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1. Introduction

By A represent the set of all sequences with complex terms and note that any subspace of A is said to

be as a sequence space. By symbols N and C, we represent the set of non-negative integers and the set of
complex numbers, respectively. As in [7, 15, 16], we denote by ¢«, c and co, respectively, the space of all
bounded sequences, the space of convergent sequences and the sequences converging to zero. Also, by
¢1, €(p), cs and bs we denote the spaces of all absolutely, p-absolutely convergent, convergent and
bounded series, respectively, as can be seen in [8, 18, 44].
As in [9]-[27], for an infinite matrix T = (t;j) and v = (vk) € A, the
T-transform of vis Tv = {(Tv):} provided it exists V i € N, where
(Tw); = Z; o LigVi,

For an infinite matrix T = (tij), the set Gr, where

Gr={v=(vj))EA:TvEG] (D

is known as the matrix domain of T'in G [30, 31, 40].
A infinite matrix G = (gn«) is said to be regular if and only if the following conditions hold:
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(‘?) nlgloloz Onk = 1,

k=0
(27) lim g0, =0, (k=0,1,2,...),
n—roo
oo
(iii) Y lowr| < M, (M >0, n=0,1,2,...
k=0
n
Let (q«) be a sequence of positive numbers and let us write, Qn = P qk

k=0

for n€ N. Then the matrix R7= (rnk?) of the Riesz mean (R,qn) is given by

Ak .
on , if0<k<n,
Tnk'

Oifk>n

The Riesz mean (R,qn) is regular if and only if Qn — o0 as n — oo as can be seen in [35, 42].

Quite recently, in [38], the author has introduced the following:

k Pk
r(u,p) = {C = () €A Z QllkZ’u.J,qu < oo}
k =0

In [29], the author introduced the following difference sequence spaces
wW(A):

W(A)={¢=(q) € A: (Ad) € W},

where, W € {f«,c,co} and Alk= {k— (k1.
In [2], the author has studied the sequence space as

bv, = {C = (Ck) €A Z |Axy|P < oo}
k

’

where, 0 < px< H < 0,

where 1 < p < co. With the notation of (1), the space bvy can be redefined as
pr= (lp)A,l Sp<o

where, A denotes the matrix A = (Ank) defined as

(_1)n—k’ ifn-1<k< n,

@0, ifk<n-1ork>n.
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In [32], the author introduced the concept of modulus function. We call a function F : [0,00) — [0,00)
to be modulus function if
(i) F(@=0ifandonlyif{=0,
(i) F(¢+m)<{(Q+{(m)VvI20n=20
(iii) Fisincreasingand
(iv) Fis continuous from the right at 0.

One can easily see that if F1 and F2 are modulus functions then so is F1 + F2; and the function F/ (j € N),
the composition of a modulus function F with itself j times is also modulus function.

Recently, in [36] the new space was introduced by using notion of modulus function as follows:

L(-F) = {C = (Cr) : ZU'—(GD\ < OO}

The approach of constructing a new sequence space by means of matrix domain of a particular
limitation method has been studied by several authors. («)n;and cnq(see, [43]), (£p)cr= Xpand (£«)cr=

Xeo(see, [34]): (loo) e = Too, (O)pe = Tl and (Co)m = Ti(see, [28]), ((Wre = 75
(see, [1]), (f’D)Ar = g and Car = c(see, [3]), [CO(UaP)}Av- = a{j(u,p) and
[c(u, p)] 4r = ag(u,p) (see, [4], ri(up) = {l(p)}r.(see, [38])and etc.

2. The sequence space rr? (APs) of non-absolute type

In this section, for s = 0, we define the Riesz sequence space"’“qf(Afs)) , and prove that the space"’}(ﬁi’)
is a complete paranormed linear space and show it is linearly isomorphic to the space I(p).

Let A be a real or complex linear space, define the function 7 : A = R with R as set of real numbers.
Then, the paranormed space is a pair (A;7) and 7 is a paranorm for A, if the following axioms are satisfied
for all {, n € A and for all scalars g:

(i) (6)=0,
(i) (-9 =1(3),
(iii) (¢ +n) < 1(Q + t(n),and

(iv) scalar multiplication is continuous, that is,

|Bn— B] = 0 and h({n—- Q) = 0 imply 7(Bnln— B{) — 0 for all f'sin R and {'sin A, where 6 is a zero vector
in the linear space A. Assume here and after that (px) be a bounded sequence of strictly positive real

numbers with suppk= Hand M = max{1,H}. Then, the linear space
k

P (p) was defined by Maddox [30] as follows :

teo(p) = {{= (¢k) : sup|{k|Pr< 0o}
k

which is complete space paranormed by

/M
n(0) = [surlaet]
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We shall assume throughout that? o ! provided 1 < infpk< H < o, and we denote the collection
of all finite subsets of N by F, where N={0, 1, 2, ... }.

