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ABSTRACT: Multivariable integral evaluated here involve the exponential function, generalized 

polynomials and multivariable H-function This multivariable integral is unified, useful and most general in 

nature and capable of yielding a large number of integral and multivariable Laplace transforms as their special 

cases.  

 

INTRODUCTION 

The multivariable H- function occurring in the paper will be defined and represented in the following form 

[5,pp,251-252,eqn.(C.1)-(C.3)] 

H[

Z1.......
Zr

]=H
    o, n ∶ m 1,, n1,; …… ;mr,nr

p, q ∶  p1,q1; …… ; pr, qr
[

z1.......
zr

|
(aj

(bj

;  αj
(1)

;  β
j
(1)

,
,
… . . , αj

(r)
)1, p ;

… . . , β
j
(r))1, q ;

 

(cj
(1)

(dj
(1)

,
,
γ
j

(1)

δj
(1)

) 1,p1; … ;

) 1, q1; … ;

(cj
(r)

(dj
(r)

,
,
γ
j

(r))1, pr

δj
(r)

)1, qr
] 

                                =
1

(2πω)r
∫ …∫ ψ(ε1, … , εr) ∅1(ε1)… . . ∅r(εr)z1

ε1 … . zr
εr

LrL1
dε1…….dεr                                            

(1.1) 

For the convergence conditions of the integral given by (1.1) and other details of the multivariable H- function 

we refer to the book by Srivastava et al . [5,pp,252-253,eqns.(C.4)-(C.8)]  

For r = 2, the above multivariable H-function reduces to the well known H-function of two variables 

(Srivastava et al. 1982, p. 82) 

The generdized polynomials𝑆𝑁1,   .   .   .  ,   𝑁𝑠

𝑀1,   .   .   .   ,   𝑀𝑠

[
 
 
 
 
𝑥1

.

.

.
𝑥𝑠]

 
 
 
 

occurring here in will be defined and represented in the 

following form which differs slightly from that given by Srivastava [4, p. 185, eqn. (7)]. 

𝑆𝑁1,   .   .   .  ,   𝑁𝑠

𝑀1,   .   .   .   ,   𝑀𝑠

[
 
 
 
 
𝑥1

.

.

.
𝑥𝑠]

 
 
 
 

 = 𝑆𝑁1,   .   .   .  ,   𝑁𝑠

𝑀1,   .   .   .   ,   𝑀𝑠  [𝑥1 ,   .  .  . 𝑥𝑠] 
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= ∑ .  .  .
[𝑁1/𝑀1]
𝑘1=0 ∑

(−𝑁1)𝑀1𝑘1

𝑘1!

[𝑁𝑠/𝑀𝑠]
𝑘𝑠=0  .  .  .

(−𝑁𝑠)𝑀𝑠𝑘𝑠

𝑘𝑠!
A[𝑁1, 𝑘1;   .  .  .  ;  𝑁𝑠, 𝑘𝑠]𝓍1

𝑘1  .  .  . 𝓍𝑠
𝑘𝑠                                                

(1.2) 

Where 𝑁𝑖 = 0, 1, 2,   .  .  . ; 𝑀𝑖 ≠ 0 [𝑖 = 1,   .  .  .  , 𝑠]. 

𝑀𝑖is an arbitrary positive integer and the coefficients A[𝑁1, 𝑘1;   .  .  .  ;  𝑁𝑠, 𝑘𝑠] are arbitrary constants, real or 

complex.  

       If we take s = 1 in the equation (1.2) and denote A[N, k] thus obtained by 𝐴𝑁,𝑘, we arrive at the well know 

general class of polynomials𝑆𝑁
𝑀

[𝓍]introduced by  Srivastava [3, p. 1, eqn. (1)]. 

 

 The double laplace transform occurring herein will be defined and represented in the following manner. 

