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Abstract: The type-2 fuzzy analytic hierarchy process (T2AHP) proves to be a very useful methodology for multiple criteria
decision-making in type-2 fuzzy environments, which have found substantial applications in recent years. The vast majority of the
applications use a crisp point estimate method such as the extent analysis or the type-2 fuzzy preference programming (FPP) based
nonlinear method for T2AHP priority derivation. The extent analysis has been revealed to be invalid and the weights derived by
this method do not represent the relative importance of decision criteria or alternatives. This is a general procedure by which the
special model has been derived from this proposed model. The FPP-based nonlinear priority method also turns out to be subject to
significant advantages. The numerical examples are tested to show the advantages of the proposed methodology and its potential
applications in T2AHP decision-making.

Index Terms - Supply chain; Fuzzy Type-2 Variables; Expected value; Fuzzy analytic hierarchy process Multiple criteria
decision-making; Type-2 fuzzy preference programming.

. INTRODUCTION

The MCDM (multiple criteria decision making) have been developed to help decision marker in‘taking decision with respect to
the subjective observation to the activities and performance. The subjective observations can be classified in terms of several criterion
attributing different characteristics of the system under consideration. The study and the theory of MCDM able to solve different
problems in different area like energy, pollution, factory, production, service sectors, financial sectors, environment, sustainability.
The approaches and use of MCDM techniques proposed and developed by using fuzzy logic, operations research and methods of soft
computing. In the fast growing world data mining, date clustering, machine learning, we always give importance on the public
perception and the perception can be effectively managed by the MCDM techniques. There are many useful techniques like AHP,
CORPUS, VICOR, TOPSIS to manage MCDM.

A real problem and its variables are not finite in nature. The views or judgements are versatile in nature and may be considered a
fuzzy variable. To estimate a crisp membership function from a type 1 fuzzy characteristic function for demand and source because
inherent imprecision. Type-2 fuzzy set which is an extension of type -1 fuzzy set introduced by Zadeh (1975) is an effective tool to
deal with such variables where uncertainly is much higher (Liu and Liu 2007). The credibility theory which is different from
probability theory also very useful theory to deal with uncertain linguistic variables. Qin et al. (2011) further developed the type-2
fuzzy set and proposed several methods to reduce type-2 fuzzy set into type-1 fuzzy set. Type -2 fuzzy has important applications in
transportation theory Pramanik at al. (2016) and Kundu et al. (2015). Fagad et al. (2011) have used triangular fuzzy number and
interval fuzzy number to solve transportation problem. For a type-1 fuzzy set, the belongingness of a member in the set has a value,
called membership value which ranges from 0 to 1. One we have assigned a membership value to a member of the set, it is clear that
the value bears some level of uncertainty that is the presence of membership is again a fuzzy variable that lies in the interval (0,1),
Such a fuzzy set are defined as type-2 fuzzy set (T2FS). A geometrical defuzzyfication of T2FS is developed by Coupland (2007)
that convert a general T2FS into a geometrical T2FS. Three kinds of methods for reduction was introduced by Qin et al. (2011). The
reduction method is known as critical value(CV) reduction, optimistic CV reduction, pessimistic CV reduction for a regular type - 2
fuzzy variables. A transportation problem is solved by using internal type -2 fuzzy sets for both demand and supply (Figueroa- Garce
and Hernandez 2012). Kundu et al. (2014) solved a transportation problem with fixed charge considering continues type-2 variables
and internal approximation. Type-2 fuzzy sets are used for the analytical hierarchy process to deal uncertainly in criterion (cf. [9]-

[14],[8.[15]).
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To deal with fuzziness and uncertainly in MCDM, FAHP type - 2 fuzzy set are used in recent years. Use of type-2 fuzzy numbers
in judgement given by experts is very simple and more appropriate than crisp judgments. Thus for complex linguistic data analysis
and thereby making decisions the use of type-1 and type-2 fuzzy AHP will find in near future in several real life applications. The
weight for each criterion in type-1 and type-2 environment may be classified into two categories, calculations of pairwise matrix that
is obtained from pairwise comparison and the elements are taken as type-1 or type-2 fuzzy variable and their crisp weight are obtained
by suitable reduction process. There are many research who worked on fuzzy type-1 AHP (cf.[1], Wang and Chin[2], Nguyen and
Nahavandi [16].

