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Abstract: A subset 𝑺 of the vertex set 𝑽 of the graph  𝑮 = (𝑽, 𝑬)  is called a dominating set, if every vertex in 𝑽 − 𝑺 is adjacent to at 

least one vertex in 𝑺. The characteristic function of the dominating set is a function 𝒇: 𝑽 → [𝟎, 𝟏] such that 𝒇(𝒗) = 𝟏 if 𝒗 ∈ 𝑺 and 

𝒇(𝒗) = 𝟎 otherwise. An important version of the dominating set is called the Roman dominating set. The Roman dominating  set 

can be defined  in the form of a function 𝒇: 𝑽 → {𝟎, 𝟏, 𝟐} such that every vertex 𝒗  with 𝒇(𝒗) = 𝟎  has a neighbor 𝒖 with 𝒇(𝒖) = 𝟐. This 

function is called a Roman dominating function (RDF) of the graph 𝑮. In this paper we initiate a study the fractional version of the Roman 

dominating function.   

  

Index Terms – Dominating set, Dominating function, Roman domination, Fractional domination, fractional Roman 

domination.   

I. INTRODUCTION  

A subset 𝑆 of the vertex set 𝑉 of the graph  𝐺 = (𝑉, 𝐸)  is called a dominating set, if every vertex in 𝑉 − 𝑆 is adjacent to at least 

one vertex in 𝑆. The characteristic function of the dominating set is a function 𝑓: 𝑉 → [0,1] such that 𝑓(𝑣) = 1 if 𝑣 ∈ 𝑆 and 𝑓(𝑣) = 
0 otherwise. A fractional version of the dominating function is obtained when the function 𝑓 is allowed to take all real values from 

the interval [0,1]. A dominating set 𝑆 is minimal if no proper subset of 𝑆 is a dominating set. Equivalently, the dominating function 

f representing  𝑆  is minimal if we cannot obtain another dominating function 𝑔 by reducing the function values of 𝑓. The fractional 

version of dominating function and related concepts were studied by Grinstead et al. [5], Cockayne et al. [1, 2, 3], and subsequently 

by  Reji Kumar et al. [6, 7, 8, 9, 10, 11, 12, 13].   

  

An important variation of the dominating set is called the Roman dominating set. The Roman dominating set can be defined in 

the form of a function 𝑓: 𝑉 → {0,1,2} such that every vertex 𝑣  with 𝑓(𝑣) = 0  has a neighbor 𝑢 with 𝑓(𝑢) = 2. This function is 

called a Roman dominating function (RDF) of the graph 𝐺 [4].   

  

An RDF 𝑓 = (𝑉0, 𝑉1, 𝑉2) is reducible if it is possible to reduce the value of f(v) for some vertex v and still the resulting function be 

an RDF. An RDF is irreducible if it is not reducible. But the minimality of Roman dominating function is something more than 

irreducibility. Minimality has four versions, which are described in [4]. An RDF is a Type - I minimal if it is irreducible.   

  

The second type of minimality has been suggested by Renu Laskar [4]. An RDF 𝑓 = (𝑉0, 𝑉1, 𝑉2) is Type II minimal if it is 

irreducible and 𝑉0 is not empty. The third definition of minimality was developed by Steve Hedetniemi [4], The third definition of 

minimality was developed by Steve Hedetniemi [4], which uses the notion of sliding tokens between vertices in the graph. For a 

given RDF 𝑓 = (𝑉0, 𝑉1, 𝑉2), 𝑓 (𝑣)  = 𝑖 means that there are 𝑖 tokens on 𝑣. A slide of a token from 𝑢 ∈ 

 𝑉1 ∪ 𝑉2  to 𝑣 ∈ 𝑉0 ∪ 𝑉1 is called a valid slide if the new function 𝑓′, defined by 𝑓′(𝑢) = 𝑓(𝑢) − 1, 𝑓′(𝑣) = 𝑓(𝑣) + 1,  𝑓′(𝑤) = 𝑓(𝑤), 

