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ABSTRACT

In the idea of generalized hypergeometric functions, classical summation theorems which includes
the ones of Gauss, Gauss second, Kummer, Bailey, Dixon, Watson, Whipple, Saalschitz and Dougall play
a key role. Applications of the above-cited classical summation theorems are well-known. The aim of this
paper is to obtain the solution of Laplace equation in terms of Fox’s H-function of one variable.
Keywords: Fox’s H-function, Laplace Equation, Boundary Value Problem.

1. INTRODUCTION:
Charles Fox [2] introduced a more general function which is well-known inthe literature as Fox's H-

function or the H-function. This function is defined and represented by means of the following Mellin-
Barnes type of 09 cgur integral:

H™ x| Pl= " [T7es)xds (1)
b4 (b, ﬁl)l,q 2w —wWoo
where o = V(= 1),

H(S) _ o il g)rﬁjS) I1 (1—aj+ajs)
HJ_ 1 (A=Dbj+pjs) H]— 1 (aj—ajs)
X is not equal to zero and an empty product is interpreted as unity; p, g, m, n are integers
satisfying0 <m<q,0<n<p,0i(G=1,....p), Bi G =1, ..., q) are positive numbers and a;
G=1,...,p),bi(G=1,...,q) are complex numbers. L is asuitable contour of Barnes type
such that poles of I'(bj — Bjs) (j =1, ..., m) lie on the right side of the contour and those of
'l —aj+ajs) =1, ..., n) lie on the lefthand of the contour. These assumptions for the H-
function will be adhered to through out this research work.

The behavior of the H-function has been given by Braakasma [1, p. 279, (6.5) and

p- 246, Q181
Hmn [x] "] = O (|x|%) for small x,
PA b8,
where 37 _pj— X9, f < 0and a.=minR(bw/pr) (h=1, .., m)
and

(a"a')
Hmn [x] ] = O (|x|F) for large X,
PAyB),

IJCRT22A6382 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | d111


http://www.ijcrt.org/

www.ijcrt.org © 2022 IJCRT | Volume 10, Issue 6 June 2022 | ISSN: 2320-2882

where ¥n _; GFZH g4 ym T pgrEAS 0 (2)
]p=1 > aj—Ejﬁj<0and
larg x| < %2 An and B = max R[(aj— 1)/aj] (j =1, ..., n).

The Laplace equation is often encountered in heat and mass transfer theory, fluid
mechanics, elasticity, electrostatics and other_areas of mechanics andphysics. Since Fox’s
H-function is believed to be quite gene@éal‘ninature becauseit includes a number of well
known elementary functions as its particular cases. Evidently, therefore, our results would
apply to a wide variety of useful functions (or products of several such functions) occurring
frequently in mathematicalphysics and engineering.

In this paper, we shall make application of the following modified form of the
integral [3, p.372, (1)]:

L L sin Y2 nrt I'(w)
[ {sin (mx/L)}* L sin (nmx/L) dx = : 3
0 2°° 1T {% (0 +n+ 1)}

where n is any integer and Re (o ) > 0.
2. INTEGRAL.:

The integral involving the H-function of one variable to be evaluated is:
L

. , | . . .
] (sin (mx/L))*~ 1 sin (nax/L) H ”; o2 (6in (x/L))? (59 1 dx
0 : i jlq
J+1
—2l-oLsintnaH 22| 0. @ ails 1. 4)
p+lq+2 (b, Bi)1. o (112 — /2 % 12, 1I2)

where A > 0 and Re (w) >0, |arg z| <%z Mmr, M is given by:
s Yy H2E g+ FME BiEM>0
Proof of (4):

Replace the H- function by its equivalent contour integral as given in (1), change
the order of integration, evaluate the inner integral with the help of (3) andfinally interpret
it with (1), to get (4).

3. FIRST BOUNDARY VALUE PROBLEMFOR THE LAPLACE EQUATION:

The two-dimensional Laplace equation has the following form:
aZ—W + o*w =0 __
Ox? oy? (5)
in the Cartesian coordinate system.
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Under the domain 0 < x <a, 0 <y <b, a rectangle is considered. Boundaryconditions are
prescribed:
w="fi(y)atx=0,w="(y)atx =aw="3(x)aty =0, w = fa(x) at y = b.
The solution of equation (5) is given as

w (X, y) =X Ansinh [nn(a— x)/b)] sin (nrty/b)
+ X Bnsinh (nnx/b) sin (nty/b)

+ X Cnsin (nnx/a) sinh [nw(b — y)/a)]
n=1

i % Dnsin (nnx/a) sinh (nmy/a) (6)
n=1
where the coefficients An, Bn, Cn and Dn are expressed as
E’A\n = (2/n) | f1(&) sin (nr&/b) dE, @)
0
tfsn = (2/n) | f2(&) sin (nné/b) dg, (8)
0
E:n = (2/mn) | f3(&) sin (nné/a) dE, (9)
ZDn = (2/pn) [ f4(&) sin (nné/a) dE, (10)
An = b sinh (nra/b), (11)
and  un=asinh (nnb/a). (12)

4. SOLUTION IN TERMS OF H-FUNCTION:

Now choose

f(&)= f (&) =sin(meb)etH ™ [z (sin (x&/b))*| fa e (13)
' ? P-4 (bj, Bi)1. q
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and

BO= Q) =sin(a) Y palGin@a) FEHT ] @
i ilq
Combining (7), (8) and (13) and making the use of integral (4), we derive
A =B =220 (bl ) sin % i HM T o), oy
n ptlg+2 [z (bj, Bi)1, ¢, (12 — /2 £ /2, MI2) ]
(15)
Similarly from (9), (10) and (14) and making the use of integral (4), we
derive
C =D =2% o (a/p ) sin v n H™ ' 1 5 (L= 0.2), @ o)y
n ptlqg+2 [2 (bj, |BJ)1,q, (112 — /2 + nf2, M/2) 1,
(16)

Putting the value of An, Bn, Cn and Dn from (15) and (16) in (6), we get the
following required solution of the Laplace equation in terms of Fox’s H-function:
w(X,y)= > 2279 (b/in) sin ¥ nx sinh [nn(a — x)/b)] sin (nry/b)
n=1

+X 2279 (b/An) sin Y2 nr sinh (nmx/b) sin (nmy/b)
n=1

+X 2279 (a/un) sin % n sin (nnx/a) sinh [nr(b — y)/a)]
n=1

+3% 22°(alun) sin %2 nn sin (nnx/a) sinh (nry/a) X

n=1

m, | +1 1 mk) @aj, aj),

p+1,q+2 a Eé} 2[31)1 W (12 - oo/2+r$/2 A2) 1, (17)

where A > 0 and Re (o) > 0, |arg z| <%2 M=, M is given by:
b=t > WTYE o+ iB™E BiEM>0
5. SPECIAL SOLUTION:
The importance of the H-function lies largely from the possibility ofexpressing by

means of the H-symbols a great many of special functions appearing in applied
mathematics, physical sciences and statistics. So that each of
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the solutions given in (17) becomes a master or key solution from which a very large number of solutions
can be derived for Meijer’s G-function, Generalized Hypergeometric function, Bessel, Legendre, Whittaker
functions, theircombinations and many other functions.
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