In the last years, we are witnessing an increase of real-world applications of type-2 fuzzy sets a sustainable consumptions and
productions (SCP). The SCP initiatives in supply chain may be a foremost challenge creating numerous barriers. This work, therefore,
aims to identify and calculate barriers for adoptions SCP. We have developed a T2FPP technique from the T1FPP model can be
derived. A numeral example has been given to support of this technique.

1. PRELIMINARIES IDEAS ON TYPE-2 FUZZY SETS

In this section, we have discussed type-2 fuzzy set and the inference of type-2 fuzzy logic. This will lead to type-2 fuzzy data
envelopment analysis (T2FDEA). To consider uncertainty in data, fuzzy logic system in the form of type-1 is adopted, where
membership function assumes a crisp data. In type-2 fuzzy set the membership function of member of the set is itself a type-1 fuzzy
set. The output inference of a type-2 fuzzy set that needs to be type reduced before defuzzification. Type reduction is usually
achieved using iterative algorithm. A type-2 fuzzy logic can be structurally put in the form in Fig 1.

Crisp > . Rule i Crisp
Input Fuzzyfier Based Fuzzyfier Input
Type-2 | o Type-1
Fuzzy Set Fuzzy Set

Type-
Inference > reduced

Fig.1- Structure of type-2 fuzzy set
A type-2 fuzzy set in universal set X is denoted as ¢& is defined by a type-2 membership function uA(x) given by

E= [ uz(x)x= |

xeX xeX

|: [f(u)/ u:I/ x, Jy < [01], where J, is the primary membership function of x and u, a fuzzy set,

uedy
belongs to Jx and lying in open interval (0,1) for vk eX.
Let us consider a fuzzy possibility space (F,A,Pos), where T is the universe of discourse and A be an ample field which is a

class of subsets of T that is closed under arbitrary union, intersection and complements in T'. Bai et al. [2] employed possibility
value at risk (VaR) reduction method to reduce type-2 fuzzy variable (T2FV) to type-1 fuzzy variable (T2FV). It is seen that the
critical values (CV) of VaR-based reduced fuzzy variables and the CV-based reduction method developed by Qin et al. [26] give
similar result. In this section we developed VaR-based critical values for type-2 triangular fuzzy variable which may be considered
to be interval span of each member of membership function of type-1 triangular fuzzy number(TFN) (r1,r2,rs). The membership
function of TEN (ry,r2,r3) is given by.

{J:(_' xeln.rl gL_*"1 Ju_"37%

J =
e
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I Xelr,, 3] 2 1 372

Considering Jx to be the primary membership function, the secondary membership function [15 (X) of triangular type-2 fuzzy
set is defined by /z;(X) :(J)'(‘ -0,k +®'r‘), xe[n,r,]and fz(x) :(J)L(J -0/,37,3) +6 ), xe(r,,1,], where
0O;,05,0Y,0Y <[0,1] such that [tg (X) €[0,1]x[0,1] x[0,1]. Let us take the vales of @ ,®", 0} @Y, as they depend on 1y,

rp, andrs, as
. X—r I —X . X—r I —X . X—r r,—X
®, =6 min L2 , ©F =6 min L2 , ©] =6 min 2 3 ,
L—-n L-n L-n LN r-3_"2 rs_rz
. X—r r,—X
®‘r’:¢9,m|n{—2,3—},
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where 6l, 6re[0,1] are two parameters characterizing the degree of uncertainty of T2FS ¢ while taking the value of x. We denote
atriangular T2FS by (£, 1, 6.6,).
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I11. NOVEL TYPE-2 Fuzzy FPP-BASED NONLINEAR PRIORITY METHOD

Let us consider a set of decision makers giving judgements on an issues. The judgements contain certain level of uncertainties
and we meet these uncertainties by assuming that the judgements are type-2 fuzzy variables. A decision maker can judge on criteria
i within the range [;; and w;; times as important as criterion j. Since the values caries some uncertainties we lake left and right spreads
ol;; and ory;. Then, type-2 fuzzy comparison matrix can be written as

