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Introduction

Fixed point theorems are very important tools for providing evidence of the existence and
uniqueness of solutions to various mathematical models. The literature of the last four decades
flourishes with results which discover fixed points of self and nonself nonlinear operators in a metric
space. The Banach contraction theorem plays a fundamental role in fixed point theory and has become
even more important because being based on iteration, it can be easily implemented on a computer.
These theorems provide a technique for solving a variety of applied problems in mathematical science
and engineering. There are great number of generalizations of the Banach contraction principle.
Bhaskar and Lakshmikantham [1] introduced the notion of coupled fixed point and prove some coupled
fixed point results under certain conditions, in a complete metric space endowed with a partial order.
Later, Lakshmikantham and Ciric [2] extended these results by defining the mixed g- monotone
property. More accurately, they proved coupled coincidence and coupled common fixed point theorems

for a mixed g- monotone mapping in a complete metric space endowed with partial order. Karapiner
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[3] generalized these results on a complete cone metric space endowed with a partial order. For other
results on coupled fixed point theory, we refers [4 - 14].

Beside this, in [15] Alber and Guerre - Delabriere presented the generalization of Banach
contraction principle by introducing the concept of weak contraction in Hilbert spaces. Rhoades [16]
had shown the result of [15] is also valid in complete metric spaces. Khan et.al. [17] introduced the use
of control function in metric fixed point problems. This function was referred to as 'Altering distance
function' by the authors of [17]. This function and its extensions have been used in several problems of
fixed point theory; some of them are noted in [18-21]. In recent times, fixed point theory has developed
rapidly in partially ordered metric spaces, that is, in metric spaces endowed with a partial ordering.
Using the control functions the weak contraction principle has been generalized in metric spaces [9]

and in partially ordered metric spaces in [11].

Recently, Samet and Vetro [14] introduced the notion of fixed point of N- order, as natural
extension of the coupled fixed point and established some new coupled fixed point theorems in complete
metric spaces, using a new concept of F- invariant set. Later, Berinde and Borcut [22] obtained
existence and uniqueness of triplet fixed point results in a complete metric space, endowed with a
partial order.

Now we recall come previous known definitions and results which are as follows.
Again, let (X, <) be a partially ordered set. The mapping F:X? — X is said to have the mixed monotone
property if forany x,y,z € X.

L x,x€ X, x; < x= F(x1,y,2) < F(x,9,2),

i y1,Y2€ X, y12 y2= F(x,y1,2) 2 F(x,y,,2) ,

iii. 21,2, € X, 2 < z,=> F(x,y,z;) < F(x,y,2,)
An element (x,y,z) € X3 is called a triplet fixed point of F if
F(x,y,z) = x, Fly,x,y) =y, and F(z,y,x) = z.
Berinde and Borcut [22] proved the following theorem.
Theorem 1.1:- Let (X, <) be a partially ordered set and (X,d) be a complete metric space. Let F : X3 —
X be a continuous mapping having the mixed monotone property on X. Assume that there exist
constants a,b,c € [0,1) such that a + b + ¢ < 1 for which,

