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Abstract. The present problem consists of the existence and uniqueness of sextic C3-splines
interpolating to a given data at the mid-points of each sub interval together with the function
value and first derivative at the partition points with suitable end conditions. The estimate
calculated can not be improved for a uniform partition. The technique used is that of due to Hall

and Meyer.
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1. INTRODUCTION.

In a paper Subotin [9] has considered the problem of the existence and convergence of
even degree splines with equidistant mesh points, which interpolate to given data at the mid-
points of the mesh intervals. Some of these results have been treated by I.J. Schoenberg [10], G.
Birkhoff and C.deBoor [2, 3] and A. Meir and A. Sharma [8] from various point of view. Garry
Howell and A.K. Varma [5] presented the best error bounds for quartic spline interpolation by
using the technique devised by Hall and Meyer in [6]. In the present paper we describe the
problem as follows :
Let
(1.1) A:0=Xg< X1 < vvevrrerrnn, <X, =
be any subdivision of [0, 1]. Consider the sextic splines s(x) such that
(i) s(x) e C*[0, 1],
(1.2)
(if)  s(x) is a polynomial of deg. < 6 in each subinterval

[Xie, Xil, 1=1,2, e, . n.
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Here we state the following theorems, which we shall prove in the next sections.

Theorem 1. Given arbitrary numbers f (o), 1 =1, 2,......n; f(X;),1 =0, 1, ............ n; f'(x;),1=0,

1, o, n; £ (), i = 0, n, then there exists a unique sextic spline s(x) € C* [0, 1] such that
s(o) = f(ow) with o = L5 fori=1,2, o, n;

(1.3) s(xj) = f(X;) & s'(x;)) =f'(x) fori=0,1, ......... n,

together with s™ (Xo) =™ (Xo), $™ (Xn) =™ (Xy).

Theorem 2. Let f € C [0, 1] and let s(x) be the unique sextic spline satisfying the conditions

of Theorem 1. Then we have

7
@) sl < MM s 1£0 0l,
8! o<x<1

where

(1 J2e)(1 1 Y
(1.5) Mo—(2—6+ 4 J(E-\/%j —ng]ta.S)§|¢(t)|,
and

2 | _ 2 i 2

n o (0= D (-7 (5+8t-8t%)

2

2. PRELIMINARIES.
If p(u) is a polynomial of degree 6, 0 <u <1, it is easily seen that
(2.1) p(u) = p(0) Qs(u) + p (¥2) Qz(u) + p(1) Qs(u) + p'(0) Qu(u)
+p'(1) Qs(u) + p™(0) Qe(u) +p™ (1) Q7 (u),

where

Qu(u) = (1-u)*(1-2u) (1+4u+ % u? - % ud),
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Qy(U) = % 2 (1—u) (1 +2u—21)
Qs(u) = % u? (2u—1) (17 + 34u — 77u® + 32 U®),
(2.2) Qu(u) = %u (1-u)® (1-2u) (12 + 11u - 16U,
Qs(u) = éuz (1-u) (1-2u) (7 + 21u — 16U,
_ 1 o5 N2
Qe(U) = 12" (2u—1) (1 —u)" (5-4u),

Qs(u) = iuz (2u—1) (1— )’ (1 + 4u).

3. PROOF OF THEOREM 1.

Let s(x) denote the restriction of p(u), 0 <u <1, in the subinterval
[Xi, x] fori=1,2, ... , N, we have
(3.1) $(x) = f(xi1) Qu(t) + f(au) Qz(t) + (i) Qs(t)
+ hi {f" (Xi1) Qu(t) +F7(xi) Qs(t)}
+ h? {s"(Xi1) Qe(t) +s™(x) Q7(O}

X - X:
where hi = X — Xi1 and t=""1 0<t<1,
i

On using (2.1) and the conditions

(3.2) s"(0) = f™(0) and s"(1) = f"(2),

we see that s(x) given by (3.1) does satisfy (1.3) and that it is sextic in

[Xi1, Xi] fori=1, 2, ........., n. We still need to decide whether it is possible to determine s™(x;) (i
=1,2, ... , N-1) uniquely. For this purpose we use the condition of continuity that

(3.3) s"(xi- ) = s"(xi+ ), i=12, ..., n-1.

