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Abstract

We concerned a time fractional partial differential
equation with the Neumann boundary condition. We
establish some sufficient conditions for oscillation of
solution of such equation by using a generalized Riccati
technique and the integral averaging method. The main
results are illustrated.
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Introduction

In this paper, we concerned the time fractional partial
differential equation of the form

% (r®DY utx0)
+qof ([ v v)dv)
=a(t)Au(x, tg,
(x,t) EH=0x R, D
With the Neumann boundary condition

ou(x,t) _o
oN

(x,t) € 00 X R,, 2)

Where DY ,u is the Riemann- Liouville fractional derivative
of order y of u with respect of ¢, ye (0,1) is a constant, A is
the Laplacian operator, Q is a bounded domain in R™ with
piecewise smooth boundary dQ and N is the unit exterior
normal vector to 9Q.

The following conditions are assumed to hold:

(i) r(®) € €*([0,0);[0,)),a € C ([0,0); R,);

Karthikeyan. N#2,

Faculty of Mathematics, Vivekanandha College of Arts
and Sciences for Women [Autonomous], Tiruchengode,
Namakkal.

(i) q(x,t) € C(H' [0, oo)) and min,cqq(x, t) = Q(t);

(iii)f: R - R is a continuous function such that f(u)/u =
u for certain constant 4 > 0 and for all u # 0.

By a solution of equation (1) we mean a function
u(x, t) €11 (Q[0, «0))such that

fot(t —v)u(x,v)dv € C'(H; R), D} ,u(x,t) € C'(H; R)
and satisfies (1) on H.

In equation (1), solution u is oscillatory in H if it is
neither eventually. Positive nor eventually negative,
otherwise it is nonoscillatory. Equation (1) is oscillatory if
all its solutions are oscillatory.

Preliminaries

In this paper, we use several kinds of definitions of
fractional derivatives and integrals such as the Riemann —
Liouville left — sided definition on the half-axis R,. Our
convenience, we use the following notation.

v(t) = fu(x, t)dx.
Q

Definition2.1:

The Riemann— Liouville fractional partial derivative of
Order 0 <y <1 with respect to t of a function u(x,t) is
given by

(Di.tu)(x' t):=

a1
at T(1—y)

Jy (t = )T u(x,v) dv ®)

provided the right hand side is pointwise defined on R,
where I is the gamma function.

Definition 2.2:

The Riemann-Liouville fractional integral of order y > 0
of a function z: R, — R on the half-axis R, is given by
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(I w)(t) = f(W%@w

')

fort >0 4)
provided the right hand side is pointwise defined on R,.
Definition 2.3:

The Riemann-Liouville fractional derivative of order y > 0
of a function z: R, — R on the half-axis R, is given by

(N)m—m(’“y)w

1

ZW)M f“—”)” "1y (v)dv,

fort> o (5)

provided the right hand side is pointwise defined on R,
where [y] is the ceiling function of y.

Lemma :

Lety be asolution of — (r(t)D ulx, t)) + q(x,t)

FCI =) Tulx, v)dv) =
a(t)Au(x,t)

(x,t) EH= QxR, and

H(t) = ft(t —v)7Y z(v)dv
0

fora € (0,1)andt >0 (6)
Then
H'(t) =T (1 - y)(Diz)(®. )
Proof

Multiplying and dividing by I'(1 — y) in equation (6)

H(D) _rE1 _V)f (t — 1)~ Z(w)dv

Differentiating the above equation

d d [T(1-y) ,t
THO =2 -

o o )7V Z(v) dv]

H'(t) =T(-y) [—) dtf(t —-v)7Y Z(v)dv]

By using (5) in above equation

H(@) =

alvl
M -9 | i e -

=T (1-y)(Diz)()

v)lrl-r-1 Z(v)dv]

Hence the proof
Theorem

If the fractional differential inequality

= [r@®DL v(®O)] + QOF HE) < 0 ®

has no eventually positive solution, then every solution of
(1) and (2)is oscillatory in H.