d(F(x,y,z),F(u,v,w)) < ad(x,u) + bd(y,v) + cd(z,w) 1.1

Forall x > u,y < v,z > w. Assume either,

1. Fiscontinuous,

2. X has the following properties:

e ifnon decreasing sequence x, = x, then x, < x foralln,

e ifnon increasing sequencey, — Yy, theny, = x foralln,
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If there exist xy, 7V, zp € X such that
xg < F(x0,¥0.20), Yo = F(yo, x0,¥0), and zy < F (29, Y0, %0)
Then there exist x,y,z € X such that,
F(x,y,z) = x,F(y,x,y) = y,and F(z,y,x) = z
In [Abbas, Aydi and Krapinar, Triplet fixed point in partially ordered metric spaces,
submitted]. In this respect, let (X,<) be a partially ordered set, F:X3>— Xandg: X » X two
mappings. The mapping F is said to have the mixed g - monotone property if for any x, y, z @ X.
i x,x€X, gx; < gx, = F(x,v,2) < F(xyv,2),
. y1y:€ X, gy1 = gy:= F(x,y1,2) 2 F(x,y2,2) ,
iii. z;,2z,€ X, 9g2; < gz, = F(x,y,z;) < F(x,y,2,)
An element (x,y,z) € X3 is called a triplet coincidence point of F and g if
F(x,y,z) = gx, F(y,x,y) = gy, and F(z,y,x) = gz.
while (gx, gy, gz) is said a triplet point of coincidence of mappings F and g. Moreover (x,y, z) is called
a triplet common fixed point of F and g if
F(x,y,z) = gx, F(y,x,y) = gy, and F(z,y,x) = gz.
At last mappings F and g are called commutative if
g(F(x,y,2)) = F(gx,9y,92), Vx,y,2€ X
In the same paper, they proved the following result.
Theorem 1.2:- Let (X, <) be a partially ordered set and (X,d) be a complete metric space. Assume
there is a function @: [0,00) - [0,00) such that ¢(t) < t for each t > 0. Also suppose thatF :
X3 > Xandg: X > X are such that F having the mixed g — monotone property on X. Assume that
there exist constants a, b,c € [0,1) such that a + 2b + ¢ < 1such that,
d(F(x, v,z),F(u,v, w)) < ¢ (a d(gx,gu) + bd(gy,gv) + ¢ d(gz,gw)) 1.2
forall gx > gu,gy < gv,gz = gw.
Suppose (X3) € g(X), g is continuous and commutes with F. Suppose either,
1. Fis continuous,

2. X has the following properties:

if non decreasing sequence gx, = x, then gx,, < x foralln,
e ifnonincreasing sequence gy, = y, then gy, = y foralln,
If there exist xy, V9, z9 € X such that
9xo < F(xp,¥0,20), 9¥0 = F(¥o,%0,¥0), and gzo < F(Zo,¥0,%o) -
Then there exist x,y,z € X such that,
F(x,y,z2) = gx,F(y,x,y) = gy,and F(z,y,x) = gz
that is, F and g have a triplet coincidence point.

In [23] Aydi et.al. prove the following theorem
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Theorem 1.3:- Let (X, <) be a partially ordered set and (X,d) be a complete metric space. Assume
there is a function @: [0,00) — [0,0) such that @(t) < tfor each t > 0. Also suppose thatF :
X3 > Xandg: X - X are such that F having the mixed g - monotone property on X. Assume that
there exist constants a, b,c € [0,1) such that a + 2b + ¢ < 1 such that,

d(F(x, v,z), F(u,v, w)) + d(F(y, x,y),F(v,u, v)) + d(F(z, y,x), F(w,v, u))

< 3¢ (d(gx,gu)+ d(g;/,gv)+ d(gz,gW)) 1.3

Forall gx = gu,gy < gv,gz = gw.
Suppose F(X3) ¢ g(X), g is continuous and commutes with F. Suppose either,

1. Fiscontinuous,

2. X has the following properties:

e if non decreasing sequence gx, — x, then gx,, < x foralln,
e if non increasing sequence gy, — Yy, then gy, = y foralln,
If there exist xq,Vo,Z9 € X such that
gxo < F(x0,Y0,20), 9¥o = F(yo,%0,¥0), and gzy < F(z,¥0,%o)
Then there exist x,y,z € X such that,
Fx,y,2) = gx,F(y,x,y) = gy, and F(z,y,x) = gz
that is, F and g have a triplet coincidence point.
The purpose of this paper is to present some triplet fixed point theorems for a g - monotone mapping in
partially ordered metric space which are generalization of the results of Berinde and Borcut [22] and
many more privious known results.
Main Results

First we give some definitions, which are use to prove of the main theorem.
Definition 2.1 :- Let ® denote all functions ¢: [0,0) — [0,0) which satisfy

I @ is continuous and non decreasing,

il. o () = 0ifft=0,

iii. or+s+t)< o)+ o)+ )V r,s,t € [0,00)

For example, functions @,(t) = kt where k > 0,¢,(t) =i ,@3() = In(t+ 1), and @,(t) =
min {t,1} arein ®.

Definition 2.2:- Let ¥ be the set of all functions { : [0,0) — [0,0) which satisfy lim, _, ;i(t) > 0
forall ¢ > O0andlim,_,, Y(t) =0

For example, functions ;(t) = kt wherek > 0, i, (t) = @ arein .