This condition with the help of (3.1) reduces to

(34) hi 8" (Xi-1) + 5(hi + his1) 8™(Xi) + Nivg 8™ (Xie1)
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408 1
= 408 fx) + 1128 | 1| ) - 298 g,
028 2 100 (3
84 1 1 84
+20F0(x,,)-444] = fr(x, fr(x,
hi ( ) (hl +hi+lj ( I)—i_hi-ﬁ—l ( Hl)
1536 1536
@)+ o (@) (21,2, e - n-1)

i+1

Obviously the above system of equations are strictly tridiagonally dominant. With which

s"(x) (i=1,2, ... , N-1) can be determined uniquely. This establishes Theorem 1.

4. ESTIMATE.
In order to prove Theorem 2, we require the following.
Lemma. Let f(x) € C" [0, 1] and let e™'(x;) = s™'(x) — f"'(x), i =1, 2, ., n-1, then

9h*
@) 1r<r.]93(1|e ()l < 2 (7')R’
where R=max |f” ()| and h=max h, .
0<x<1 i=l,..n

Proof. Let j be an index such that

max le" () | = [ e"(x)l.

1<i<n-1
From (3.4) it follows that
(4.2) hj " (Xj1) + 5(h; + hjxa) € (X)) + hjur €™ (Xj1) = Po (),
where
(4.3) Po( f) = % f(x,1) + 1128 [hlz th (x;) - h,il % f(x)

84 1 84
20 (x g )- 444 =+ [ F (X)) + —F " (Xj31)
hj [hj hj+l] : hj+l I

1536 1536 "
f(oy) + e f(atjsr) — hy ™ (Xj.0)

j j+l
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= 5(h; + i) £ (%) = s T (Xj10)-

As Py ( T) is a linear functional which is zero for polynomials of deg. <6, we can
apply the Peano Theorem [4, p. 70], to obtain

@y po()= [ 00 (y) Po [(x-y)© ] dy.

From the above, we have

R .
(4.5) | Po(F)] < Ejﬁ}jl Po [(x-y) ¢ 1 dy,
where R=max |f" x)]I.
0<x<1

Now, we obtain from (4.3) that for X;.; <y < Xj:1

1 1 408
(4.6) Po[(x-y)$]=1128 — - | (X— y)® - —— (X1 — y)°
hj hj+1 hj+1
1 1 504
- 2664 [—+—] 05-y)7 + = (Ga-¥)2
hj hj+1 hj+1
1536 1536
(o5-y) ?L (Ot - y)6
hj+l

-600 (h; + hjs) 0G-Y)3 - 120 iy (X —Y) 3,
and the expression thus obtained can be made symmetric about x;. Which implies that Py [(X-Y)
)® 1 is non-negative for x;.1 < y < Xju1.

Therefore, as required by the r.h.s. of (4.5), we have
(4.7) Jtl Po [0ey) S dy< ™ (h5+hf+l)
From (4.5) and (4.7), we obtain

@8 POl =TS nsR.
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From (4.2) and (4.8) it follows that

9(hS +h3.,)
[ e ()| < 2(71)(hj+hj+1) |

as h; + hj;; # 0 so the term in the denominator cancells out.

We set h= max hi inthe above, we have

i=1,..,n

(4.9) le"(x) | < ER

2(71)

which establishes the lemma.