L{f(x1, x2); s1, s2} =  ∫
∞

0
∫ e−s1x1−s2x2

∞

0
f(x1, x2)dx1dx2                                                                                             

(1.3) 

Result 1: 

 

∫ ∫
∞

0

∞

0
(λ′1x1 + λ

′
2x2)

σ1−1(λ"1x1 + λ
′′
2x2)

σ2−1exp [−s1(λ
′
1x1 + λ

′
2x2) − s2(λ

′′
1x1 + λ

′′
2x2)] 

 

SN1

M1[C(λ
′
1x1 + λ

′
2x2)

ρ1]  SN2

M2[D(λ
′′
1x1 + λ

′′
2x2)

ρ2] Hp,q,: p1,q1,p2,q2

o,n:m1,n1,m2n2 [
z1(λ

′
1x1 + λ

′
2x2)

v1

z2(λ"1x1 + λ
′′
2x2)

v2

|  

(aj, αj
(1)

, αj
(2)

)
1,p

:

(bj, βj
(1)

, β
j
(2)

)
1,q

:

(cj
(1)

, γ
j

(1)
)
1,p1

; (cj
(2)

, γ
j

(2)
)
1,p2

(dj
(1)

, δj
(1)

)
1,q1

; (dj
(2)

, δj
(2)

)
1,q2

] dx1dx2 

=
1

k
∑

[N1/M1]

k1=0

∑
(−N1)M1k1

(−N2)M2k2

       k1!   k2!   s1

(σ1+ρ1k1)
s2

(σ2+ρ2k2)

[N2/M2]

k2=0

 

Hp,q ,: p1+1,q,   ;p2+1,q2

o,n ∶ m1,n1+1; m2n2+1
[
z1s1

−v1

z2s2
−v2

|

(aj, αj
(1)

, αj
(2)

)
1,p

:

(bj, βj
(1)

, β
j
(2)

)
1,q

:
 

    (1 − σ1 − ρ
1
k1, v1) (cj

(1)
, γ

j

(1)
)
1,p1

; (1 − σ2 − ρ
2
k2,  v2) (cj

(2)
, γ

j

(2)
)
1,p2

                                        (dj
(1)

, δj
(1)

)
1,q1

 ;                                      (dj
(2)

, δj
(2)

)
1,q2

] dx1dx2                                                

(2.1) 
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Where k =|
λ

′
1 λ

′′
1

λ
′
2 λ

′′
2

| ≠ 0, vi > 0, Re (si) >= 0, [Re(σi) + vi
min

1 ≤ j ≤ mi
Re(

dj
(i)

δj
(i))] > 0, i=1,2 

Prof of (2.1) : To Prove (2.1) we first express the H- function of two variables occurring in the left hand side 

of (2.1) in term of Mellin-Barnes type of contour integrals the interchange the order of ξ
1
, ξ

2
 and x1, x2 

integrals we get in following result after little simplification.  

                                                     
1

 (2𝜋𝜔)2
∫  
𝐿1

∫  
𝐿𝑠

𝜓(𝜉1, 𝜉2)𝜙1(𝜉1)𝜙2(𝜉2) 𝑧1
𝜉1𝑧2

𝜉2𝑑𝜉1𝑑𝜉2 𝚫                                                           

(2.2) 

Where in (2.2)  

𝚫 =  ∫ ∫
∞

0

∞

0
(λ′1x1 + λ

′
2x2)

v1ξ1+σ
1
−1(λ"1x1 + λ

′′
2x2)

v2ξ2+σ
2
−1

  exp [−s1(λ
′
1x1 + λ

′
2x2) − s2(λ

′′
1x1 +

λ
′′
2x2)] 

 

                        SN1

M1[C(λ
′
1x1 + λ

′
2x2)

ρ1]SN2

M2[D(λ
′′
1x1 + λ

′′
2x2)

ρ2]dx1dx2                                                                               

(2.3) 

 

Now we evaluate ∆ in following manner: 

 

We have [(7)Wider 1989, p. 241, eqn. (7)] 

 

∫ ∫ F (
∞

0

∞

0
λ

′
1x1 + λ

′
2x2, λ

′′
1x1 + λ

′′
2x2)dx1dx2 =

1

k
∫ ∫ F (u1

∞

0
, u2)

∞

0
du1du2                                                                            

(2.4) 

 

Where k stands  for the expression mentioned in  (2.1)  

 

If we take F(λ
′
1x1 + λ

′
2x2, λ

′′
1x1 + λ

′′
2x2)=f1(λ

′
1x1 + λ

′
2)f2(λ

′′
1x1 + λ

′′
2x2) 

 

Then (2.4) Transformed to  

 