Now we prove our main results.
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Theorem 2.3:- Let (X, <) be a partially ordered set and (X,d) be a complete metric space. Let F : X3 —
X be a continuous mapping having the mixed g - monotone property on X and F(X3) c g(X). Suppose
there exist u, € ®, Y € W for which,

u (d(FCey,2), Fu,v,w))) <30(d(gx,gu) + d(gy,gv)+ d(gzgw))

— ¥(d(gx,gw) + d(gy,gv)+ d(gz gw)) 2.1
Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and commutes with F. If there exist x,Vq,zo € X such
that
gxo < F(x0,Y0,20), 9¥0 = F(¥o,%0,¥0), and gzo < F(zo,¥0,%o)
Then there exist x,y,z € X such that,
F(x,y,z) = gx,F(y,x,y) = gy,and F(z,y,x) = gz.
That is, F and g have a triplet coincidence point.
Proof: Let x,,Vy,Z9 € X such that
gxo < F(x0,Y0,20), 9¥0 = F(¥o,%0,¥0), and gzy < F(zo,¥0,%o)
We can choose x,,y1,z, € X such that
gx1 = F(xo,¥0.20), 9¥y1 = F(¥o,%0,¥0), and gz, = F(zy,¥0,%o) 2.2
This can be done because F(X3) c g(X). Continuing this process, we construct a sequence {x,}, {y,}
and {z,}in X such that
9xn+1 = Fn Y zn), gVns1 = FOmxnyn), and gzny, = F(zp,ynxn) 2.3
By induction, we will prove that
9Xn £ GXni1, GVn 2 GYn+1 and gzn < GZpya 2.4
Since,
gxo < F(x0,Y0,20), 9¥0 = F(¥o,%0,¥0), and gzy < F(zo,¥0, %o) 2.5
therefore by (2.2) we have
gxo < gx1, g¥o = gy and gzo < gz
Thus (2.4) is true for n = 0. We suppose that (2.4) is true for some n > 0.Since F has the mixed g -
monotone property, by (2.4) we have that
9xns1 = Fxn,YnZn) < F(Xng1, Yoo Zn)
S F(Xnt1, Y Znt1) < F(Xni1, Va1 Znte1) = GXns2
9Ynsz = FOnsv Xni1Yne1) = Fnir Xn Yna1)
> F(yn X Yn+1) = FnXn, Yn) = G¥n+1
and
9Zns1 = F(Zn Y xn) < F(Zpy1, Yoo 2Xn)
< FZpsv YnsvXn) < F(Zpit, Yns1 Xns1) = GZn4z

That is (2.4) is true forany n € N.If forsomek € N,
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IXk = GXkv1r Yk = Vi1 A gZx = gZgyq

then, by(2.3) (xx, Yx, Zx) is a triplet coincidence point of F and g. From now on, we assume that at least

9Xn F GXni1, GYn F GYn+1 and gzn # gZniq 2.5
foranyn € N.From (2.4) and the inequality (2.1), we have

d(gxn+1, 9xn) = d(F(xnryn»Zn):F(xn—lryn—l;zn—l))
u (d(F(xn'yn'Zn): F(xn—l:yn—ltzn—l)))
1
<3¢(d(gxn 9xn-1) + d(gYn GYn-1) + d(92n, 92n-1))
1
—3 ¥(d(gxn 9xn-1) + d(gVn, gYn-1) + d(92n, 92n-1))
1
.u(d(gxn+1'gxn)) = ;‘P(d(gxnrgxn—l) + d(gYn gyn-1) + d(an,an_l))
1
_5 l/)( d(gxn'gxn—l) + d(gyn'gyn—l) + d(an’an—ﬂ) 2.6
Similarly we get
1(d(@Yne1, 9¥n)) < 50(d(gxn, g2n1) + d(GYn GYn-1) + d(GYn GYn-1))
1
—3¥(d(gxn, gxn-1) + d(GYn, GYn-1) + d(gVn, gyn-1)) 2.7
1
.u(d(gzn+1'gzn)) < gfp(d(gxn'gxn—l)'i' d(gyanYn—l) + d(an,an_l))