Following Altay et al. [1]-[2], Ba,sarir et al. [5], Choudhary et al. [6], Ganie et al. [9, 18], Ruckle [36],
Sengonu’l [37], Mursaleen [33], Sheikh et al. [38]-[41], we define the difference sequence spacer}(ﬁi’

) as follows:
k Pk
sien=fem@ren el (25 0ec)| <o)
1=0

where, 0 <pk<sH<ooand s = 0.

By (1), it can be redefined as
rF (AL = {l(P)}ryca,),

Define the sequence & = (ék), which will be used, by the Rr? Agtransform of a sequence { = ({x), i.e.,

& = f quﬁcj
j=0 (2)

Now, we begin with the following theorem which is essential in the text.

Theorem 2.1. rr4 (APs) is a complete linear metric space paranormed by ha, defined as

k-1 " PE 77
[Zk [QAZ( fb‘+1)Cj+@Ck] ]

7=0
Proof: The linearity of” }(Aﬁ) with respect to the co-ordinatewise addition and scalar multiplication
follows from from the inequalities which are satisfied for G.§€ "’qf(/—\if)( see [14], p.30])

with 0 < pk< H < oo,

k-1 P
[Zk [ o ZO(%'_QJH)(C?"‘?B) + &5 (G + M) ]

iz

k1 Pk 77
< Xk:k_s Flar Z{)(Q‘j — 4j+1)G + -G
: i=
h—1 " PEq 7

Zk: (Qk;( — gj+1)n; + @Uﬁ:) ] -

and for any a € R (see, [13])
|a|Pe< max(1,|a|M). (4)

It is clear that, ha(8)=0 and ha({) = ha(={) for all { € rr (APs). Again the inequality (3) and (4), yield the
subadditivity of ha and
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ha(aQ) < max(1,|a|)ha().

Let {{"} be any sequence of points of the space 7’3—"(A§) such that ha(¢" - {) — 0 and (an) is a
sequence of scalars such that an— a.
Then, since the inequality,

ha(x") < ha(x) + ha(x" - x)

holds by subadditivity of ha, {ha({")} is bounded and we thus have

| | 1< ARGk
halan(" —al) = !Z k=% | F (Q—AZ(Q} — qim1)(anGj — a;gj)) ]
K =0

1 1

< |an = alrha(dM) + |alnha(d" - )

which tends to zero as n = oo, which shows that the scalar multiplication is continuous. Hence, ha is
.q P
paranorm on the space” 7 (A7),

It remains to prove the completeness of the space"";r(A‘:). Let {¢} be any Cauchy sequence in the space
""JIE(A?@)), where¢" = 160, Gl -}, Then,
for a given € > 0, there exists a positive integer no(€) such that

ha(d'-d) <€ (5)
for all i,j 2 no(€). Using definition of ha and for each fixed k € N, we have
b

(REAGs — (RIAC] < | D [(BEAL — (REAGN[™| <e
k

for ij = no(€), which leads us to the fact that {(Rr? As(%)k (Rr? As¢)k,...} is a Cauchy sequence of real
numbers for every fixed k € N. Since R is complete, it converges, say, (Rr? As()k — ((Rr4 As{)kas i — oo,
Using these infinitely many limits (RQFASC)U? (RIAQ). - -, we define the sequence {(Rr? AsQ)o,(Rr?
As{)1,...}. From (5) for each m € N and ij = no(€),

D |(REAC ) — (REAL ™ < ha(¢h— )M <
o . ®

Take any i,j 2 no(€). First, letj = o0 in (6) and then m — oo, we
obtain

ha({-Q <e

Finally, taking € = 1 in (6) and by letting i = no(1), we have by Minkowski’s inequality for each m € N
that
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1

[Z |(H}Aqg)kf’*=] | <ha(Ch =) +hal(') <1+ ha(¢)

k=0

which implies that ¢ € 'f'}(A?). Since ha({ - i) < e for all i = no(e€), it follows that {{ - {as i — oo, hence
we have shown thatTgr(Aﬁ) is complete, hence the proof of the theorem follows.

Note that one can easily see the absolute property does not hold on the spacequf(Ag), that s, ha({)/=

. 4 2 . g P~ .
ha(]¢]) for atleast one sequence in the spaceff(Ai) and this says thatTf(Af;) is a sequence space of
nonabsolute type.
3. Inclusion relations

In this section, we investigate some of its inclusions properties .

Theorem 3.1. Fors = 0, if pxand trare boundegi sequences ofg?ositive real numbers with 0 < pk < tk< oo for
each k € N, then for any modulus function’ rF(AL) CrE(A5),
Proof: For¢ € 7%(2%) it is obvious that
k—1 Pk
s 1 Ik
2 F | = g — qj+1)G + = Ck < 00
> (Qk;u g+ o) | <oo

Consequently, for sufficiently large values of k say k = ko for some fixed ko € N.

1 k—1 Ok
F (@Z((M —gj+1)G + @Cﬂ:)

k—° < oQ
§=0
But F being increasing and p« < tk, we have
= G bk
> il (G- + )
K>k ( @iz Qr
1 k—1 Pk
e dr;
< k2| F | =— g; — Qi ; + —=—Ck < 00
il (450 + )

=0

From this, it is clear thatC € 7’}(52) and the result follows.o¢
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