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Abstract: - Cartesian product of two manifolds has been defined and studied by Petrov [1] and others. In 

this paper, we have taken Cartesian product of p manifolds, where p is a positive integer. Certain prospects 

of this product manifold have been defined and studied. The curvature tensor of the product manifold has 

also been studied and it has been shown that the Cartesian product manifold is an Einstein space if the 

constituent manifolds also possess the same property. 
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Introduction:- 

Let M1, M2, …, Mp be p differentiable manifo lds each of class C. Le t n1 , n2 , …, np  be 

d imens ions o f these manifo ld s. S uppose  m1 , m2 , …, mp be points of manifolds M1 , M2, …, Mp 

respective ly and let (M1)m1 , (M2)m2, …, (Mp)mp be their tangent spaces at these points.  

Consider the Cartesian product manifold M1 × M2 × … × Mp. If X1, X2, … Xp be tangent vectors of M1, 

M2, …, Mp respectively, then (X1, X2, … Xp) is a tangent vector of the product manifold M1 × M2 × … × 

Mp.  

Let us define vector addition and scalar multiplication on the Cartesian product manifold as follows  

(1.1.1)   (X1, X2, …, Xp) + (Y1, Y2, …, Yp) = (X1 + Y1, X2 + Y2, …, Xp + Yp) 

and 

(1.1.2)  λ(X1, X2, …, Xp) = (λ X1, λ X2, …, λ Xp) 

Where Xi, Yi are tangent vectors of the manifold Mi, 1 ≤ i ≤ p and λ a scalar. Then it is easy to show 

that the set of all tangent vectors of the product manifold forms a vector space under the vector addition and 

scalar multiplication defined above. 

Define (1, 1) tensor field F for the product manifold as follows: 

(1.1.3)  F(X1, X2, …, Xp) = (F1X1, F2X2, …, FpXp) 
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Where F1, F2, …, Fp are (1, 1) tensor fields on M1, M2, …, Mp respectively. 

If f1, f2, …, fp are C∞ functions on M1, M2, …, Mp respectively, then 

(f1, f2, …, fp) is the C∞ function on the product manifold defined as 

(1.1.4)  (X1, X2, …, Xp)( f1, f2, …, fp) = (X1f1, X2f2, …, Xpfp) 

For connections D1, D2, …, Dp on manifolds M1, M2, …, Mp, let us define the connection D on the 

product manifold as follows : 

(1.1.5)  )YD,...,YD,YD()Y,...,Y,(YD pp2211p21)X,...,X,(X
pX2X1Xp21

  

It is easy to show that D satisfies all the properties of connection on the product manifold.  

A manifold is said to possess Hsu-structure if it admits a tensor field   of type (1, 1) satisfying 

(1.1.6)  
2 = ar I 

Where ‘a’ is a real or complex number and ‘r’ a positive integer 

1.2 Some Results 

In this section, we shall prove the following theorems: 

Theorem (1.2.1)   The product manifold M1 × M2 × … × Mp will admit Hsu-structure if and only if M1, M2, 

…, Mp are Hsu-structure manifolds. 

For if M1, M2, …, Mp are Hsu-structure manifolds, we have 

  i

r

i

2

i XaXF  ,   i = 1, 2, …, p. 

Now 

  F2(X1, X2, …, Xp) = )XF,...,XF,XF( p

2

p2

2

21

2

1  

     = (arX1, arX2, …, arXp) 

     = ar(X1, X2, …, Xp) 

or 
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(1.2.1)  F2(X1, X2, …, Xp) = ar(X1, X2, …, Xp) 

Hence the proposition Converse can be proved easily. 

Let us now define the Riemannian metric ‘g’ on the product manifold M1 × M2 × … × Mp as follows: 

(1.2.2)  g((X1, X2, …, Xp), (Y1, Y2, …, Yp)) =g1(X1, Y1) + g2(X2, Y2) + … + gp(Xp, Yp) 

Where g1, g2, …, gp are Riemannian metrics on manifolds M1, M2, …, Mp respectively. 

Let ξ1, ξ2, …, ξp be vector fields and η1, η2, …, ηp 1-forms on manifolds 

M1, M2, …, Mp respectively. We define a vector field ξ and a 1- form η on the product manifold as follows : 

(1.2.3)  η (X1, X2, …, Xp)ξ = (η1(X1)ξ1, η2(X2)ξ2, …, ηp(Xp)ξp) 

Where X1, X2, …, Xp are vector fields on the manifolds M1, M2, …, Mp respectively. 

Now, we have 

Theorem (1.2.2)    The product manifold M1 × M2 × … × Mp admits Hsu-contact structure if the constituent 

manifolds M1, M2, …, Mp possess the same structure. 

Proof: Since the constituent manifolds M1, M2, …, Mp admit Hsu-contact structure hence 

(1.2.4)  iiii

r

i

2

i )X(nXaXF   

  i = 1, 2, …, p. Now 

  F2(X1, X2, …, Xp) = )XF,...,XF,XF( p

2

p2

2

21

2

1  

So equation (1.2.4) takes form 

  F2(X1, X2, …, Xp) = ar(X1, X2, …, Xp) +(η1(X1)ξ1, η2(X2)ξ2, …, ηp(Xp)ξp) 

or 

F2(X1, X2, …, Xp) = ar(X1, X2, …, Xp) + η(X1, X2, …, Xp) ξ 

Hence the Cartesian product manifold M1 × M2 × … × Mp admits the Hsu-contact structure. 