—2(d(gxn, GXn-1) + d(GYn, gYn-1) + d(g2n, gZnr)) 28
Foreach n = 1.
By adding (2.6), (2.7) and (2.8) and from the property of \mu we get
w (H O yny20)) < @ (HCon, Y 20)) = ¥ (H(n-1, Yn-1,2n-1)) 2.9
where
H(tn, Y 2n) = d(90n), 9Gnr1)) + d(g0n)sgWni1)) + d(9(20), 9(2n41))
or
H(xn, Yy 2n) = d(F (tn Yoy 20), F (n—1, Yn-1, Zn-1))
+ d(F Yy %, Y), F 1, X1, Yn1))
+ d(F(Zn, Yn, Xn), F (Zn—1, Yn-1, Xn-1))
Using the fact of u, @ are non decreasing, we get
HQp, Yo zn) < H(Xp_1, Yn-1,Zn-1)
We set,
6n = H(p-1,Yn-1,2n-1) = d(gxn, gxn-1) + d(g¥n gyn-1) + d(92y, g2n-1) 2.10
then the sequence {6,, } is decreasing. Therefore, there is some § = 0 such that
limy o0 8p = limy o, (d(gXn, 92Xn-1) + d(GVn GYn-1) + d(gZn, 9Zn-1))
=4 2.11
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We shall show that 6 = 0. Suppose, to the contrary, that § > 0. Then taking the limit asn — oo of
both sides of (2.9) and have in mind that we suppose lim, _, ; Y(t) > 0 for all q > 0andyu, ¢ are

continuous, we have
u(8) = lim, ., o 9(6,)
liMy oo 1t (8) < Ly oo (@(8n-) = W) < u(6)
a contradiction. Thus & = 0, thatis
liMy o0 8y = limy o0 (d(gn, gXn-1) + d(gYn, gYn-1) + d(gZn,gZn-1)) = 0 2.12
In what follows, we shall prove that{gx,},{gyn} and {gz,} are Cauchy sequences. Suppose, to the
contrary, that atleast one of {gx,} {gy.},{gzn} in not Cauchy sequence. Then there exists an € > 0
for which we can find subsequence {gxn(k)} ,{gxm(k)}of{gxn}and {gyn(k)}, {gym(k)} of {gyn} and
{92000} {92mao Jof {gzn} with n(k) > m(k) = k such that
d(9%n@y 9%mw) + GVt 9Ymw) + d(9Znw) 9Zma) = € 2.13
Additionally correspondence to m(k). we may choose n(k) such that it is the smallest integer satisfying
(2.13) andn(k) > m(k) = k. Thus
d(9%n@0-19%m@w) + A(9Vnt-1,9Yma) + AGZno-1,92Zmw) <€ 2.14
By using triangle inequality and having in mind of (2.13) and (2.14)
€ < pr = (g% I¥miy) + A(IVna 9Ymi) + A(9Znky 9Zma))
< d(gxnwy 9xno-1) + A(GYnto-1 9Ymi) + A(9Znwer 9Zno-1)
+d(9Yno-19Yma0) + 4(92Zn 9Znt0-1) + A(9Zn@0-1,9Zm0)
< d(g%nge 9Xngo-1) + A(GYneky 9Yno-1) + A(9Zne, 92nao-1) +€ 215
letting k — oo in (2.15) and using (2.12)
limg,opr = limkaw(d(gxn(k)rgxm(k)) + d(gYny 9Yma) + d(gzn(k)rgzm(k)))
limg_opr = € 2.16
Again by triangular inequality,
P = A(g%ngy 9ZXmao) + d(9Vnao 9Yma) + A(9Zne) 9Zma))
< d(g%ngiey GXngio+1) + d(GXno+1 9Xmao+1) + A(GXmao+1, 9Xmao)
d(gYney 9Yno+1) + A GYnto+1 9Ymao+1) + A(GYmuo+1 9Yma)
d(9Zn) 9Zngr+1) + A(GZngy+1 9Zmr+1) + A(9Zmao+1 9Zmao))

