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Abstract: (m,n)-Lollipop graph is a special type of graph consisting Of Complete graph on m vertices for m > 3 and a path
graph on n vertices for n > 2, connected with a bridge. In this chapter we are going to find the Zagreb indices and also find their
corresponding polynomials.
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I. Introduction
The concepts of connectivity in Chemical Graph Theory, which define relationships between the

structure of a molecule and its properties. One important parameter, topological index, which
characterizesmolecular graph and remain invariant under graph automorphism are called Zagreb Indices.
These parameters introduced by Gutman | [39 ] are defined by using sum and product of degrees of vertices
joining an edge.

Consider a subset of E(G) denoted as Eap={(u,v) € E(G) / d(u) = a and d(v) = b }. Partitioning the
edge set E(G) into disjoint sets Eap with all possible choices of pairs a,b we can determine the Zagreb and
hyper Zagreb indices and their corresponding polynomials for first and second kind.

The Zagreb indices, hyper Zagreb indices and their corresponding polynomials we use definitions

given by Gutman [39] stated as follows:

Mi(6) = Spyyeney [d6(W) +dg(V)] -ooomommmmmeeeeeee ®

My (G) = Yuwer) [de(@)dg (V)] —-mmmmmrmmmmmmmemee- )
M, (G, %) = upene X466 3)
My (G, %) = Suwer(gy X966 (@)
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Il Main Results:
Definition 2.1: The graph obtained by Joining Complete graph K,, (m = 3) to path P,(n = 2) with bridge called Lollipop

graph. Lollipop is denoted by L,, ,. Fig (1)

Figure 1: Ls, Lollipop graph

2.2 Zagreb indices of Complete Graph
A complete graph is a graph in which each pair of graph vertices is connected by an edge. The complete graph with m vertices is
denoted K,,, and has @ edges. Vertex and edge partition of complete graphs K,, where m > 3

We have only the one vertex set V(G)
V-1 = {v € V(G);dg(v) =m —1}; |Vp_4| =m
We have only the edge set E(G)

m(m-1)

Em-1m-1 = {uv € E(G):dg(u) = dg(v) =m — 1}; |Em—1,m—1| =

Corollary 2.3: The first and second Zagreb indices and there polynomials of a complete graph K, is
M; (Kp) = m(m — 1)?

MZ(Km) = In(mf_lf
M; (K, x) = Tn(mT_l) [x[Z(m—l)]]

MZ(Km; x) =
Proof: The first Zagreb indices of Complete graph and there polynomial is
M (Km) = 2Ep_y oy [da (W) + dg(V)]

=m(rr21_1)[m—1+m—1]

mm—1 . .
T [xme?)

M;(Kp) = m(m — 1)?
M; (K, x) = ZuveE(G) xldc(Wdg (V)]
M; (K, %) =Yg § L xldc(W)+dg(V)]

— m(nzl—l) [X[m—1+m—1]]

@ [x[2(m=D)]]

The second Zagreb indices of Complete graph and there polynomial is

M;(Km) = XEp_ g mes[de(Wde (V)]
= 20D (m - 1)(m — 1)]
_ m(m-1)3

2
MZ (Km' X) = ZuVEE(G) X[dG(u)dG(v)]

<[dcWdg)]

= Z:Em—1,m—1

— m(m-1) [x[(m-1(m-1]]
2

=2 ]
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2.4 Zagreb indices of Path Graph

A path in a graph is a finite or infinite sequence of edges which joins a sequence of vertices. n (n > 2)
vertices and (n — 1) edges.

Case 1: Vertex and edge partition of path graphs P, where n = 2

We have only the one vertex set V(G)

Vi ={veV(Q);dg(v) =m—1}; |V;| =2
We have only the edge set E(G)

E;1 = {uv € E(G):dg(u) = dg(v) = 1}; |E1,1| =1
Case 2: Vertex and edge partition of path graphs P, where n > 2
We have the following two partitions of the vertex set V(G)

Vi ={veV(G;de(v) =1} [Vi| =2

V, ={veV(G);dg(v) =2}; |V, =n—2
We have the following two partitions of the edge set E(G)

E,, = {uv € E(G):dg(u) = dg(v) = 2}; |E;,| =n—3.

Ey; = {uv € E(G):dg(u) = 2,dg(v) = 1}; |Ep,| =2.