Theorem (1.2.3)   The Cartesian product manifold M1 × M2 × … × Mp is Hsu-Kahler manifold iff the 

constituent manifolds also have the same structure.  
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The product manifold M1 × M2 × … × Mp will be Hsu-Kahler iff 

(DX F) Y = 0   for arbitrary vector field X, Y on the product manifold.  

Taking X = (X1, X2, …, Xp),   Y = (Y1, Y2, …, Yp). Then 

(DXF)Y = )FD( )X,...,X,X( p21
(Y1, Y2, …, Yp) 

 = ))Y,...,Y,Y(D(F)Y,...,Y,Y(FD p21)X,...,X,X(p21)X,...,X,X( p21p21
  

 = )YDF,...,YDF,YDF()YF,...,YF,YF(D ppp222111pp2211)X,...,X,X(
pX2X1Xp21

  

(1.2.5)  = 0)Y)FD(,...,Y)FD(,Y)FD(( ppp222111
pX2X1X

  

It is possible only when 
111 Y)FD(

1X
= 0, 

222 Y)FD(
2X

 = 0, …, ppp Y)FD(
pX

 = 0. 

Hence the product manifold will be Hsu-Kahler if M1, M2, …, Mp are of same type and vice versa. 

Theorem (1.2.4)    The Cartesian product manifold M1 × M2 × … × Mp will be Hsu nearly Kahler iff the 

constituent manifold have the similar structure.  

Proof: The product manifold M1 × M2 × … × Mp will be Hsu nearly Kahler iff 

  (DXF)Y + (DYF)X = 0 

As in the previous theorem, we can write above equation as  

(1.2.6)  (DXF)Y + (DYF)X = 

222222111111 X)FD(Y)FD(,X)FD(Y)FD((
2Y2X1Y1X

 )X)FD(Y)FD(,..., pppppp
pYpX

  

Hence in order that (DXF)Y + (DYF)X = 0, it is necessary and sufficient that 

  0X)FD(Y)FD( iiiiii
iYiX

 ,  i = 1, 2, …, p. 

Hence the proposition 

1.3 Curvature of the Cartesian product manifold 

Let X = (X1, X2, …, Xp), Y = (Y1, Y2, …, Yp) and be two C∞ vector fields on the Cartesian product manifold 
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M1 × M2 × … × Mp. If f = (f1, f2, …, fp) be a C∞ function on the product manifold, then by definition of the 

Lie bracket 

[(X1, X2, …, Xp), (Y1, Y2, …, Yp)] (f1, f2, …, fp) 

= (X1, X2, …, Xp)(Y1f1, Y2f2, …, Ypfp) - (Y1, Y2, …, Yp)(X1f1, X2f2, …, Xpfp) 

or 

 [(X1, X2, …, Xp), (Y1, Y2, …, Yp)] (f1, f2, …, fp) 

(1.3.1)          = ([X1, Y1]f1, [X2, Y2]f2, …, [Xp, Yp]fp) 

Suppose Ki(Xi, Yi, Zi), i = 1, 2,…, p be curvature tensors of the constituent manifolds M1, M2, …, Mp. If 

K(X, Y, Z) be the curvature tensor of the Cartesian product manifold M1 × M2 × … × Mp, we have 

(1.3.2)         K(X, Y, Z) = (K1(X1, Y1, Z1), K2(X2, Y2, Z2), …, Kp(Xp, Yp, Zp)) 

If W = (W1, W2, …, Wp) be another vector field on the product manifold, let us put 

  ′K(X, Y, Z, W) = g(K(X, Y, Z), W) 

Then it can be easily shown that 

(1.3.3)  ′K(X, Y, Z, W) = ′K1(X1, Y1, Z1, W1) + ′K2(X2, Y2, Z2, W2) 

+ ′K3(X3, Y3, Z3, W3) + … + ′Kp(Xp, Yp, Zp, Wp) 

Hence if the manifold M1, M2, …, Mp are of constant curvature, the product manifold is also of 

constant curvature. 

In view of the equation (5.3.3), it follows that the Ricci tensor of the product manifo ld is the 

sum of the Ricci tensors of the manifolds M1, M2, …, Mp. 

If the product space is an Einstein space, we have 

(1.3.4)  S(X, Y) = λ g(X, Y),  X, Y vector fields and S (X, Y) the Ricci tensor of the product  

manifold. 

In view of the equations (5.3.3) and (5.3.4), it follows that   

(1.3.5)  Si(Xi, Yi) = λ gi(Xi, Yi),    i = 1, 2, …, p. 
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Hence the manifolds M1, M2, …, Mp are also Einstein manifolds. Thus if the product manifold is 

Einstein manifold, the same are constituent manifolds M1, M2, …, Mp. 

Also 

(1.3.6)  
p

p

2

2

1

1

n

R
...

n

R

n

R

n

R
  

Where R, R1, R2, …, Rp are scalar curvatures of the product manifold and constituent manifolds and n, n1, 

n2, …, np their respective dimensions. Further 

(1.3.7)  S = S1 + S2 + … + Sp   provided that the manifolds are Einstein manifolds.  
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