IA

Sno+1 + Omio+r + A(9Xngy+1 9Xma+1)
+ d(gYno+1 9Ymi+1) + d(9Znao+1, 9Zma+1) 2.17
Sincen(k) > m(k), then
9Xnt) = 9Xmi)» IYnk) = 9Ymik) » 9Znk) = 9Zm(k) 2.18
Take (2.18) in (2.1) to get,
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d(9xnao+1, 9Xmar+1) + A(GYn0o+1 9Ymu+1) + A(9Zn+1 9Zmair+1)
= d (F (0 Ynt0 200 F (mee Y@ Zme) )
+d (F Ytk %001 Yn))s F (V@ Xmeio» ym(k)))

+d (F (200, Ynion ¥n00)s F(Zmeor Yo Xmao))
This implies,and using the property of ¢ we get,
1 @) < 0(6nor1) + P(Bmur+r) + o) — ¥ (oi)
Letting k — oo and having in mind (2.10) and (2.14), we get
pE) = 90 + @) — limgLop (pr) < ¢ (€)
Which contradiction. This shows that {gx,}, {gyn}and {gz,}are Cauchy sequences. Since X is a
complete metric space, there exist x,y,z € X such that
lim, o f{gx) = x, lim,,of{gy) =y, lim,_o{gz,} = 2 2.19
From (2.19) and the continuity of g,
limy 5 0 {g(gxn)} = g%, imn o {g(gyn)} = gy, limy o {9(92,)} = gz 2.20
From the commutativity of F and g, we have
9(gxns1) = g(F(xn Yn2n)) = F(9%n, GVn 9%0)
9(gyns1) = 9(FOn X ¥)) = F(GYn) G%n, GYn)
9(97Zns1) = 9(FZnYn%n)) = F(9Zn, G¥n) 9%n) 2.21
Now we shall show that
gx = F(x,y,2), gy = F(y,x,y), and gz = F(z,y,%)
Suppose that F is continuous. Letting n — oo in (2.21), therefore by (2.19) and (2.20) we obtain
gx = lim, & {g(gx3)} = limy  oF(gxn, gyn, 970) ‘= F(x,¥,2)
gy = limy o {g(gyn)} = limy . F(gYn 9xn, gyn) = F(r,x,¥)
gz = limy o {9(gz)} = limy . F(gzn, g gyn) = F(2,¥,%)
We have proved that F and g have a tripled coincidence point.
Corollary 2.4:- Let (X, <) be a partially ordered set and (X,d) be a complete metric space. Let F : X3 —
X be a continuous mapping having the mixed g - monotone property on X and (X3) ¢ g(X) . Suppose
there exist ¢« € [0,1) for which,
d(F(x,y,2),F(u,v,w)) <a(d(gx,gu) + d(gy,gv) + d(gz gw)) 222
Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and commutes with F. If there exist x,,Yq,Zg € X such
that
gxo < F(x0,Y0,20), 9¥o = F(yo,%0,¥0), and gzo < F(zg,y0,%o)
Then there exist x,y,z € X such that,

F(x,y,z) = gx,F(y,x,y) = gy,and F(z,y,x) = gz.
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That is, F and g have a triplet coincidence point.

3 a2

Proof:- It follows by taking u (t) = a (t),@(t) = 3a?(t) andy (t) = i in Theorem 2.3.

Corollary 2.5:- Let (X,<) be a partially ordered set and (X,d) be a complete metric space. Let F :
X3 > X be a continuous mapping having the mixed g - monotone property on X and F(X3) c g(X).
Suppose there exist ¢ € ®, Y € V¥ for which,

d(F(x,y,2),F(w,v,w)) < (d(gx,gu) + d(gy,gv) + d(gz gw))

—(d(gx, gu) + d(gy,gv) + d(gz,gw)) 2.23

Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and commutes with F. If there exist xy,Y,zo € X such
that

gxo < F(x0,¥0,20), 9¥o = F(yo,%0,¥0), and gzy < F(zo,¥0,%o)
Then there exist x,y,z € X such that,