1 (LizsMyz, Uiz, 0lp,0712) = (l12, Mg, Ugp, Olyp, 0715 )
A= (I31,M31,Uz1,0l34,0724) 1 (L3, Moy, Upy, 0lp1,0721) 1)
(lnl' My, Un1, O_lnlﬂ Jrnl) (an' Mpy2, Una, Ulnz: O_rnz) 1

where l;; = 1/L;, myj = 1/my; u;; = 1/uj; and [j; <my; <wy; for all i,j = 1,2,-+-n,i # j. Mikhailov [3] introduces the
following membership function for each fuzzy judgement in A:
Z—Z.UTij—(I—A)Ulij <(WL/W])_llj> Ao‘rl-j

. ,wl/w] m;j

wi) _ 2
uij <W]) - Z—AO'T'ij—(l—ﬂ.)a'lij <ulj—(wl/wj)) + Agrl-j (2)

mij_lij

2 2 l/W] mu
where (wy, w,, -++, wy,) is crisp priority vector with w; + w, + .-+ w, = 1 and w; > 0.
Define n = min{u;;(w;/w;)|i = 1(1)n,j > i}. Then n defines minimum membership degree. Michailov [3] developed FPP-
based model for priority on FPP based in type-2 extension:

uij—mij

maxn
Wi ( )>n,l—1(1)n1>l
ced ®)
o 2wy =1
WLZO

which can be equivalently expressed as
maxn

(Z—Acrrij—(l—l)olij) w; + (Z—AO'Tij—(l—ﬂ.)o'lij) lUW] + (17 _ ﬂ.O'ZT'ij) (mU _ lU)W] < 0

2 2

Z—AO'Tij—(l—ﬂ.)o'lij Z—AO'Tij—(l—ﬂ.)o'lij J.O'T'ij
(T we+ (R ) ugw; + (1= 752 (g = mygJwy < 0

st

(4)

IV. AN ILLUSTRATIVE EXAMPLE

To illustrate the overall numerical optimization process we take following situation. Suppose a manufacturing company selects
four plants to manufacture four types of items. The following matrix provides the views in type 2 fuzzy variable and is expressed
type 2 pairwise comparison matrix M. The priorities wy, w,, -+, w; can be calculated by applying the type-2 fuzzy preference
programming (T2FPP). From (4), the optimistic, normal and pessimistic values of different weights are given by:

_ (2—101‘12—2(1—1)0[12) wy + (Z—Aaru—z(l—/l)alu) 112W2 + (7) _ /107”12) (m12 Ha 112)W2 <0

2—Aori;—(1-A)olq, wy — 2—101‘12—(1—1)0[12) Uy Wy + (7) i )(u ,—m 2)W2 <0
2 2 1 1 =

_ 2—101‘13—2(1—1)0113) wy + (Z—Aar13—2(1—/1)0113) 113W3 + (7] _ 0r13) (m13 _ l13)W3 <0

(2—101‘13—(1—1)0113) wy — (2—101‘13—(1—/1)0113) Upsws + (7] 2 )(u ,—m 3)W3 <0
1 1 —5

2 wy + (Z—Aar124—2(1—/1)0114) liaw, + (7) - ﬂ) (Mya — Lidw, <0
(2—101‘14—(1—&)0[14) wy — (2—101‘14—(1—/1)0114) }LTM)

Aoryy

Aorys

2
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2 3 UpaWy + (77 -
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- wy + Lysws + (1 —

2
2—-Aory3—(1-)aly3 2—-Aory3—(1-2A)oly3 Aarz3
(—2 Wy = \—— ) bsws +(n ——~ (Mma3 — l3)w; <0
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- 2 w, + 2 Lpawy +(n — - (mas — LW)w, <0
2—A014—(1-2A)alyy w. 2—A0r4—(1-A)alyy AoToy
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o+ (S w4 (n -
Ws + (2—/101“34—(1—/1)al34) l34W4 + (7]

