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1. INTRODUCTION

Zadeh (1965) introduced the concept of fuzzy sets and till then it has been developed, expanded by many
authors in different fields. This theory has wide selection of applications in diverse areas. The strong points about
fuzzy mathematics are its fruitful applications, especially outside mathematics, such as in quantum particle physics
studied by E | Naschie (2004).

In this paper we extended and generalized the result of Gupta et.al (2015), Grabeic (1988) and also some
other result of literature such as Vasuki (1988) , Gregori and Sapena (2002), Gupta and Mani (2014a) and Manthena
and Manchala (2018), Gupta,et.al.(2015) .
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2.PRELIMINARIES.

Definition 2.1 (Schweizer, 1960) . A binary operation *:[0,1] x [0,1] — [0,1] is a continuous triangular norm (t-

norm) if for all a,b,c,e € [0,1] the following conditions are satisfied:

(i) * is commutative and associate,

(ija*1=a,

(iii) * is continous, and

(ivia*b<c * e whenevera<candb<e.

A fuzzy metric space in the sense of Kramosil and Michalek (1975) is defined as follows:

Definition 2.2 (Kramosil & Michalek, 1975) The triplet (X, M, *) is said to be fuzzy metric space if X is an arbitrary

set , * is continuous t-norm , and M is fuzzy set on X2 x [0, o) satisfying the following conditions:
(i) M(x,y,0) = 0,

@) Mx,yt) =1, vt>0iffx =y,

(i) M(x, y, t) = M(y, X, t),

(iv) M(x, v, t) * M(y, z,8) <M(x, z, t+s) V X, ¥, Z € X and t,s >0,

(v) M(x, y, .) : [0, ) — [0, 1] is left continuous, and

(vi) limM(x,y,t) =1 VXYEeX.

The triplet M(X, y, t) can be taken as the degree of nearness between x and y with respect to
t>0.
LEMMA 2.1 For every X,y €X, the mapping M(X, y, .) is non-decreasing on (0, »).

Grabiec (1988) extended the fixed point theorem of Banach (1922 ) to fuzzy metric space in sense of Kramosil and
Michalek (1975).
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THEOREM 2.1 (Grabiec, 1988) Let (X, M, *) be a complete fuzzy metric space satisfying

M %imM (x,y,t)=1,and

(1i1) M(Fx, Fy, kt) > M(x, y, t), V X,y € X,
where 0 < k < 1. Then F has a unique fixed point.

Then Vasuki (1988) generalized Grabiecs result for common fixed point theorem for n sequence of mapping in a
fuzzy metric space. Gregori and Sapena(2002) gave fixed point theorems for complete fuzzy metric space in the
sense of George and Veeraman(1994) and also for Kramosil and Michaleks(1975) fuzzy metric space which are

complete in Grabeics sense.

George and Veeramani(1994) modified the concept of fuzzy metric space introduced by Kramosil and

Michalek(1975) with the help of t-norm and gave the following definition.

Definition 2. 3 (George & Veeramani, 1994) The triplet (X, M, *) is said to be fuzzy metric space if X is an

arbitrary set, * is continuous t-norm, and M is fuzzy set on X2 x [0, o) satisfying the following conditions:
() M(x,y,0) > 0,

([ Mx,yt) =1, vt>0iff x =,

(iii) M(x, y, t) = M(y, X, t),

(iv) M(x, y, t) * M(y, z, 8) < M(x, z, t+s) V X, ¥,z € X and t,s >0, and

(V) M(x, y,.) : [0, ) — [0, 1] is continuous.

By introducing this definition, they also succeeded in introducing a Hausdorff topology on such fuzzy metric spaces
which is widely used these days by researchers in their respective field of research. George and Veeramani(1994)
have pointed out that the definition of Cauchy sequence given by Grabeic is weaker and hence it is essential to

modify that definition to get better results in fuzzy metric space.

Consequently, some more metric fixed point results were generalized to fuzzy metric spaces by various authors such
as Subrahmanyam (1995), Vasuki (1998), Saini, Gupta, and Singh (2007), Saini, Kumar, Gupta, and Singh (2008),
Vijayaraju (2009), and Gupta and Mani (2014a, 2014b).

Now we give some important definitions and lemmas that are used in sequel.

Definition 2.4 (Grabiec, 1988) A sequence {Xx} in a fuzzy metric space (X, M, *) is said to be convergentto x € X
if %imM(Xn, x,)=1vt>0.
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Definition 2. 5 (Grabiec, 1988) A sequence {Xn} in a fuzzy metric space (X, M, *) is called Cauchy Sequence if

lim (Xn+p, Xn, t) =1V t>0andeachp>0.
n—oo

Definition 2.6 (Grabiec, 1988) A fuzzy metric space (X, M, *) is said to be complete if every Cauchy sequence in X

converges in X.