F(x,y,z) = gx,F(y,x,y) = gy,and F(z,y,x) = gz.
That is, F and g have a triplet coincidence point.
Proof:- In Theorem 2.3, taking u(t), = @(t) = t wegetcorollary 2.5.
Theorem 2.6:- Let (X,<) be a partially ordered set and (X,d) be a complete metric space. Let F :
X"3 - X be a continuous mapping having the mixed g - monotone property on X and (X3) c¢ g(X).
Suppose there exist u, ¢ € ®, P € ¥ for which,

u (d(F(x,y,z),F(u,v, w)) + d(F(y,x,y),F(v,u, v)) + d(F(z,y,x),F(w, v,u)))
< o¢(d(gx,gw)+ d(gy,gv)+ d(gz gw))
- lp(d(gx,gu)+ d(gy, gv) + d(gz,gw)) 2.24
Forall gx = gu, gy < gv and gz = gw.

Assume that F is continuous, g is continuous and commutes with F. If there exist xy,Y,zo € X such

that

gxo < F(x0,Y0.20), 9Yo = F(¥o,%0,¥0), and gzy < F (2,0, %o)
Then there exist x,y,z € X such that,

F(x,y,z) = gx,F(y,x,y) = gy,and F(z,y,x) = gz.
That is, F and g have a triplet coincidence point.

Proof:- From the Theorem 2.3 we have,
U (d(F(x, y,2),F(u,v, W))) < §¢( d(gx, gu) + d(gy,gv) + d(gz gw))

—it/)(d(gx,gu)+ d(gy, gv) + d(gz, gw)) 2.25

Similarly we get,

u(d(F,x,7), Fo,uv)) <30(dlgx,gw) + d(gy,gv) + d(gy,gv))
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1
—51/)( d(gx, guw) + d(gy,gv) + d(gy,gv)) 2.26

and
u (d(F(zy,x), Fw,v,uw)) <30(d(gr,gu) + d(gy,gv) + d(gz gw))

—%1/)( d(gx, gu) + d(gy,gv) + d(gz gw)) 2.27
by adding (2.25), (2.26) and (2.27) and property of u then the result is follows similarly to the prove of

Theorem 2.3 and nothing to remain prove in Theorem 2.6.
Remark 2.7:- If we take ¢(t) = § tand P(t) = gt in Theorem 2.6 then we get special case of Theorem

1.3.
Remark 2.8:- If we take pu = 3t, o(t) = tand¥(t) = (1 — k) tin Theorem 2.3 then we get

special case of Theorem 1.1 fora = b = ¢ =§where k < 3.

Theorem 2.9:- In addition to hypothesis of Theorem 2.3 suppose that for all (x,y,z) and (u, v,w) in X3,
there exists (a,b,c) in X3 such that (F(a,b,c),F(b,ab),F(c,b,a)) is comparable to
(F(x,y,2),F(y,x,y),F(z,y,x)) and (F(u, v,w), F(v,u,v),F(w,v, u)). Also assume that u,@ are non
decreasing. Then F and g have unique tripled common fixed point (x,y, z) that is
x =gx = F(x,y,2), y = gy = Fly,x,y)and z = gz = F(z,y,x).
Proof:- Due to Theorem 2.3, the set of tripled coincidence points of F and g is not empty. Assume now,
that (x,y,z) and (u, v, z) are two tripled coincidence points of F and g that is
F(x,y,2) = gx,F(y,x,y) = gyand F(z,y,x) = gz,
F(u,v,w) = gu,F(v,u,v) = gvand F(w,v,u) = gw
We will show that (gx, gy, gz) and (gu, gv, gw) are equal.
By assumption, there is (a,b,c) in X3 such that (F(a, b,c),F(b,a,b),F(c,b, a)) is comparable to
(F(x,v,2),F(y,x,¥),F(z,y,x)) and (F(u,v,w), F(v,u,v), F(w,v,u)).
Define the sequence {ga,}, {gb,}and {gc,}such thata = ay,, b = by,c = cyand
9an = F(an_1,bp_1,cn1)
gbn = F(by_y,an_1,bp_1)
gcn = F(cn-1,bn-1,an-1)
for all n. Further, setx = x4,y = Y0,Z = Zgand u = Uy, V = vy, W = W, and similarly define the
sequences {gxn}, {gyn}, {g9zn}and {gun},{gv_n}, {gwn}. Then,
9xn = F(x,,2) gun, = F(u,v,w)
F(y,x,y) gvn = F(v,u,v) 2.28

