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Abstract

In this research, we consider an explicit method to solve
fuzzy heat equation with boundary conditions. We express
necessary materials and preliminaries, and we find a finite
difference scheme for one dimensional heat equation with
boundary conditions which include the integral equations
approximated by using composite trapezoidal rule. Finally, an
example illustrate the numerical results. In this example, we
obtain the hausdroff distance between the exact solution and
approximate solution .
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I. INTRODUCTION

In this paper,we use the explicit method to solve the heat
equation

(D, — a*D2U =0)

x €(0,1), t € (0,1] with
nonlocal boundary conditions

1

((’7(0, t) = Jko(x)ﬁ(x, t)dx + §o(t)

0
1

U,¢) = Jkl(x)U(x, t)dx + g, (t)

\ ;

And the initial condition

U(x,0) = §(x) x € (0,1)

Where,f, ko, k1, §o, §1 and g are known fuzzy functions. The
topics of numerical methods for solving fuzzy differential
equations have been rapidly growing in recent years. The
increase in research on fuzzy mathematics, necessitate the
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study of fuzzy partial differential equations and fuzzy
derivatives. The concept of fuzzy derivative was first derived
by chang and zadeh in [4].This discussion was followed by
dubois and prade, who defined the extension principle in
[5].Some new method have been discussed by puri and
Relescu in [6] and Goestschel and Voxman in[8].In this work,
we studied the fuzzy heat equation with nonlocal boundary
conditions.we presented some preliminaries and finite
difference method to derive the fuzzy heat equation, after that
we use trapezoidal rule to estimate the integral terms. Finally,
we presented an example.

1. PRELIMINARIES

We will use some notations to begin this section. Let X be a
universal set, then the fuzzy set A in X is defined by A =
{(x, pa(x))|x € X}. Where uz(x) is the membership function
grade of membership of _ xin A. The range of the
membership function is a subset of the nonnegative real
numbers whose supremum is finite.

Definition 2.1 A fuzzy set A in X and any real number a,
then the a-cut set of A is denoted by A, and defined as

A ={x eX|pa(x) 2 a }.
Similarly, A,={x € X | ua(x) = a} is called strong a-cut.

Definition 2.2 The triangular fuzzy number N is defined by
three numbers « <m < B as N = (@, m, ) and represented

as bellow:
Ix__ a<x<m
1 xX=m
,UA(X) = \x-m

B—x
0 x=0

]

3
]

If >0 (0.>0), then A >0 (4 >0).
If 3<0(B<0),then A<0 (A<0).
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Definition 2.3 consider an arbitrary fuzzy number is shown,
in the parametric form, by an ordered pair of functions
(u(r)u(r)) with 0 < r < 1 satisfying the following
requirements:

1. wu(r) is a bounded left semi continuous non-
decreasing function over [0,1]

2. u(r) is a bounded left semi continuous non-
increasing function over [0,1]

3 um<u@),0<r<l.

Peculiarly, if wand u are linear function, then we have a
triangular fuzzy number. A crisp number u is represented by
u=u=u,forall0<r <1.

Definition 2.4 For any fuzzy number u = (u(r),u(r)) and
v = (v(r),v(r)), the algebraic operations are defined as
bellow:

{(kg,kﬁ) k=0

u = —

(ku,ku) k<0

2. u+v=>u)+vm)ur) + v)
3. u—v=>wl)-—vm),ulr)—v@)
4, wu.v = (minS,maxS),whereS =
{uv,uv,uv,uv}.

Remark 2.1 since the a-cut of the fuzzy numbers is always a
closed and bounded interval, then we can write A, =
[g(oc),ﬁ(a)],for all « € R.

Definition 2.5 Assume that u = (u(r),u(r)) and v = (v(r),
v(r)) are two fuzzy numbers. The Hausdorff metric Dy
between u and v is defined by:

Dy, v) = | 1 (u(r) = T, [E0) — vl

This metric is considered as a bound for computing error ,
and by using that the difference between exact solution and
approximate solution is obtained.

I11. FINITE DIFFERENCE METHOD

In this section, we use explicit method to solve the fuzzy heat
equation

(D, —a?D?)U = 0,
x €(0,1), t € (0,1] (3.0

with the nonlocal boundary conditions

00,0 = [ ko()T(x, O)dx + go(t)
T,0) = [k U Ddx+ g (t)

..(3.2)

And the initial condition
U(x,0) = gx), x € (0,1)...(3.3)

Where §o,§; and g are known fuzzy functions, U is an
unknown fuzzy function which must be determined and kg
and k, are crisp known functions. Assume U is a fuzzy
function of the independent crisp variable x and t. define:

I={(x00<x <1, 0<t<T}
a-cut of U(x,t) and it’s the parametric from, will be:
U(x,Olal = [Ulx, t; @), U(x, t; a)]-