Corollary 2.5: The first and second Zagreb indices and there polynomials of a Path graph P,

(2 wheren = 2
M1 (Pn) _2 {4n — 6 wheren > 2
_(x wheren = 2
M; (Py, %) = { (n —3)x* + 2x3 wheren > 2

wheren = 2

(1
M, (Fn) = {4n — 8 wheren > 2

[ x? where n = 2
Ma (P, x) = {(n —3)x* + 2x? where n > 2
Proof: The first Zagreb indices of Path graph and there polynomial is B,
M;(G) = Yuvere)lde(w) + dg (V)]
Case (I):n =2
M;(Py) = X, ,[dg(w) + de(W)] =11 + 1) =2
Ml(Pn' X) — ZE“X[dG(u)"'dG(V)] = x1+1 — 2
Case (ii):n > 2
M (Py) = X,,[dc(u) + de(W)] + X, [d6(w) + dg(V)]
=n-3[2+2]+2[2+1],=4n—-3)+6=4n—-6
M;(P,) =4n—6
M, (P, x) = ZEZZ[X[dG(U)‘l'dG(V)]] + ZE21[X[dG(u)+dG(V)]]
=(n—3)x*+2x3
The second Zagreb indices of Path graph and there polynomial is
Case (iii):n = 2
M, (P,) = ZEl_l[dG(u)dG(V)] =1
M, (P, x) = X, , x[46Wde™] = x
Case (iv):n > 2
M, (Pn) = X, ,[dc(Wde (W] + X, , [de(W)de(V)]
=(m-3)[2x2]+2[2x1] =4n—-8
Mz(Pn,X) = ZEZ,Z[XdG(u)dG(V)] + 2E2’1[XdG(u)dG(V)]
= (n—3)x* + 2x?
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2.6 Zagreb indices of Lollipop Graph Ly,
Vertex and edge partition of Lollipop graphs Ly, , where m > 3 and n > 2
We have the following four partitions of the vertex set V(G)

Vi ={wev(G)dsw) =1} V1| =1
V,={wev(6)ds(wv) =2} [Vol =n—1

V-1 ={v € V(6);dg(v) = 2}; [Vipql =m —1

Vn ={v €V(G);dg(v) =2} [Vnl =1

We have the following 5 partitions of the edge set E(G)

E,1 = {uv € E(G):dg(w) = 2,dg(v) = 1}; |Ez4| =1

n—2 wheren> 2

Ezz = (v € E(@:d(W) = dg(v) = 2); [Bpp| = {{ 7% WITeN 2%,
m(m-1) _ (m — 1).

Em-1m-1 = {uv € E(G):dg(w) = dg(v) =m —1}; ”

Em—l,m—ll =
Emm-1= {uv € E(G):dg(u) = m,dg(v) = m — 1}; |Em,m—1| =m-—1

Emz = {uv € E(G):dg(u) = m,dg(v) = 2}; |Epyz| =1

Theorem 2.7: The first Zagreb indices and their polynomial for Lollipop graph L, ,

342D 1) [2m— 20+ (m=1)@m— 1) + m+ 2 wheren =2

2
M (Lmn) = ! m(m— 1)
l3+4(n—2)+ [T

2_
x3+ (n—2)x*+ %(sz—q + (m — 1)x?™" ! + x™*2 where n = 2

—(m—1)](2m—2)+(m—1)(2m—1)+m wheren > 2

M; (L %) = {

2_
x3+ (n—2)x*+ %(sz—z) + (m — 1)x?™ ! + x™*2 where n > 2
Proof: The first Zagreb indices and their polynomial of Ly, are defined as

Ml(Lm,n) = ZquE(G)[dG(u) + dG(V)]
= 2E,,[de(W) + de(M)] + X, ,[de (W) + de(WM)] + X, 1, [da (W) + dg (V)]
YEmm-ldc(W) + de(M)] + X, ,[dc (W) + de (V)]
Ml(Lm,n: X) = ZquE(G) x[dc(u)+dg(v)]
= ZEZJ xldc@)+dc()] ZEZ,Z xldc)+dc()] Y xldcW)+dg(v)]