∫ ∫ f1 (
∞

0

∞

0
λ

′
1x1 + λ

′
2x2, )f2(λ

′′
1x1 + λ

′′
2x2)dx1dx2 =

1

k
∫ f1(u1)du1

∞

0
∫ f2(u2)du2

∞

0
                                                             

(2.5)                                                                     

 

Consider f1(λ
′
1x1 + λ

′
2x2) = (λ

′
1x1 + λ

′
2x2)

v1ξ1+σ
1
−1

 exp [−s1(λ
′
1x1 + λ

′
2x2)] SN1

M1[C(λ
′
1x1 + λ

′
2x2)

ρ1] 

 

f2(λ
′′
1x1 + λ

′′
2x2) = (λ

′′
1x1 + λ

′′
2x2)

v2ξ2+σ
2
−1

exp [−s2(λ
′
1x1 + λ

′
2x2)] SN2

M2[D(λ
′
1x1 + λ

′
2x2)

ρ2] 

 

Then form (2.5) we get 

 

∫ ∫  (
∞

0

∞

0
λ

′
1x1 + λ

′
2x2)

)
v1ξ1+σ

1
−1

 (λ
′′
1x1 + λ

′′
2x2)

v2ξ2+σ
2
−1

exp [−s1(λ
′
1x1 + λ

′
2x2)−s2(λ

′
1x1 + λ

′
2x2)] 

 

  

SN1

M1[C(λ
′
1x1 + λ

′
2x2)

ρ1]SN2

M2[D(λ
′′
1x1 + λ

′′
2x2)

ρ2]dx1dx2 

 

 

http://www.ijcrt.org/


www.ijcrt.org                                                           © 2018 IJCRT | Volume 6, Issue 1 January 2018 | ISSN: 2320-2882 

IJCRT1135100 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org 651 
 

       =
𝟏

𝐤
 ∫ u1

v1ξ1+σ
1
−1∞

0
e−s1u1SN1

M1  [Cu1
ρ1] du1 ∫ u2

v2ξ2+σ
2
−1∞

0
e−s2u2SN2

M2  [Du2
ρ2] du2                                                            

(2.6) 

 

On expressing the general class of  polynomials occurring on the right hand side of (2.6) in terms of series 

with the help of (1.2) interchanging the order of integrals and summation in the result thus obtained and 

interchanging the u1 and u2 integrals .with the help of know formula Gradshteyn and Ryzhik[(2), p. 317, eqn. 

(3.38), (14)]  eqn. (2.2) takes the Following form : 

 

                  
1

k
∑

[N1/M1]

k1=0

∑
(−N1)M1k1

(−N2)M2k2

       k1!   k2!  

[N2/M2]

k2=0

 

 

{
1

(2πω)2
∫  
L1

∫  
L2

ϕ
1
(ξ

1
)ϕ

2
(ξ

2
)ψ(ξ

1
, ξ

2
)

Γ(𝜎1 + 𝜌1𝑘1 + 𝑣1𝜉1) × Γ(𝜎2 + 𝜌2𝑘2 + 𝑣2𝜉2)

𝑠1
𝜎1+𝜌1𝑘1+𝑣1𝜉1𝑠2

𝜎2+𝜌2𝑘2+𝑣2𝜉2
𝑧1

𝜉1𝑧2
𝜉2𝑑𝜉1𝑑𝜉2} 

                                                                                                                                                                                            

(2.7) 

Finally on reinterpreting the Mellin-Barnes integral occurring in right hand side of (2.7) in termsH- function 

of two variables we get the desired results (2.1). 

 

Main Result: 

∫  
∞

0

…∫  
∞

0

(∏  

r

i=1

(λ1
(i)

x1 + ⋯+ λr
(i)

xr)
σi−1

) 

exp [-∑  r
i=1 si(λ1

(i)
x1 + ⋯ + λr

(i)
xr)] 

SN1,…,Nr

M1,…,Mr      

[
 
 
 e1(λ1

(1)
x1 + ⋯+ λr

(1)
xr)

v1

⋮

er(λ1
(r)

x1 + ⋯ + λr
(r)

xr)
vr

]
 
 
 

 

Η 

[
 
 
 z1(λ1

(1)
x1 + ⋯+ λr

(1)
xr)