9¥n
9zn

F(z,y,x) gw, = F(w,v,u)
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forall n > 1. Since (F(x,v,2),F(y,x,¥),F(z,v,x)) = (gx1,9v1,921) = (gx,gy, gz) is comparable to

(F(a,b,c),F(b,a,b),F(c,b,a)) = (gay, gbi,gc1), then it is easy to see that (gx,gy,gz) =
(ga4, gby, gc1). Recursively, we get that

(9x,9v,9z) = (ga,, gbn, gc,) Vn = 0. 2.29
By using (2.29) and (2.1), we have

i (d(FCey,2), F(an, bu cn))) <5 ¢(d(gx,gay) + d(gy.gby) + d(gz gcn))

—2¥(d(gx.gan) + d(gy,gby) + d(gz,gc)) 230
From (2.30), we deduce that y,41 < @(y,), Wwherey, = d(F(x,y,z),F(an_l,bn_l,cn_l)).
Yo < 9" (Yo)
That is the sequence d(F (x,¥,2), F(an_1,bp_1,Ccn_1)) is decreasing. Therefore, there exists a > 0 such
that
lim, . » [d(gx, gay) + d(gy, gbn) + d(gz, gcn)] = a. 2.31
We shall show that « = 0. Suppose, to the contrary, that « > 0. Taking the limitasn — o in
(2.30), we have
wa@) < g(a@) = limy o P(dlgx, ga) + d(gy,gba) + d(gz,gcn)) < ¢ (@)
a contradiction. Thus, « = 0, thatis
lim, ., o [d(gx,gan) + d(gy,gbn) + d(gz gcn)] = 0. 2.32
It implies
limy o [d(gx, gan)] = limy o [d(gy, gbn)] = limy_ o [d(gz,gcy)l = 0 Similarly
we show that
lim, . » [d(gu, ga,)] = limy o [d(gv, gby)] = limy, o [d(gw,gcn)] =0 2.33
Combining (2.32) and (2.33) yields that (gx, gy, gz) and (gu, gv, gw) are equal.
Since F(x,y,z) = gx,F(y,x,y) = gyand F(z,y,x) = gz by commutativity of F and g, we have
9g(F(x,y,2)) = g(gx) = F(gx,9y,92)
gFW.xy)) = glgy) = F(gy,gx gy)
9(F(z,y,x)) = g(g92) = F(92 9y, 9%),
Denote gx = x',gy = y' and gz = z'. From the precedent identities,
F(x',y'z) = gx,F(y',x',y") = gy'and F(z'y',x") = gz
That is, (x',y',z") is a tripled coincidence point of F and g. Consequently, (gx', gy',gz") and (gx, gy, gz)
are equal, that is gx = gx',gy = gy and gz = gZz'.
We deduce gx = gx' = x,gy = gy' = y and gz = gz' = z. Therefore, (x',y',2z') is a tripled

common fixed point of F and g. Its uniqueness follows from Theorem 2.3.
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Remark that Theorem 2.3 is more general than Theorem 1.1, since the contractive condition (2.1) is
weaker than (1.1), also Theorem 2.3 is generalization of the Theorem 1.3. A fact which clearly
illustrated by the following example.
Example 2.10:- LetX = Rwithd(x,y) =| x — y | and natural ordering and let g:X — X, and
F:X3 - X begiven by

g(x) =nT+1x, n=123....... x€ X

and

x+y+z

F(x,y,z) = V (x,y,2) € X3

It is clear that F is continuous and the mixed g — monotone property. We now take u(t) = t,p(t) =

nn+2)
n+1l

nTH tandy(t) = t. Then it is easy to see that all the hypotheses of Theorem 2.3 are satisfied and

(0,0,0) is tripled coincidence point of F and g.

Now forx = u,z = wand v > y, we have
d(F(x,y,2), F(u,v,w)) =%I v—yl >§I v — ylzg[d(x,u)+d(y,v)+
d(z,w)]

forany k € [0,1) that is the conition (1.1) given in Theorem 1.1 is not applicable for,a = b = ¢ = S
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