5. PROOF OF THEOREM 2.

Suppose that L;[f, x] is the unique sextic agreeing with f(X;.1), f(x;), f(o), f(ois), T '(Xi0), f
'), f"(xi.1) and f "™(x;). Let f € C" [0, 1] and let s(x) e C* [0, 1] be the unique sextic spline
under the conditions of Theorem 1. Then, for X;.; < X < X;, we have
(5.1) | s() —f) | < | s(x) = Li[f, x]| +] Li[f, x]-f(x)!.

By a well- known theorem of Cauchy [4] we obtain

(5.2) | Li[f, x]-f(x) | < %I 2 (1-0)% (2t — 1) (1 + 4t — 489 | R,
where t="Xand  R=max | f? x|
hi 0<x<1

Now, from (3.1) we have
s(x) — Li[f, x] = h? e"(xi1) Qs(t) + h? e™(x;) Qs (1).

Weset h=max h and | e"(x)| = max | e"x)!,
i=1,.,n i=1,.,n-1

then we have

(5.3) | s() — Liff, x] 1< h®l em() | {1 Qs(®)] +1 Qs(t)] .
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As Qg(t) and Q(t) both are negative for 0 <t <% and both are positive for %2 <t < 1, it follows
that

(5.4) | Qs +1 Q)] =1 Qs(t) + Qu(t)| = il £ (2t-1) (1-t)?] .
Hence, (5.3) with the help of (4.9) and (5.4) gives

3h’ 2 2
(5.5) | s(x) — Lif, x] | S@RI 2 (2t-1) (1 -1)7° |.

Now, on using (5.2) and (5.5), the inequality (5.1) gives

(5.6) | s(x) —f(x) | 5%:' o® R,

where |

(5.7) EXOIE %I 2 (2t-1) (1-0)%| +| £ (2t-1) (1-t)? (1+4t-4t%) |
and

d)(t) = t2 2t-1)(1 - t)z (5 + 8t — 8t2) ’
2

which establishes Theorem 2.
Remark. It is of interest to note that Mg in (1.5) can not be improved for a uniform partition.
For it, we show that inequality (1.4) is best possible in the limit. Let fo(x) = x’/7!. Then from the

Cauchy formula, we have (i =1,2...,n)

t7 X7 - 7 9 9 5
(5.8) L h,x}-ﬁl _§| 2 (1-1)? (2t — 1) (1 + 4t — 4% | .
Again, for uniform spacing between knots, we have
(5.9) o (%j ) 367Ih =he™(xi1) +10 he™(x) + h e (Xis0).
From the above, we have
9 h*
| e"(xi) | = .
max ! €It = 5@

On using (5.3), we have
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_9h"
(5.10) | s(x) - Li [fo, X]| = ; (7!)| Qs(t) + Q+(t) |
_3h

= 2@ | 2 (2t-1) (1-1)>?].

Now combining (5.8) and (5.10), we have
(5.11) | s(x) - f(x)| = % {gl (2t - 1) (1 —t)?|

+ 2 Rt-1) Q-1 Q+4at—a?)|},
for Xi.1 < X < X;.
From (5.11) we conclude that (1.4) is best possible for uniform spacing in the limit.
Lastly, we state some theorems of the less smooth class of functions without proof as
follows :
Theorem 3. Let f € C* [0, 1]. Let s(x) be the unique sextic spline under the conditions of

Theorem 1. Then we have

3
(5.12) | s(x) - f(x)| < % No s (f; h),

where ws(*) is the modulus of continuity of f © (x),

No = maxlc@®l ~1.0827,
0<t<1

and

ca(t) (8t6-§t5-§t4+3—7t3-@t2+1j.
4 8 8

2

Theorem 4. Let f € C° [0, 1]. Let s(x) be the unique sextic spline under the conditions of
Theorem 1.

Then we have

5
| 50— f(x) | < % Us o5 (F; h),

where ws(*) is the modulus of continuity of f ©(x),
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U = maxlc @] ~1.0872
0<t<1
and
Cot) = (10t6-8—5t5+§t4+§t3-§t2+1j.
4 8 2 8
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