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ABSTRACT

In this paper, the properties of quaternion quasi-normal matrices in the form of double representation of complex matrices.
The normal product of the quaternion quasi-normal matrices are derived.
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INTRODUCTION:

A normal matrix A = (&;) with complex elements is a matrix such that AA°T = A°TA where A°T denotes the

(complex) conjugate transpose of A . In an article by K. Morita[5] a quasi-normal matrix is defined to be a complex matrix A

which is such that AAST = AT A, where T denotes the transpose of A and A the matrix in which each element is replaced by
its conjugate, and certain basic properties of such a matrix are developed there.

Based on the bi-complex form of quaternion matrix Junliang Wu and Pingping Zhang [4] presented some new concept to
quaternion division algebra. The new concepts could perfect the theory of Wu in [9]. The complex representation method for the
quaternion matrices on explore the relation between the quaternion matrices and complex matrices.

In this paper, quaternion quasi-normal matrix is defined. The further properties of quaternion quasi-normal are developed,
their relation in a sense, to a quaternion normal matrices are consider and further results concerning quaternion normal products are
obtained for quaternion quasi-normal.

Theorem: 1
A matrix A is double representation of quaternion quasi-normal iff a quaternion unitary matrix U such that UAUT isa

b } where aand b are non-negative real numbers.
— a

direct sum of non-negative real numbers and of 2x2 matrices of the form {

Proof:
Let A be a double representation of quaternion quasi-normal where A= X+Y. [Where X = X,+ X,j and

Y=Y, +Y,jl,Where X =XT =X +X/jand Y =-Y"=—(Y,] +Y,"j). Then AA"T = ATA® where A= X +Y .

AAST = (X +Y)(X +Y)CT
[(XO +YO) +(Xl +Y1)J][(XO + le)+(Y0 +Y1J)]CT
[(X, +Yg) + (X +Y) JII(X, + le)CT +(Y, +Y1j)CT]

[(X, +Y) + (X, +Y)) J][(XoC - X1C ) "‘(_Yoc +Y1C )]
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= [(Xo +Yo) + (X, +Y) JII(Xg =Yg )= (X =Y, 5) ]
= [(Xo +Yo)(Xg Yo I-L(X, +Y)(X{ =Y,5) ]
[X, XS = X YE+Y, XS —YNEI+[XYE =X XE —Y XE+YYCl] .. )

Now,
ATAT = (X+Y) (X +Y)°
(Xo+ X J+Y, +Y1j)T (Xo+ X J+Y, +Y1j)c
[(Xo +Yo) + (X, +Y) ST I(Xo + X, ) + (Yo +Y, I
= [(XJ +Yo-r)"‘(xlT +Y1T)j][(xoc +Y0C)_(X1C +Y1C)j]
= [(Xg +X{ D)+ (Y +Y)IIXs +Ye ) =X +Y,9) ]
= [(X, _Yo)(xoC +Y0C)]_[(X1 _Yl)(x1C +Y1C)]j
= [)(OXOC +X0YOC —YOXOC —YOYOC]—I—[YleC +Y1Y1c —xle —Xlch]j ...... )

Since A is double representation of quaternion quasi-normal.
AACT - AT AC
[XoxoC P XoYoC +Y0XOC _YoYoC]+[X1Y1C By Xlxlc _lelc JrY1Y1C]j = [XOX((): + XoYoc _YOX(():
_YOYOC] + [lelc +Y1Y1C K Xlxlc - XlYlC ]J

Y XS +Y Xg + XY j+ XY X Y$ + XYy +Y, X j+Y, XS

2Y0X0C +2X1Yl°j
YoXg =Y, X{
(Yo +Y1j)(X§ _xlc J)
YX©

2X0Y0° + 2Y1ij
xoYoC a Xlch j

(Xo + X, 0)(Ys =Y. 1)
XY ©

There exists a quaternion unitary matrix U =U, +U, j suchthat U, +U,j[7] -UXU" = =
(U, XUd)+ U, XU ) = Disadiagonal matrix with non-negative real. Therefore,
(UYUT)(UXUT)® (UXUT)UYU™)®
UgYoUgUs XgUg® —UYUUPXU ] = UpXUgUgYoUg® —U XUTUTY, U |
or WD = DW®, where W =-WT. Let U, +U,j be chosensothat D issuchthat d, >d, >0 for S <t where d_is the

s™ diagonal element of D .