Proof

Suppose that u is a non oscillatory solution of (1) and
(2) is oscillatory in H.

We may assume that u(x ,t) >0 in H X[t,, «) for some
to > 0.

Integrating (1) over Q, we obtain
U@ DL o)
+[aa(x, Of (f (t
0

— )7V u(x, v)dv> dx

= a(t)jAu(x, t)dx. 9
o)

Using Green’s formula, it is obvious that

JoAu(x,t)dx <0, t >t (10)
By using Jensen’s inequality and (1), we have

J q(x,t)f (Jt(t —v)Yu(x, v)dv> dx
Q 0

= Q(b) <f <J-t(t —v)Yu(x, v)dv> dx
o \Jo

- —v) ,v)dx ) d

Q(ﬂf(jo (t—-v) (Lu(x ) x> v

(11

N——— N—

Combining equation (9) - (11) and by using definition, we
have

Lr@Dv®]+Qf(H®) <0 (12)

Since,H(t) =(f0t(t —v)7Y (fQu(x, v)dx)dv)

Therefore v(t) is an eventually positive solution of (8). This
contradicts the hypothesis and completes the proof.
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Theorem

Suppose that the conditions

fooi dt = oo (13)
to T(®)

Furthermore, assume that there exists a positive
function ¢ € C1[t,, ) such that

(H-(1hand

, 2
. ¢ 1(c (s)) r(s)
lim,_,o, sup ftl [MC(S)Q(S) B Z%

(14)
Then every solution of (8) is oscillatory
Proof
Suppose that v(t) is a non oscilatory solution of (8).

Without loss of generality we may assume that v is an
eventually positive solution of (8).

Then there exists t; = t, , Such that v(t) >0 for t >
t;.Then it is obvious that

[r@©DL(v(®)] < -QWF(H®) <0,t > t,.
(15)
Thus
DYv(t) = 0orDiv(t) <0,t =t for somet; = t,.
We now claim that

(D};v(t)) >0 fort>t.

Suppose not, then (Div(t)) < 0 and there exists T >
t,such that (Dlv(t)) <0.

Since [r(t) (Dlv(t))] <0 fort >ty Itisclear that

r(®) (Dfv(®)) < (1) (DLv(T)) fore>T

Therefore, from equation (6). We have
H(t) r(T) (Dlv(T))
rad-y r(t) '

- (Div(t)) <

Integrating the above inequality from T to t, we have

H() — H(T) ‘1
=y =™ (pLv(n)) Eok
H(®) = H(T) =T(1 = )r(T) (DLv(D) f; == ds Letting

t — oo, we get lim,_, , G(t) < —oo which is contradiction.

Hence (Dlv(t)) > 0 for t = t; holds.

Define the function wby the generalized Riccati
substitution

r(®) (Div(®))

w(t) = c(t) HO

fort >t ...(16)
Then we have w(t) > 0 for t > t;. From (lI11), (6),(8),

It follows that

, |re (pivw)
w (t) =cC (t) T
(r@®)@fv())
+c(t) —H(t)
H'(t)r(t) (Diu(t))]
- H2(t)
c'() COQWFH(®))
=To o) = H(D
_Cr@ra - Y)(Dlv(6))*
H2(t)
c'(t)
< ﬁw(t) — pc(t)Q(t)
-y
— mwz(t) (17)

r(1-y) 1 [c@®)r() ¢'®
—uc(6)Q(t) — ( c(Or@ w(t) - Ej:—wc(t))z

1 (c'@®)?r(t)
4c(OF(1 —y)
1 (c@®)r)

—He®Q) + 7S ET — oy

IA

Integrating both sides from ¢; to t, we have
w(t) < o(ty)

t
- [ betsre

1 1 (<'()°r(s)

Letting t - o, we get lim,_, w(t) < —oo,which
contradicts (14) .
Hence proved.
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