EXAMPLE 2.1 (Gregori et al., 2011) Let (X, d) be a bounded metric space with d (x, y) <k forall x,y € X. Letg:

R* — (k , ©) be an increasing continuous function. Define a function M as

dxy)
g@®

My, t)=1-

Then ( X, M, *) is a fuzzy metric space on X where * is a Lukasievicz t-norm, i.e, * (a, b) = max {a+b-1, 0}.

LEMMA 2.2 If there exists k € (0,1) such that M (x, y, kt) > M (x, y, t) for all x, y € X and t € (0, ),
then x=y.

In our result, we define a class @ of all mappings & : [0,1] — [0 ,1] satisfying the following conditions:
(1) & 1s increasing on [0,1], and
(i) Et)>t, Ve (0, 1] and E(t) =t if and only if t = 1.

In section 3, we prove some fixed point theorems for contractive mappings in fuzzy metric spaces. We prove our
results in fuzzy metric spaces in the sense of George and Veeramani (1994). Our result generalizes some relevant

results in the literature.

3. MAIN RESULTS

THEOREM 3.1 Let (X, M, *) be a complete fuzzy metric space and p : X — X be a mapping satisfying
M (px, py, kt) > E{ A (X,y,1) } —(3.1)

Where,

, M(x,px,t)* M(y,py,
A (%, ) = Min {M(x,y, ), M(x, px, ), M(y, py, ), "2 S0} - (3.2)

forall x,y € X, { edp and k € (0, 1). Then p has a unique fixed point.
PROOF: Let x € X be any arbitrary point in X. Now construct a sequence {Xn} € X such that

PXn = Xn+1 for all n € N.
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Claim: {Xn} is a Cauchy sequence.

Taking x = xn1 and y = Xxn in equation 3.1, we get
M (Xn , Xn+1, Kt) = M (pPXn-1, PXn , kt) >, & { X (Xn-1, Xn , )
from equation 3. 2, we have

A (Xp_1,Xp, t)

M (Xp—1, pPXpn-1,t) + M (X,, pXp, t
= Min {M (Xn—lixnlt)JM(Xn—lian—lﬁt)nM(XnJ an't)' ( n-1 Pn-1 ) ( o P )}

M (Xn—l' Xn» t)

———(33)

M (Xp—1,Xp, t) + M (Xp, Xp41 €
= Mln{M (Xn—lixn;t);M(Xn—lrxn;t);M(Xn;Xn+1:t); ( n-bn ) ( W n+l )}

M (Xp-1,Xn, B)
= Min{M (Xp, Xp+1, ), M (Xq_1, Xy, 1) }
Now if M (x,, Xp+1, 1) <M (X,-1, Xp, ) then by equation 3.3,
M (Xp, Xp4+1, kt) > & {M (Xn, Xn+1/ t)} >M (X, Xp+1, )
Hence, our claim follows immediately from Lemma 2..2, Now suppose
M (Xp, Xnt+1, £) =M (x,_1, Xp, ), then again from equation 3.3,
M (Xp, Xp41, kt) 2 & {M (Xp-1, X, )} > M (Xp_1, Xp, ©)
Now by simple induction, for all n and t > 0, we get

M (Xp, Xna1, KO > M (%, %1 , =) —-(3.4)

kn—1

Now for any positive integer r, we have

t t
M (Xp, Xpsr t) > M (Xn, Xn41,7) *ooen *M (Xn4p-1,Xn+p )

Using equation 3.4, we get
M (Xp, Xp+m ©) > M (x, xl,L *-*M (x, x,——

rkn rkn

Taking lim , we get lim M (X, Xp4n t) = 1 --- (3.5)
n—-oo n—oo
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This implies {xn} is a Cauchy Sequence, therefore, there exists a point u € X such that

limx, = u
n—oo
CLAIM: u is a fixed point of p.Consider
M(u, pu, t) > M(pxn, pu, t) * M(U, Xn+1, t) > & { A (X, U, i)} * M(U, Xn+1, t) ---(3.6)

Again from Equation 3.2,

t

A (ko ,2) =
t t
: : £y Mt pxugg) <M (w pu, o)
Min <M (xn,u,—),M (xn,pxn,—),M(u,pu,—),
2k 2k 2k (Xn u %)

Taking lim, we get

n—-oo

t —
A(u,u, ﬁ) =

t t
Mi M( t) M( t) ( t) M (e pu,57) * M (u pu, 57
in u,u,Zk , u, pu, ok upu,Zk , (u A %)
2

= Minj{1l M(uut) (uut) M(u uL)
- ’ P ok P ok P2k
= (wpegg)
= u,pu, ok
By equation 3.6, we get
M (u,pu,t) > & {M (u, pu, ﬁ)} *M (Xpyp, U, t)>M (u, pu, ﬁ) *M (Xp41, U, t) --(3.7)

Taking lim in Equation 3.7 and by Lemma 2.2, we get pu = u.
n—-oo
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UNIQUENESS: Now we show that u is a unique fixed point of p. Suppose not, then there exists a point z € X such

that pz = z.
Consider 1 > M (z, u, t) = M (pz, pu, t) > & {/1 (Z, u, %)} ---(3.8)

Where A (z,u, i) =

k )

o o) LM

Min <M (z,u,; % M(z, " %)

— Min M(zuf) M<ZZ£> M(uuz) M(Z,z%)*M(u, u,%)

This implies that either A (z, u, i) =1 or A(z,u, i) =M (z,u, %)
Using it in equation 3.8, we get z = u.