𝑤 ≠ 𝑢, 𝑣 is also an RDF. If 𝑓 is an irreducible RDF, there are only two types of possible valid slides:  sliding a token from a vertex 

in 𝑉1 to another vertex in 𝑉1, or sliding a token from a vertex in 𝑣  ∈ 𝑉2 to a vertex in 𝑤 ∈ 𝑉0,  provided that 𝑤 is the only external 

𝑉2 − 𝑝𝑛 of 𝑣. An RDF 𝑓  is Type III minimal if   

  

(1) 𝑓 is irreducible and  

  

(2) no sequence of valid slides changes 𝑓 into a reducible RDF 𝑓′.  
  

The last version of minimality is due to Alice McRae [4]. An RDF  𝑓 = (𝑉0, 𝑉1, 𝑉2) is Type IV minimal if  (1) 𝑓  is 

irreducible and   

(2) the set 𝑉1 is an independent set.  
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In Graph Theory, many concepts are dealt with treating it as the presence or absence of elements in a specified set. The 

presence of a vertex is denoted by the number 1 and absence by 0. For example, a dominating set D of G is the whole vertex 

set V of the graph together with a function f defined on it such that 𝑓(𝑣) = 1 if 𝑣 ∈ 𝐷 and 𝑓(𝑣) = 0 if 𝑣 is not an element of 𝐷. 

This function is integer-valued.   

Fractional graph theory deals with the generalization of integer-valued graph theoretic concepts such that they take 

fractional values. One of the standard methods for converting a graph-theoretic concept from integer version to fractional 

version is to formulate the concept as an integer program and then to consider the linear programming relaxation. In the 

following section, we discuss the fractional version of Roman Domination.    

  

II. FRACTIONAL ROMAN DOMINATION  

  

We can define different varieties of fractional Roman domination taking into account different aspects of Roman domination.  

First, we consider the fact that a Roman dominating function  𝑓 = (𝑉0, 𝑉1, 𝑉2) has the property that every vertex in 𝑉0 is adjacent to 

at least one vertex in 𝑉2. We can fractionalize the Roman dominating function by allowing the function values to vary freely in the 

closed interval [0, 2]. The vertices having function values 2 can supply one item to one of the vertices having zero as function value 

and adjacent to it. The vertex can do this only if it has one item for its use. We can fractionalize the situation as follows. A function 

𝑓: 𝑉 → [0, 2] such that every vertex having function value zero is adjacent to at least one vertex having function value greater than 

one is a kind of fractional Roman dominating function. To make the discussion more clear, we need the following definitions.  

For the function 𝑓: 𝑉 → [0,2],   

.  

  and .   

A function 𝑓: 𝑉 → [0,2] is a fractional Roman dominating function if  dominates 𝑉0𝑓.    

A fractional Roman dominating function f is reducible if it is possible to reduce the value of f (v) for some vertex v and 

obtain a new fractional Roman dominating function of the same graph. Otherwise, it is irreducible. We can reduce the function 

value of a fractional Roman dominating function f freely if the function value f(v)>1. This reduction will not change the vertex 

sets ,  and 𝑉2𝑓. But the function value can be reduced to one (then the vertex is removed from   and included in 

𝑉1𝑓) only if all vertices in 𝑉0, which are adjacent to  . Thus if the new function obtained is 𝑔, then  is a subset 

of   is a superset of 𝑉1𝑓, and 𝑉0𝑔 = 𝑉0𝑓. In addition to this if a vertex   is adjacent to some vertices in , 

we can reduce the function values at the vertices to zero and obtain a  

new fractional Roman dominating function h. Then  is a superset of , and  𝑉1ℎ is a subset of  

.   

  

III. CONCLUSION  

  

Study on the fractional version of various domination parameters is a very active area of research.  In many situations, the 

fractional version allows us to express the values of the parameters as fractions, which gives us more insight into the characteristics 

of the parameter specifically and that of the underlying graph generally. In fractional versions, we choose function values for the 

vertices or edges from intervals, instead of a set of integers. The study on the fractional version of Roman domination must get more 

attention.   
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