ZEm,m—l xldeW+de()] ZEm,z xldcW+de(w)] mom
Case(i):n=2
My (Limn) = 102+ 1]+ 0[2+ 2] + [222 — (m - )] . [m— 1+ m— 1] +
(m - D[(m+m-1)]+ 1[m+ 2]
=3+20D _ (m—1).[2m— 2] + (m ~ D@m— 1) +m +2
M; (Linn, ) = 3 + W(XZm—z) + (m — 1)x?m~1 4 xm+2

Case (ii):n > 2

Ml(Lm,n) =12+1]+ (m—=2)[2+ 2] + [w

=3+4(n-2)+[™22 — (m-1]@m-2)+ (m - D@m-1) +m
M;(Lpn x) =x3 + (n — 2)x* + —m2—2m+2 (x?m=2) + (m — 1)x?m~1 4 xm+2
Theorem 2.8: The Second Zagreb indices and their polynomial for Lollipop graph L., ,
m? — 3m + 2
2 2
My (L x) = x2 + (n — Z)X‘L@x(m‘n2 + (m — D)x™m-D 4 2m]

—(m—1)][m—1+m—1]+(m—1)[(m+m—1)]+ 1[m + 2]

MZ(Lm,n'x) =x*+ xM-D% 4 (m — Dx™™-1 4 2m
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Proof: The second Zagreb indices of Ly, are defined as

M (G) = Xuver@ldg(Wdg (V)]
=2, [de(Wdc(M)] + Xg, ,[dc(Wdc W] + Xg,,_; oy [dc(Wde (V)]
2 Emmi[dc(WdcW] + 2, ,[dc(W)dc (V)]
MZ(Lm,nr x) = ZquE(G) x[dg(u)dg(v)]
= 252,1 xldeWde()] ZEz,z x[dcWdc®)] 4 o xlde(Wdg ()]

e xlde@dc®] 4y yldg(0dg() m-im-1
Case (i):n=2
il 2 002 2 lw —m- ”l [((m - D(m - D]+
(m — D[(m@m - D] + 1[m x 2]

M, (Lm,n: x) =x? + @X(m—l)2 + (m — l)Xm(m—l) +2m
Case (ii):n > 2
My(Lipn) =12%x 1]+ (n —2)[2 x 2] + [@— (m — 1)] [((m—1)(m—1)] +

D[m(m —1)]+ 1[m x 2]

m? — 3m + 2
MZ(Lm,nr x) =x?+ (n— 2)x4fx(m—1)2 + (m — Dx™m™-D 4 21y

111 Results:
1. Mg [Lin] = My (Kp) + My (Py) + 2(m + 1)
2. My[Lipn] = mM,(Ky,) + (n — 27M,(P,)

IV References
1. Gutmanl , Degree-based Topological indices, Croat. Chem. Acta.86 (2013), 351-361.

(m—

2. Gutman I, Das K.C, The first Zagreb indices 30 years after, MATCH Commun.Math.Compu. Chem. 50(2004), 83-

92.[39]

Gutman I, Kulli V R, Chaluvaraju B and Boregowda H.S, On Banhatti and Zagreb Indices. J.Int. Math. Virtual
Insst.7(2017), 53-67.

Kavitha B N, K Srinivasa Rao, Nagabhushana C, S Some Degree-based Connectivity Indices of Tadpole Graph,
International Journal of Recent Technology and Engineering (IJRTE) ISSN: 2277-3878, VVolume-8 Issue-2S6, July 2019.

Kavitha B N and Indrani Pramod Kelkar , Zagreb indices of book graph and stacked book graph, International Journal of
Engineering Science and Mathematics(IJESM) ,Vol.9, Issue 6, June 2020.

Kavitha B N, Nagabhushana C, Rashmi K, Domination Zagreb Indices of a Book Graph and Stacked Book Graph,
International Journal of Mathematical Trends and Technology . VVol.68. Issue 5,17-21, May 2022.

Khalifeha, M.H.; Yousefi-Azaria, H.; Ashrafi, A.R. The first and second Zagreb indices of some graph operations.
Discret. Appl. Math. 2009, 157, 804-811.

Kulli V. R., Chaluvaraju B, Boregowda H. S, Some degree based connectivity indices of Kulli cycle windmill graph,
South Asain J. Maths. 6(6) (2016) 263-268.

Togan, Muge&Yurttas, Aysun&Cangul, Ismail naci. (2016). All versions of Zagreb indices and coindices of subdivision

graphs of certain graph types. 26. 227-236.

IJCRT2301076 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | a615


http://www.ijcrt.org/