ρ1

⋮

zr(λ1
(r)

x1 + ⋯+ λr
(r)

xr)
ρr

]
 
 
 

 dx1 ⋯dxr 

=
1

k′
∑  

|N1/M1|

k1=0

⋯ ∑   

∣Nr/Mr]

kr=0

(∏ 

r

i=1

ei(−Ni)Miki

ki!
  si

−(σi+vi ki) 

http://www.ijcrt.org/


www.ijcrt.org                                                           © 2018 IJCRT | Volume 6, Issue 1 January 2018 | ISSN: 2320-2882 

IJCRT1135100 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org 652 
 

A[N1,k1; … ; Nr,kr] Hp,q:  p1+1,q1;…, pr+1,qr

o,n:  m1,n1+1;…, mr,r+1
[
z1    s1

−ρ1

⋮
z1    sr

−ρr

|  

(aj ; αj
(1)

, … , αj
(r)

)
1,p′

: (1 − σ1 + v1 k1, ρ1), (cj
(1)

, γj
(1)

)
1,p1

; … ;

(bj, βj
(1)

, … , βj
(r)

)
1,q′

: (dj
(1)

, δj
(1)

)
1,q1

; … ;
 

    (1 − σr + vr kr, ρr),  (cj
(1)

, γj
(1)

)
1,pr

  (dj
(r)

, δj
(r)

)
1,qr

]                              (3.1) 

Where K’|
|

λ1
(1)

λ2
(1)

…λr
(1)

λ1
(2)

λ2
(2)

…λr
(2)

⋮        ⋮               ⋮

λ1
(r)

λ2
(r)

…λr
(r)

|
| ≠ 0 

(vi, ρi) ≥ 0(i = 1,… , r) (not all zero simultaneously) 

Re(si) > 0, Re [σi + ρi+
 min

  1 ≤ j ≤ mi
(

dj
(i)

δ
j
(i))] > 0, (i = 1,… , r) 

Proof of (3.1) 

On making use of the result given below (which is a r-variable analogue of (2.2)) 

∫  
∞

0

…∫  
∞

0

F(λ1
(1)

x1 + ⋯+ λr
(1)

xr, …… , λ1
(r)

x1 + ⋯+ λr
(r)

xr)dx1 ⋯dxr 

                                                =
1

k′
∫  

∞

0
…∫ F(u1 …… , ur)du1 ⋯dur  

∞

0
                                                             

(3.2) 

Taking the definition of generalized polynomial given by (1.2) into consideration and proceeding in a manner 

indicated earlier in the proof of (2.1), we arrive at the desired result (3.1) after a little simplification. 

 

SPECIAL CASES:  

If we put λ1
(1)

= λ2
(2)

= ⋯ = λr
(r)

= 1 in (3.1) and each of remaining λ involved therein equal to zero, we get 

the following interesting multidimensional Laplace transformation involving the product of the generalized 

polynomials and the multivariable H-function. 

 

L{(∏  r
i=1 xi

σi−1
)SN1,…,Nr

M1,…,Mr      [
e1    x1

v1

⋮
er    xr

vr

]Η [
z1    x1

ρ1

⋮
zr    xr

ρr

] ; s1, ⋯ sr} 

                                       ∑ .  .  .
[N1/M1]
k1=0

∑[Nr/Mr]
kr=0 (∏  r

i=1

ei(−Ni)Miki

ki!
  si

−(σi+vi ki)                                             

(3.3) 

A[N1, k1;   .  .  .  ;  Nr, kr]  H**** 
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where H**** function occurring in (3.3) stands for the same multivariable H- function which occurs on the 

right hand side of (3.1) 

               If we put in (2.1) M1 = M2 = s1 = s2 = 1, ρ
1

= ρ
2

= C = D = 1 and 𝑣1 = 𝑣2 = 0 and  replace 

AN1,k1
 by (N1+α1

N1
) and AN2,k2

 by (N2+α2
N2

) respectively , then SN1

M1 , SN2

M2occurring therein reduce to Laguerre 

polynomials Srivastava and Singh [(6), p.159, eqn (1.8)] and reduces  the two variable H-function to unity 

Srivastava at al. [(5), p. 82]  we arrive at a known result  Dhawan [1, p. 417, eqn (2.2)] after a little 

simplification.  
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