivatives on [—1,1], which is also commonly

denoted by C" ([—1,1]), and with norm ||||r .
We shall make use of a result of Ragozin [12, 13 ], which states that, for
non-negative integers I and K € (0,1), there exists a constant C_, > 0 such that for any function v € c ([—1, 1]), there exists

~

a polynomial function 3

”U—SNU”OO < Cr’kN_(”k) ”U”r,k' (3.2)

U € p,, such that

Actually, as stated in [12, 13], 3, is a linear operator from C"* ([—1,1]) into P -

We further define a linear, weakly singular integral operator M :
X

MU=J.(X—T)_#K(X,T)U(Z’)C]T. (3.3)
-1

Below we will show that M is compact as an operator from C ([—1, 1]) to CO* ([—l, 1])

provided that the index K satisfies 0 < k < 1— u. The proof of the following lemma can be found in [4].

Lemma 3.4. Let ke (0,1) and M be defined by (3.3). Then for any function v € C ([—1, l]) , there exists a positive constant C,

which is dependent of HIZHO L such that

‘MU(X')—MU(X")‘

E <C max ‘u ‘
‘X'—X"‘ xe[-11]

under the assumption that 0 <k <1, forany X,X e[-11]and X # X". Thisimplies that
||Mu||0lk <Clp|,, 0<k<l-pu

where "”w is the standard norm in C([—l,l]).

4. Convergence analysis

The objective of this section is to analyze the approximation scheme (2.7). Firstly, we derive the error estimate in L norm the Jacobi
collocation method.

4.1  Errorestimatein L”

N
Theorem 4.1. Let U be the exact solution to the Volterra integral equation (2.2) and the approximated solution U be obtained by
using the spectral collocation scheme (2.7) together with a polynomial interpolation (2.9). If 4 associated with the weakly singular
kernel satisfies 0 < £ <1 ang U € H(Tf,,,f,, (-L1)(m=1), then
%—m[\u\mNﬁ +N%IogNK*\\u\\xj 1

CN =< u<l
Ju—u¥], < 2 (4.1)

Nl )

1
oNe 0< < %

for N sufficiently large, where
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* m;N
K™ = max
0<i<N

K (%.7())

(4.2)

w—u,O )

proof. First, we use the weighted inner product to rewrite (2.3) as

u(x)=f(%)+(K(%7()u(z()) ., 0<i<N. (4.3)

@

By using the discrete inner product (3.1), we set

(R (%5065 0)), = 2K (105 (6)) (5 6o,

then, the numerical scheme (2.7) can be written as

u—f(x)+1+—Xin(K(XT()) u" (5 (), 0<i<N
i~ i 2 ir i) ) i) =1="1% (4.4)
where u" is defined by (2.6). Subtracting (4.4) from (4.3) gives the error equation:

u(x)-u; = (K1 (%.7()).e(z ()))ww +1,

:]E(Xi —7)"K(x,7)e(r)dr+1,,
e (4.5)

for 0<i<N, where e(x) —~ U(X)—UN (X) is the error function,

L =(K(%0m () (2.0))) Lo =(Ke(xom ()ou" (=),

and the integral transformation (2.4) was used here. Using the integration error estimates
from Jacobi- Gauss polynomials quadrature in Lemma 3.2, we have

1 <N onK, (%7 () o (= ()

Multiplying F. (X) on both sides of the error equation (4.5) and summing up from i=0tpi=N yields

oy (4.6)

w0

X N

I,;ﬂ’_ﬂu STl I[;,u,—,u (J‘ (X—T)_'UK (X, T)E(T)dTJ+Z Ii,2Fi (X)
¥ i=0

Consequently,

X

e(x)=I(X—z‘)_”lz(x,r)e(z')dz'+ll+I2+I3, 4.7
-1
where
N
L=u—1""u,  1,=>1,F(x) (4.83)
i=0

I, = w«—ﬂU(x_r)-”rz(x,f)e(f)dfj_f(x_r)‘*‘ﬁ(x,r)e(r)dr. (@80

-1 -1
It follows from the Gronwall inequality (see [4])

lell, <C (Il +I1, +I%].) (49)
From Sobolev inequality (see p. 490, A. 12, [2] ) and Lemma 3.1, we obtained that

Ay g ama
[l =[u—1el,

2
sCHu—IN‘“ “u

e M2
(u—IN”"u)

1 Mt

@ HH
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m;N

1m
<CN2 |u[”,.,. (4.10)