Thus, u is a unique fixed point of p. This completes the proof of Theorem 3.1.

COROLLARY 3.1. Let (X, M, *) be a complete fuzzy metric space and p :X — X be a mapping satisfying

M (px,py, kt) = X (x,y,t)

where,

t), M(x,px,t)*M(y,py,t)}

A(x,y,t) = Min {M (x,y,t),M (x,px,t), M(y,py, FrT—s

forall x,y € X, and k € (0, 1). Then p has a unique fixed point . The proof of the result follows immediately from
Theorem 3.1 by taking &(t) = t.
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4. APPLICATION.

THEOREM 4.1
In this section, we give an application related to our result.

Let us define vy : [0, o] — [0, =], as

Y(t) = fot Y(t)dt Vv t> 0, be anon-decreasing and continuous function. Moreover, for each € > 0, P(t) > 0 and ¥(t)
=0ifft=0.

Let (X, M, *) be a complete fuzzy metric space and p : X — X be a mapping satisfying

PO g de > e {7 7w dtf

Where,

A(x,y,t) =

M ) )t M ) )t
Min{M(x,y,t).M(x,px,t),M(y,py,t), (rpx.t) « My, py )}

M(x,y, t)
forallx,ye X, 0 € ¥, € @ and k € (0, 1), Then p has a unique fixed point.

Proof: By taking W(t) = 1 and applying Theorem 3.1, we obtain the result.

REFERENCES

[1] Banach,S.1922. sur les oprations dans les ensembles abstraits et leur application aux quations intgrales [
On operations in the abstract sets and their applications to the integral equations. Fundamenta mathematicae, 3,
133-181.

[2] EI Naschie,M.S.,2004 . A review of E-infinity theory and the mass spectrum of high energy particle physics.
Chaos Salitons Fractals, 19, 209-236.

[3] George,A.,& Veeramani,P. 1994 . On some results in fuzzy metric spaces, Fuzzy Sets and  Systems , 64 ,395-
399.

[4] Grabiec,M.1988, Fixed point in fuzzy metric spaces, Fuzzy Sets and Systems ,27,385-389.

IJCRT1133637 \ International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 239


http://www.ijcrt.org/

www.ijcrt.org © 2019 IJCRT | Volume 7, Issue 1 January 2019 | ISSN: 2320-2882

[5] Gregori,V., Morillas,S., & Sapena, A., 2011, Examples of fuzzy metrics and applications, Fuzzy Sets and
Systems , 170,95-111.

[6] Gregori,V. & Sapena ,A., 2002 , On fixed point theorems in fuzzy metric spaces, Fuzzy Sets and Systems
,125,245-252.

[7] Gupta,V.,& Mani,N.,2014 a ,Existence and uniqueness of fixed point in fuzzy metric spaces and its applications
,Proceeding of the second international conference on soft computing for problem solving; Advances in

intelligent systems & computing , 236,217-224.
[8] Gupta,V.& Mani,N.2014b. Common fixed points by using E.A. property in fuzzy metric spaces. Proceeding
s of the Third International Conference on Soft Computing for Problem Solving: Advances in Intelligent

Systems and Computing, 259,45-54.

[9] Gupta, V., Saini, R.K., Mani, N., & Tripathi, A.K.2015. Fixed point theorems using control function in fuzzy

metric spaces. Cogent Mathematics,

[10] Karmosill,l., & Michalek,J. 1975. Fuzzy metric and statistical metric spaces. Ky-  bernetica,11,326-334.

[11] Saini, R.K., Gupta, V., & Singh, S.B.,2007. Fuzzy version of some fixed points theorems_ - on expansion type

maps in fuzzy metric spaces. Thai Journal of Mathematics, 5,245-252.
[12] Saini, R.K., Kumar, M., Gupta, V., & Singh, S.B.,2008. Common coincidence points of R- weakly commuting
fuzzy maps. Thai Journal of Mathematics,6, 109-115.

[13] Schweizer, B., & Sklar, A., 1960. Statistical metric spaces. Pacific Journal of Mathematics,10, 313-334.

[14] Subrahmanyam, P. V.1995. A common fixed point theorem in fuzzy metric space. Information Sciences,83,
109-112.

[15] Vasuki,R. 1998. A common fixed point theorem in fuzzy metric space. Fuzzy Sets and  Systems, 97, 395-
397.

[16] Vijayaraju, P.,& Sajath, Z. M. 1.2009. Some common fixed point theorems in fuzzy metric spaces.

International Journal of Mathematical Analysis, 3, 701-710.

[17] Zadeh, L. A.1965. Fuzzy sets. Information and Control, 8, 338-353.

IJCRT1133637 \ International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 240


http://www.ijcrt.org/