2
_ (2—/101“34—(1—/1)al34) (m34 _ 134)W4 <0

2 2
(2 AoT3y 2(1 /1)al34) Wy + (2 AoT3, 2(1 A)al34) UsaWy + (7] /10'r34) (u34 m34)w4 <0
The optimistic values for different weights w;, w,, w3, w, are given by (1 = 1)
maxn (5)
subject to

~ (2222 ) wy + (3222) Lgw, + (7= 222) (may — Lip)w, < 0
(izru) Wi — (2_2 )u12W2 + (77 - UTIZ) (1 = my2)w, <0
- (Z_Gr“) w; + (2 Grm) lizws + (TI - Urls) (myz — li3)w3 <0
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() = (25) s + (- 22) G s <0
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The normal values for different weights w;, w,, w;, w, are given by (1 = 0.5)

0734

Z_Gr“) laawy + (TI - ﬂ) (Maq — L)W, <0

-
24) (Uzq — Mo )W, <0

)u34W4 (TI - _) (uzs —M3ga)wy <0

max7 (6)
subject to
__(2-0.50712—0.50l;, we + (2—0.50’1‘12—0.50'112)[ w (T] _ 050’1‘12) (m —1 )W <0
1 12V2 12 12 2 =
2 2
2—0.50112—-0.5011, 2—0.50112—0.5011, 0.50712
(—2 )W1 - (—2 )u12W2 + (TI - ) (U2 —myx)w, <0
_ (2—0.50r13—0.50113) wWe + (2—0.56r13—0.5cr113)l w (77 _ 050r13) (m 1 )W <0
1 133 13 13 3 =
2 2
2—0.501r13—0.50113 2—0.501r13—0.501;3 0.50713
D A U G —— )u13W3 + (TI - ) (uy3 —my3z)w; <0
_ 2—0.50r14—0.5a114) we + (2—0.50‘T14—0.50'114)l Wi + (77 _ 0.5ar14) (m —1 )W <0
1 14V 4 14 14 4 =
2 2 2
2—0.50714—0.50114 2—0.50714—0.50114 0. 50‘7”14
(—2 )W1 - (—2 )u14W4 + (71 )(u14 mygw, < 0
__(2-0.50723-0.50153 Wo + (2—0.50‘T23—0.50'123)l Wa + (77 _ 05ar23) (m —1 )W <0
2 23W3 23 23 3 =
2 2
2—0.50123—0.50133 2—0.50123—0.50133 0.50753
(—2 )Wz - (—2 )123W3 + (77 - ) (Mma3 — l3)ws <0
_ (270.50724—0.50l54 7, L (2—0.50r24—0.50124)l " (7) _ 050’7‘24) (m .y )W <0
2 244 24 24 4 =
2 2
2—-0.50124—-0.50134 2—-0.50124—-0.50134 0.50724
(—2 )Wz + (—2 )u24W4 + (77 — ) (Uzq —Mpa)w, <0
_ 2—0.5crr34—0.50134) o (2—0.50r34—0.50134)l W + (77 _ 0.5(rr34) (m .y )W <0
3 34W4 34 34 4 =
2 2 2
2-0.50134—0.50134 2—0.507134—0.50134 0. 5(71"34
(—2 )Wz + (—2 )u34W4 (77 — ) (ugqg — Mz )wy <0
W1+W2+W3+W4:1
The optimistic values for different weights w;, w,, w3, w, are given by (4 = 0)
maxn @)
subject to

-
(=
N ﬂ) e (2—;113) lisws + n(my3 — Lis)ws <0
(=

2-0l 2—
- &) wy + ( Z 14) Liawy + n(myy — Liw, <0

-

2—0ly3 2—ol

(2

—0olz3

2
alip

2

2

2

2

2

2

2 W2+(

2

2

e+ (2

2

)0+ (2

wi+w,+ws+w, =1

Let us consider the matrix M as

M =

(1,1,1,0.9,0.5)
(0.4,0.5,0.66,0.9,0.5)
(0.4,0.5,0.66,0.9,0.5)

(.66,1,1.5,0.9,0.5)