If W = (e,) where e, = —e, then e,d, = dtést for t > S and three possibilities may occur: if d,=d =0,
the e is real; if d, = d, = 0, eis arbitrary (though W =-WT still holds); and if d. = d,,then e, =0 forif e, =
a+ib then (a+ib)d, = d (a—ib) and a(d, —d;) =0 jmplies that @=0 and b(d, +d,) =0 implies that d, = —d,

(which is not possible since d are real and non-negative and d, # d,)or b = 0so e, = 0.

soif UXUT = (U XUJ)+U,XU)j = dl,@d,1,®.... @d,l, where @ denotes the direct sum, then
uyu’ = (U YU +UYU)j= Y, ®Y,D.... DY, where Y, =Y, isrealand Y, =-Y, is quaternion if
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and only if d, =0. For each real Y, there exists a real orthogonal matrix V, so that VSYSVST is a direct sum of zero matrices and
0 b +b, ]

. where b, and b, are real.
_bl - bz J 0 }

matrices of the form [

If Y, = Voo * Ve d) = —Yog +Yy4 J)" is quaternion, there exists a quaternion unitary matrix V, =
Vo Vi I such that Vo Yo, Vo +Vago Yigo Vi J + Yo + Y1 s a direct sum of matrices of the some form, so that if V
V,®V, ®....8V,, then V = V,+V,j, then VUXU'VT = VU, XUV, )+ MU, XUV,)j = D and VUYU'V'
= (VU YUV )+ (VUYU,V,")j = F the direct sum described. Therefore, VUAU'V' = VUX+Y)U'V'

= [(VU XUV, )+ (VU XUV T HVUY UV, )+ (VMUY UV, )jl = D+F Whichis the desired form.

Properties of double representation of quaternion quasi-normal matrices:

If A,+Aj and B,+Bj are two quaternion quasi-normal matrices such that that AB® = BA®, that is
ABS —ABSj = B,Ay —B,A"j then A +Aj and B,+B,]j can be simultaneously brought into the above
quaternion normal form under the same U, +U1j (with a generalization to a finite number) but not conversely; if (A) + Aij) is
quaternion quasi-normal AA® = AAS —AA°j is quaternion normal in the usual sense, but not

conversely; and if (A, + A J) is quaternion quasi-normal and AAC is real, there is a real orthogonal matrix which gives the above
form.

Properties of double representation of quaternion quasi-normal matrices not obtained in this section but
of subsequent use are the following:

a) A= A +A]is both quaternion normal and quaternion quasi-normal matrices if and only if A+ A ]
HU,+HU,j = UH,+U,H,j = UH] +UHj soH = H +H,j = Hj+H/]j
He™—H"j sothat H is real.

b) If A)+Aj=HU,+HU,j= UH] +UH/ j is quaternion quasi-normal matrices, then U,H, +U,H,j is
quaternion quasi-normal matrices, if and only if HUZ +H,Uj = UZH,+UZH,j, that is if and only if HUZ +H,U/j is
quaternion normal.

For if U,H,+U,H,j is quaternion quasi-normal matrices, U,H,+UH,j = HjU,+H U, jso that
HUZ+HU?j = UHJU,+UH/U,j = UZH,+U/H,j andif HUZ +HU/j = UZH,+U/H,]j,
then HUU = (H,+H;j))U,+U,;j))U,+U,j) = UUH,+UUH,j = UUH and
H'U = HjU,+H/U,j = UH,+UH,j = UH
Theorem: 2

If Ay+A] and B, + B,] are quaternion quasi-normal matrices, then A B, + A B, ] is quaternion normal if and only if
ATAB,—ATABj = B,AAT —BAATj and AB,BST —ABB T j = By B,A, —BTB,A j (that is if and only if

each is “quaternion normal relative to the other”).

Proof:
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If AB,+ABj is quaternion normal, from the above, D= D,+Dj,
D DB, = D;'D, Bozy — DT DB = ByyDy DT - B2 DDf"j = B,DD®" so that F,'F, Bowy — = FByyl
= BO(l) F FocT - Bl(l) FlFlCT jor A“TAB = A(():T AB, - A1CT ABj = BvoAé:T - BlA1A1CT J

Similarly, since DB, = DyByz) + DB,y is  quaternion  normal, DB,Bf'D¢ =
CT C CT RC ; CT (~C CT RC .
DyBy2)Bo Do + DiBy 2 Bi5) Dy ] = By Dy DyByy) + BB DBy ) = B;'D°DB, so, DB,B;" =
cT cT cT cT .
DyBy2)Bozy — DBy By ) = By2)Boz Do — BBy Dl or FB,B" =

I:o Boa) BoC(I) - FlBl(l) B1C(1T)J = BoC(I) 50(1) |:o - Blc(lT) Bl(l) F1j o AB, BoCT - AiBlB:LCT j o= BoCT BoA, — BlcT B/AJ. Thatis
ABB®T = B°TBA. The converse is directly verifiable.