Assume that U(x, t; @) and U(x, t; &) have continuous partial
differential, therefore (D, — a?D?)U(x,t;a) and (D, —
a?D2)U(x,t; a)are continuous for all (x,t) €I, a € [0,1].
Divide the domain [0,1] x [0,T] in to M x N mesh with
spatial step size h = % in x-direction and k = % in t-
direction. The gride points are given by:

x;=ih i=01,..,N

t=jk  j=01,.,M

The value of U at the representative mesh point p(x;, t) is
denoted by

O, = U(x) = Uy

The parameter form of fuzzy number Ui‘j is

We have
i (Dr)Ui,j = (Dtgi,j' Dtﬁi,j)

U L ..(34)
(DU = DUy, D )

Then by Taylor’s expansion we obtain

D2, =~ Uiqj41 — 2U 41+ Uipj 41
xZi,j — h2

. (35)

Upqj41 — 2W 541+ Upgg 41
hz

\D2U;; =

And also, we have

Upjr1 — U

DUy = = —
{ k . (36)

oW T Wy
i k

The parametric form of heat equation will be

{Dtgi,j - aZDagﬁi,j =
D.U;; — aZD,?Qi_j =
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By (3.4) and (3.5) the difference scheme for heat equation is

Uij1—Wij o Wi1, 41281 b1 0
k h2
Uij1—Wij o M1, 412U 1t lig1 i1 0
k h2
...(3.8)
By above equations we obtain

{—Tui—1,j+1 + (42w — T 41 = Wiy
“TU_q 41+ (1 + 20U — TUi1j 41 = Wy

...(3.9)

ka?
where r = —=
U= (uu) is the exact solution of the approximating
difference equations, x;,(i=0,1,..N—1) and ¢,(j =

0,1,...M).

We have 2(N-1) equations with 2(N+1) unknowns.
Therefore we need four equations. We obtain these equations
by nonlocal boundary conditions(3.2) are described by the

trapezoid rule. So
N-1
agUpj+1 + Z aUpj+ayUij = —Goj+1
im1
N-1

bOﬁO,j+1 + z biﬁi,j+1 + bNUi,j+1 = =01+
im1

Where
h
ag = Sko(xo) —1
h
ay =5 ko(xy)
h
by = Zki(xy) =1
bo = > k(xo)
and

ai = hko(xi) ) bi = hkl(xi) i= 1, WN—-1
Also parametric form of fuzzy number g, and g, are:

go = (é_?o'gg)

g = (gp 51) we
obtain

flg ;11 = Y1 Zo(hky (xy) — 2) = Zyhko(oy)]
fiy 1 = Y [Zy (hko(x0) — 2) — Zohk, (x)]

Where,

N-1
ZO = —th . ko(x[)ﬁi'j_'.l - 2g0,j+1
i=

N-1
Zy = —2h Z kq (Xi)ﬁi,j+1 =201+

i=1
and

Y=(hko(xo)—2) (hki(xy) —2) —
h?key (x) ko (xy) # 0.

Equations(3.8) implies that:
Ujir =100, + A =200, + 104,
i=1,..N—=1,j=01,..,M

The approximate solution of fuzzy heat equation can be
found.

IV.NUMERICAL RESULTS
Example:

In this section, we present a numerical example to illustrate
our method, whose exact solution is known to us. Consider the

fuzzy heat equation
LN i PR
ac Y Tmioaz Y T

0<x<1,t>0

with the nonlocal boundary conditions

U(0,t) :Jl

~ 2
xU(x, t)dx + (1 + F)expif@%t)
0

1

u,t) = JxU(x, t)dx — (1 — %)expi?ﬁfht)
0

And the initial condition
U(x,0) = K cosmx

and K[a] = [k(a), k(a)] = [« — 1,1 — a]. which is easily
seen to have exact solution for

au 1 02U
a—t—(x,t;a)—n—z(h—z(x,t;a) =0—«a

au 10%U N
a—t(x,t,a) —H—ZBX—Z(x,t,a) =0+a
k(a) exp(—t) cosmx 0<x< %
are  Ulxt;a) =4_ 1
k(a) exp(—t) cosmx S<x< 1
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_ k() exp(—t) cosmx 0<x<z
and Ulx, t;a) = 1 2
k(a) exp(—t) cosmx ;<x< 1
The exact and approximate solutions are shown in next figure
at the point (0.2,0.001) with h=0.005, k=0.00001. the
housdroff distance between solutions in this case is 7.58e —

004.
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h=0.005, k=0.00001
Conclusion

In this article, we presented an explicit method for fuzzy
partial differential equation(FPDE) with integral terms.
Finally, we given an numerical results. Also compared the
hausdroff ~distance between the exact solution and
approximate solution.
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