2_0112) wy + (2_2112) Lipw, +n(myp — Liz)w, <0
2-01
)W1 - ( 4 12) UpWy + (U, — myp)w, <0

oly3 2—0ly3
—) wy — ( 2 )u13W3 + (U3 —my3)ws; <0

ﬂ) wy — (Z—Zl )‘LL14W4- ah n(uM — m14)W4 <0

) Lgws + n(mys — Ly)ws < 0
2-0l

)Wz B ( 223) la3ws +1n(myz — 13)ws <0

_ 2_124) W, + (z 0'124) Lyaw, + n(myy — l)w, < 0

(=

— 2—0134) ws + (2 0134) l34W4, + T](m34 — l34)W4 <0

-

)u24W4 +1n(uzs —My)wy, <0

)u34W4 +1n(uzs —mz)w, <0

(1.5,2,2.5,0.9,0.5) (1.5,2,2.50.9,05)  (.66,1,1.5,0.9,0.5)

(1,1,1,09,05)  (0.5,1,1.5,0.9,0.5) (0.15,0.4,0.66,0.9,0.5)
(1,1,1,0.9,0.5) (1,1,1,09,0.5)  (0.4,0.5,0.66,0.9,0.5)
(0.4,0.5,1.5,0.9,0.5) (1.5,2,2.5,0.9,0.5) (1,1,1,0.9,0.5)
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We solve the problems (5), (6) and (7) in LINGO software based on the matrix M and optimistic, normal and pessimistic values
are obtained as follows:

Table 1. Pessimistic value of AHP model
Optimistic value  Normal value Pessimistic value

0.8985227 0.3269402 0.3259205
0.3258325 0.1562623 0.1557749
0.1557329 0.1679752 0.1705702
0.1707943 0.3488223 0.3477343

Table 2. Optimistic value of AHP model

Optimistic value Normal value Pessimistic value
\eta 0.3794149 0.2544149 0.1294149
w_1 0.3590558 0.3590558 0.3590558
w_2 0.2263513 0.2263513 0.2263513
w_3 0.1606141 0.160614 0.16614
w_4 0.25339789 0.2539788 0.2539788

Table 3. Pessimistic value of AHP model

Optimistic value Normal value Pessimistic value
\eta 0.5035319 0.3035319 0.1035319
w_1 0.3591729 0.3590557 0.3590558
w_2 0.2264251 0.2263513 0.2263513
w_3 0.1603404 0.1606141 0.160614
w_4 0.2540616 0.2539789 0.2539788

Table 4. Natural value of AHP model

Optimistic value Normal value Pessimistic value
\eta 0.2552979 0.2096117 0.1639255
w_1 0.3590558 0.3590558 0.3590558
w_2 0.2263513 0.2263513 0.2263513
w_3 0.160614 0.160614 0.160614
w_ 4 0.2539788 0.2539788 0.2539788

Table 5. Natural value of AHP model

Tl
\eta 0.1725529
w1 0.3590644
w_2 0.2263566
w_3 0.1605942
w 4 0.2539849

IV. RESULTS AND DISCUSSION

From experiments, we determined compromise solutions using type-2 fuzzy preference programming (T2FPP) for MCDM
and type-2 fuzzy analytic hierarchy process (AHP) problems for different optimistic levels with different degrees. In order to
validate the results, we obtained a sensitivity analysis with different spreads 5;, 5, which are tabulated from Table 2 to Table 4. In
these tabulated values, it is observed that the AHP decision making rank should be different for different values of spreads selection.
In this Table-5, we are reported that optimistic results for T1 fuzzy variables, all expected results ar to lead some insights of
managers.
The use of fuzzy AHP for MCDM requires scientific weight derivation from type-2 fuzzy (T2F) pair wise comparison matrices.
Existing approaches for deriving T2F weights from T2F pair wise comparison matrices turn out to be too sophisticated and rare to
be applied, while the approaches for deriving crisp weights from T2F pair wise comparison matrices prove to be either invalid or
subject to significant drawbacks such as producing multiple even conflict priority vectors for a T2F pair wise comparison matrix,
leading to distinct conclusions.
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