Double Representation Of Quaternion Quasi-Normal Products of Matrices:

It is possible if A, + A J is quaternion normal and B, + B, j is quaternion quasi-normal that A;B, + A B, j is quaternion
quasi-normal.

For example

Any quaternion quasi-normal matrix C = HU,+HU,j = U,H; +U,H, j is such a product with ~ A =

A+Aj = H,+H,j and B,+B,j = U, +U,j orif C = HU,+HU,j= UH] +UH/ j and
A +Aj = Hy+H,j then AC = (Hy+H;j)(HU,+HU,)) = (H,+H,))(HU,+HU,j) =
(HU, +HU, DH] +H] j) = U,(Hg)>+U,(H])?j. Therefore AC is quaternion
quasi-normal.
Theorem: 3

If A= GW,+GW,j = W,G,+W,G,]j is quaternion normal-and B = SV, +SV,j = V,S; +V,S ] is
quaternion quasi-normal (where G,,G,, S, S, are hermitian and W,,W,,V,,V, are unitary) then AB is quaternion quasi-normal if
and only if G,S, +G,S, ] = S,G, +S,G,j. GV, +GV,j = V,G; +V,G, j and W,S, +W,S,j = SW, +SW,j.

Proof:
If the three relations hold, then AB = GW,SV, +GW,S\V,j = G,S\W,V, +G,SW\V, ] on one hand, and AB

= W,G,SoV, +W,GiSV, j = WoSVoGy +WiSVIG | = WV, Sy Gy +WVSS Gl ] = WV, (G,Sy)" +WV,(GS,)' | is
quaternion quasi-normal, since G,S, +G,S, j is hermitian and WV, +W,V, j is unitary.

Conversely, let A = UJ'DYU,-US'DU,j = GW,+GW,j and B = UOCTBg(l)UOCJrUfTBlTUfj

(Ué:TSO(l)UO—UlC Tsl(l)Ulj)(UOCTVO(l)Ué: +U10 TVl(l)UlC j) = VOSJ +V131T j where Sy, Sy and Vg, Vi, are

hermitian and unitary and direct sums conformable to Bg(l) + BlT(l)j and D, + D, j.

A direct check shows that G,S, +G,S,j = S,G, +S,G,j and GV, +G\V,j = V,G; +V,G] j also W,S, +W,S, j

= UoCT DO(u) KO(l)UO _U1CT Dl(u)Kl(l)Ulj = UoCT K0(1) DO(u)UO _U1CT Kl(l) Dl(u)Ulj = SW,+SW,j. Since

IJCRT1802245 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org 1923


http://www.ijcrt.org/

www.ijcrt.org © 2018 IJCRT | Volume 6, Issue 1 February 2018 | ISSN: 2320-2882

CT CT ; _ CT cT . ;
DO(u) BO(l) BO(l) - Dl(u)Bl(l) Bl(l).l = BO(l) BO(l) DO(u) - Bl(l) Bl(l) Dl(u)J implies that DO(u) K0(1) + Dl(u) K1(1)J
= KogyBowy + Kigy Dy J -

Theorem: 4

If A, +A ] is quaternion normal, B, + B, j is quaternion quasi-normal, and AB,+AB,j = B,A +BA j, then
W,AW, T —W, AW, j = D, +D,j and W,BJW, +W,B'W, j = F, +F, j, the quaternion normal form of Theorem 1, where

W, +W, j is a quaternion unitary matrix; also A,B, + A B, j is quaternion quasi-normal .