Next, from (4.6), we have
m;N

max|l;,| < CN"" max K, (x,7;(.)) .. -max[u" (7 ()] .
<CN™"max K, (%7 () :TO
<N max| i (x4, ()] (Iel. +||u|| ) w1
Hence, by using (4.8a), (4.11) and Lemma 3.3, we have
[l =2 ROl (@.12)
sCmal,,|m mZ\F )
_Jemoan ma (xn O (el +lull ). %g u<l,
|oN o K, (.5, ()"l +Joll.) 0 < <,
for sufficiently large N. we now estimate the third term -4 Note that
L= p()=p), (15 =1)p(x)=0, Vp(x) € p,. .

| x :
As the bound of ” 3||°° we use the same idea as [4]. It follows from (4.13), (3.2), and Lemma 3.3 that

CN-*log Ne], .2 < <1,
1L, =1 = 1)me], <

1
CNZ " [6]. .0 < ﬂ<%,

where in the last step we have used Lemma 3.4 under the following assumption:

O<k<1l—y, lS,u<l,
when 2

1—/J<k<1—/1, 0<,u<l,
2 when 2

It is clear that

], <3l

N
provided that is sufficiently large. Combining (4.9), (4.10), (4.12) and (4.14) gives the desired estimate (4.1).

(4.14)

2
4.2 Error estimate in weighted L® norm

To prove the error estimate in weighted L? norm, we need the generalized Hardy's
inequality with weights (see, e.g.,[9,14]).

Lemma 4.1. For all measurable function f =0, the following generalized Hardy's inequality
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holds if and only if

o e 0] < 0

a<x<b a

for the case 1< P <0 <. Here, T is an operator of the form
(TF)(x)=[k(xt) f (t)dt

with K(X,t) a give kernel, U, 0 weight functions, and —00<a<b <oo.

from Theorem 1 in [11], we have the following weighted mean convergence result of
Lagrange interpolation based at the zeros of Jacobi polynomials.

Lemma 4.2. For every bounded function U(X), there exists a constant C independent of U
such that

JZi;u(xj)Fj (x)

Theorem 4.2. Let U be the exact solution to the Volterra integral equation (2.2) and approximated solution U™ be obtained by using

sup

N

<Clol,

5 (-1D)

the spectral collocation scheme (2.7) together with a polynomial interpolation (2.6). Assume that U € H;n-y,-y (—111) then, for N
sufficiently large

Ju-u"|
O—p,—pt

Y & !
CN—m(Nz uj, " +K u||w],zg,u<1,0<k<l—,u,

< (4.15)
N

CN™ (|u|2:ﬂ,,y

+KCJul, )0 < 5 <k<iop

where K” are defined by (4.2).
Proof. It follows from the Gronwall's lemma (see [4] ) and 4.7) that

X

() <C [ (x=2)*K(X,2)(ly + 1, + 1) (@)dz+ 1 +1, + 1,
-1

By the generalized Hardy's inequality Lemma 4.1, we obtain that

X

j(x—r)-ﬂK(x,r)(|1+ I, +1,)()dr

+C (H Il‘ M H o HH + H I3‘ @ HTH )

<C (Hll\wﬁ x| LA [ )
Now, using Lemma 3.1, we obtain that

Hll‘ :Hu— I;f‘"/‘uH <CN™™|u

Using Lemma 4.2 and (4.11) gives

le| .. <C

@

o MK

+|

m;N

o1l s ot

(4.16)
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N
... -[S1A0| e,
i=0 ot H -
<CN-"K” ([, +ul..)-

Ll
Finally, for the bound of H 3”‘” we use the same idea as [4]. It follows from (4.13), Lemma 4.2, and (3.2) that

I —— H(WW —1)Me| , , <CN"[e],. 4.17)

_ ke(0,1-p). _ _
where in the last step we used Lemma 3.4 for any By the convergence result in Theorem 4.1, we obtain that
H I3 o HH

1
CN?2 (|u| e ANC Iog NK” |ul ] =<u<l,
<
2 (L N )o<ﬂ<—
2 (4.18)

for sufficiently large and for any ke (0,1—,11)- The desired estimate (4.17) is obtained by combining (4.16), (4.17), and (4.18).

5. Conclusion
In this work, we have considered the Volterra integral equation (1.1) with the assumption that the exact solutions of (1.1) are smooth.
We point out that this case may occur when the source function g in (1.1) is non - smooth ; see, for e.g., Theorem 6.1.11 in [1]. In

this case, the Jacobi - collocation spectral method can be applied directly, which leads to spectral accuracy without using any
coordinate or function transformations. we close this work by noting that the Jacobi weighted Besov / Sobolev may be a natural tool
for polynomial approximations. In [6, 7], it was demonstrated that Jacobi - weighted Besov and Sobolev spaces are the most
appropriate tools for obtaining optimal upper and lower bounds when dealing with weakly singular problems, particularly for those
with certain singularity at the end - points. This approach may be useful for analyzing the direct Jacobi - collocation spectral approach
outlined in this work . It remains to be a future research topic.
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