Proof:

Let U,AUST —U,AUSTj = D, + D, j quaternion diagonal and U,BU] +U,BU,j = Boz) + By J which is
quaternion quasi-normal.  Then AB,+AB/j = B,A +BAj, implies DyBy(z) + DBy J
= UOA)UgTUoBoUJ _U1AiU1CTU181U1Tj = UOBOUJU((,:AIU; _UlBlulTUfAtTulTj = BO(Z)D(;F + Bl(Z)DlTj
= BO(Z) D, + B1(2) Dlj _

Let D,+D;j = ClL®C,,®... @C.I,.
Cotn):Cipyr Boy Byl = G ®C,®........ ®C,. Let V, be unitary such that Vo, Co/s\Vore +VaipyCuipVapJ =
Foy T FupyJ = the real quaternion normal form of Theorem 1, and let V,+V;j = V, @V, @........ ®V,. Then
ViU AU Vs +VU AUV = Dy +Dj . VUBUGVy +VUBU V" j = F+FRj = a
directsumofthe Fy )\ +F )]

where the C, are quaternion and C, #C, for p=#q and

Also ABy+ABj = BA +BA | implies that BoA +BIAT] = AB;+AB[j and so
ABBT AT +ABBTAT | = AB By AT+ AB/BIAT| = BiA A'B; +BIATA'BY ]
= (AB,) (AB,)° +(AB,) (AB) j (Thefactthat A, + A j is quaternion normal is not used in the latter.)

It is also possible for the product of two quaternion normal matrices A, + A J and By +B,] to be quaternion quasi-

normal. Let Q,+Qj = HU,+H\U,j = U,H] +U,H/ j is quaternion quasi-normal and if A, +Aj = U,+U,j and

B, +B,] = H,+H,j thisissoorif SV, +SV,j = V,S; +V,S, j is quaternion quasi-normal and if
A+Aj = US,+US, ] = SU,+SU, ] is quaternion normal with S, and S, are hermitian and
V,+V,j and U, +U, ] are unitary, for B, + B, j = V,+V,j , we have AB,+ABj =

(UoS, +U,S, 1) (Vo +Vi i) = (So+S,J) UV, +U NV, j) = UNV,S; +UV,S] j. Itis aquaternion quasi-normal.”

But if in the first example U(fH0 +U12Hlj is not quaternion normal, then H U, +H,U, j is not quaternion quasi-
normal. So that B,A, + B,A j is not necessarily quaternion quasi-normal though AB, + AB,J is. When A+ A ] alone is
quaternion normal an analog of Theorem 2 can be obtained which states the following: If A, + A j is quaternion normal then
AB,+AB;j and AB, +ABj are quaternion quasi-normal if and only if  AB,B;T +ABB ]
ByBy A —B/BA] = BBJ A -BBAj = AB;B; - AB/B]
BeAAT +BSAATT = A ASBs +A A°BT j. (The proof is not included here because of its similarity to that above).
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It is possible for the product of two quaternion quasi-normal matrices to be quaternion quasi-normal, but no such simple
analogous necessary and sufficient conditions as exhibited above are available. This may be seen as follows. Two non-real

quaternion commutative matrices X, + X, j = Xo + X jand Y,+Y,j = Y, +Y," j can forma quaternion quasi-

normal (and non-real symmetric) matrix XY, + X,Y; J (such that Y, X, +Y, X, ] is also quaternion quasi-normal) which need not
be quaternion normal.

Then two symmetric matrices:
X X i 1+ YV oaYi 1+2i  3-4i
+ = . . , + = . .
R E T o Tl T a4 Z(1+2i)
Aresuch that XY, + X,Y,j = Z,+Z,] isreal, quaternion normal and quaternion quasi-normal (and not symmetric). Finally, if

U,+U,j and V,+V,] are two quaternion unitary matrices of the same order, they can be chosen so UV, +U.V, j is non-real
quaternion, quaternion normal and quaternion quasi-normal.

If A+AT = (Xg+ X )+ G +S)+Ug+Uj), By+Bj = (Yo +Yi )+ (To+T )+ (Vo +Vij) . Then
AB,+AB ] = (XY, + XY, D)+(STo+S T 1) +UNV,+UV,j) where Aj+A] and B,+B,] are quaternion
quasi-normal as in A,B, + A B, J (but not symmetric).

A simple inspection of these matrices shows that relations on the order of (B BS)A, —(B/BS)A ]

C C A C C 2 T AC C T AC C:
= ABB)-ABBT)] = (BBHA-(BBTA] and (AA)B;+(AA)B] =
(AAT)BS +(AAT)BS | = By (AA")+BS(AA")] do not necessarily hold; these are sufficient, however , to
guarantee that A,B, + A B, J is quaternion quasi-normal (as direct verification from the definition will show).
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